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PREFACE TO THE THIRD EDITION. 



The object of the present volume is to economize the time 
and energies of students preparing for the Matriculation and 
B.A. or B.Sc. Pass Examinations in the IJniyersity of London, 
by presenting, in one volume, the information they must otherwise 
collect from various sources. It includes the subjects in Pure 
Mathematics prescribed for those examinations. 

Some acquaintance with the most elementary principles of 
Arithmetic and Algebra is presupposed ; all that has, therefore, 
been attempted in the early part of the work, is the development 
of a few of the most important rules. 

The examples worked out and given as exercises in illus- 
tration of the rules and reasoning are, with scarcely an exception, 
taken exclusively from the papers set by the University, which 
now form an extensive collection amounting to upwards of two 
thousand questions in the principal departments of Elementary 
Mathematics. As they go back several years before the publi- 
cation of the first Calendar, they form the only complete collection 
published, and thus possess an historical value independent of 
their primary use in supplying a large variety of questions within 
the prescribed range of subjects. 

The text of this edition has been enlarged by the introduction 
of several new subjects called for by the amended regulation^ of 
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the Senate, the addition of nmnerons articles, and the extension ' 
of others. In this way the increase of matter has been so great, 
that there is hardly a page, of the original edition which has not 
been re-wntten. 

The work has been stereotyped, and thus secured from further 
change, and every possible care has been taken to ensure accuracy. 

A Key to the work, in two parts, has been published for the 
convenience of students, and may be had on application to the 
Publishers.* 

Haberdasher^ Schooly 
London, October 1872. 



The questions in Arithmetic and Algebra, Trigonometry and 
Conies, set at the Matriculation, the B.A. and B.Sc, Pass Exa- 
minations since 1865, are added to this edition. 

January 1874. 

* Key to the Matriculation Ooorse of Mathematics for the University 
of London (January 1874), containing the Answers to all the Papers 
set from 1838 to 1873 inclusive, with Solutions, or Hints for the Solution, 
of all the most important Questions. 8vo., price As. 6d, London : Long- 
mans, Green, & Go. 

Key to the B.A. and B.Sc. Course of Mathematics for the University 
of London, containing the Answers to all the Papers set from 1839 to 
1863, with the Solutions, or Hints for the Solution, of all the most im- 
portant Qaestions. 8vo., price 2«. 6d, London : Longmans, Green, & Co. 



INTRODUCTION, 



DEFINITIONS, 
with an explanation of the principal symbols of arithmetic and algebra, 

1. Foreigners, ignorant of each other's language, make use of 
their fingers to express numbers. The same is generally done in 
conversing with the dumb, and in almost every case where written 
or vocal symbols cannot be employed. To this practice may be 
traced the origin of all systems of numerical notation. It has been 
so invariable as to seem quite a natural provision rather than an 
artificial invention ; and hence, in our own scheme, the signs of 
which it is composed are called natural numbers, and from their ^ 
evident connexion with the use of the Jing&rs they are also called 
digiu. If man had been constituted a twelve-fingered animal, we 
should now have possessed a much more convenient system of 
numeration than we do. From imity up to ten, the signs and 
corresponding names vary with every different number. In writing 
ten and higher numbers, to avoid the obvious inconvenience of con- 
tinuing to invent new signs and names, a cipher is introduced, 
which is not itself significant, but employed merely to point out the 
position, or give a local value to the significant figures to which it 
is annexed. Neither the Greek nor Eoman scales of notation pos- 
sessed the advantages of local value; this principle was derived from 
the Hindoo!^, and first introduced into Europe about the eleventh 
century. 

3. Notation is the art of expressing any number by figures, 
which is already given in words. 

Numeration is the converse of Notation, being the art of ex- 
pressing any number in words which is already given in figures. 

8. The Decimal Notation, — The local value of a figure is known by 
its position with respect to other numbers or ciphers to which it is 
joined. In the first or units' place, all figures have their initial 
value ; in the second, reckoning to the left, or tens* column, the 
same figures represent ten times their initial value; and in the 
third or hundreds' column, one himdred times their initial value, 
and so on as represented in the following table. 

B 
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•s 11=5 1^-5 1^% i| 

. g a § I J I i s § g I § 1 1 

793646531748603 

^p In the above onmber, as in all integer nnmbers.tiie digit on the extreme 
right expresses units ; there are no tens in the namber, therefore a cipher is put 
in the second place, othemise the retiiainitig digits on tJ^e left wonid not retain 
theiipioperviilue, the hnndredsvauld become tens, the thousands hundreds, and 
so on. The third digit 6 expresses ita niiits of hnndredi. and the fourth 8 its 
units of thousands, and in the same way each of (he reroaining digits has its Zoeal 
as veil as its initial aignificatiOD. After t)ie millions' oolumn, most arithmetical 
writers employ the words billion, trillion, quailrillioD, quintillion, seitillion, Sep. 
tillion, octillion, nocillinn, &c, bat these terms are never in common use, the want 
of such high numbers being seldom felL The notation adopted in the numeration 
table above, is much simpler. No denomination higher than a million is required, 
all the Sgntes, in anj'very high nam lier, after six ore counted off towards the left, 
as 80 many millions, and after twelve figures ore thus counted off, so man; 
mlUions of millions. 

4. Whon nmnbeTs are used to indicate tihe kind or dei^iominaiion 
«f the imits employed, as 3 pence, S yardi, 7 stones, they are ell called 
concrete; when used without reference to any such, denomination, and 
Bimply to express a certm number, they are called t^Uract. 

5. The word calculation is derived from the Latin word ealcidus, 
a pebble ; and as all the processes in arithmetic consist of the in- 
crease and diminution of numbers, most of these were originally 
carried on by the us^ of pebbles, and all may still be ao transacted. 

The four fundamental rules of arittmetic are. Addition, Sub- 
traction, Multiplication, and Division. The last two, however, are 
only compendious methods of doing the first and second, as we 
shall hereafter show. 

6. If we wish to reason about numbers generally, withont con- 
fining ourselves to any case in particular, we make use of letters. 
Thus let/ stand for a number, and x, y, z, for the parts into which 
it is divided, then whatever results we obtain from these letters, are 
not results that belong to any particular set of .numbers, but such 
as are equally true of all. This science of general reasoning on 
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the properties.of numbers is called Algebra. To avoid repetition, 
we shall .treat of arithmetic and algebra under the same heads, since 
the rules for processes in both are identical. 

Known numbers or magnitudes are usually denoted by the first 
letters of i^e alphabetr as A, B, C, D, and a, b, c, d, and a, fi, y, S, 
&c. ; and unknown quantities by other letters, as v, w, x, y, z, or 
$, <!>, ^, &c. 

The.: principal signs, requiring explanation, are the following: 
H — X -5- = > < .-. •.• 

4-> which is read plus, shows that the quantitjr before which it 
stands is to be added. 

— , which is read ndnm, shows that the quantity before which it 
stands is to be subtracted. 

X , which is read into, shows that the quantities between which 
it stands are to be multiplied. Sometimes a point is used instead 
of this sign thus, 5 . 6 instead of 5x6; and between letters no 
sign is used, a x means a x x. 

-T-, which is read by, shows that the quantity which stands before 

it is to be divided by the one which follows ; a better way is to re- 

a 
present the two numbers as a fraction thus, r, instead of a -7- &, 

or a : 5. 

=, which is read ^udls or eqiud, shows that the quantities 
between which it stands are equal ; between the terms of a propor- 
tion this sign : : is used. 

> and < are signs of inequality, which show that one quantity 
is greater or less than another ; as, a > b, which is read a is greater 
than b ; and a < 6, which is read a is less than b. 

.*., read therefore, or then, or consequently^ 

*.*, read since or became. 

The vinculum , placed over, and the brackets ( ), including 

two or more algebraic terms, show that these terms are to be con- 
sidered as one quantity. 

7. The continual recurrence of the same quantities renders 
abbreviation necessary ; thus when the sum of three numbers, each 
equal to x, is required, 8 a? is written instead oi x -\- x •{• x. The 
niunber 8 is called the coefficient of x, and where letters are used as 
max, and ^b x, a and 8 b are the coefficients of x. When unity is 
the coefficient of an algebraical quantity, it is never expressed. 

The parts, or individual letters or numbers, of which a product 
is composed are called factors; thus a, or x, is a factor of ax, and 
8, b, and x, are respectively /actors of 8 bx. 

When a quantity is multiplied by itself, an abbreviation is em- 
ployed thus :~- 
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xxia called the second power of x, and is written x* 

05 05 05 „ third „ „ x^ 

XX X X „ fourth „ „ jc* 

and the same for higher numbers. Here 3, 3, and 4, are called 
the esBponents or indices of x, and are used to point out the power to 
which X is raised. 

Quantities which contain the same letter, or the same combina- 
tion of letters, are said to be like, and those which are composed of 
different letters, or different combinations of letters, are called un- 
like. Thus 3 a;, 4 a;; 6 x y, 7 x y; S x y z, 9 x y z, are pairs of 
Wee quantities ; while S x, ^ y^ 6 x^, 7 x z, are unlike quantities. 

The sign ^ , an extension of the letter r, the first letter of the 
word radix, is placed over a quantity when its root is to be extracted, 
the particular root being shown by a small figure prefixed to the 
sign, thus V~x~, is the cube or third root of x ; the square or second 
root of a quantity is written thus, 'i/IT , not V~«~' In some cases 
these fractions i, i, i, 4&c., are used instead of these symbols, as 
explained in a succeeding chapter (Art. 82) ; thus, a?*, a?*, a?*, &c., 
mean the square, cube, fourth, &c., root of x, 

8. The distinction between ai-ithmetic and algebra, and some of 
the advantages of the latter, may be made clearer by an example. 

Ex. The sum of two numbers is 98, and their difference 34, find 
them. 

Let L represent the less of the two, then L added to the difference 
wilL represent the greater ; and the less added to the greater gives 
98. Or, in an algebraic form we have the following equations : — 

The greater is L + 24, the less is L; 

.-. 2 L + 24 = 98. 

Subtract 24 from both sides, which does not destroy the equality, 

Then 2 L = 74, .-. L = 87, 
And the greater is 61. 
The preceding formula not only solves the particular question 
asked, but will suit any two numbers whatever whose sum and 
difference are given. 

9. Questions in Algebra, like the propositions in Euclid, are of 
two kinds, — problems and theorems. 

In a problem, some number or quantity has to be found, of a cer- 
tain value, according to the terms of the question. The preceding 
question is a problem. In a theorem, some given proposition has 
to be proved to be true in all cases. The following is a theorem : If 
a and h be any two numbers of which a is the greater, then 



CHAPTER L 



THE ORDINARY RULES OF ARITHMETIC AND ALGEBRA. 



ADDITION AND SUBTRACTION, 

with an explanation of the use of brackets, and of the signs plus and 

minus. 

10. In adding one number to another, we signiiy the process by . 
the sign -{-, thus 6 + "^ means, that 6 is. to be added to 7, and i^e 
result 13, is called their sum. 

876 

To add integer numbers together, place them with their 6241 
imits', tens', &c., figures in vertical columns, and draw a 7843d 
straight line below the lowest number ; begin by adding 19 

iiie units* column, then the remaining columns, as shown 

below for annexed example : 84068 

9 + 3 + 1 + = 18 units, which represented more simply are 
1 ten + 8 units, or 10 + 8 ; place each of these numbers in their 
proper columns beneath the line, i.e., write down 8 in the units', and 
carry 1 to the tens' column, and proceed again, thus : — 

1 to carry + 1 + 3 + 4 + 7 = 16 tens, which are 1 hundred 
and 6 tens, or 100 + 60 ; write down 6 in the tens' and carry 1 to 
the hundreds' column, and as before say, — 

1 to carry + 4 + 2 + 3 = 10 hundreds or 1000 ; now place a 
cipher in the hundreds', carry 1 to the thousands' column, and say— 

1 to carry + 8 + 6 = 14 thousands, which are 10,000 + 4000 ; 
write down 4 in the thousands', and carry 1 to the ten thousands' 
column ; then, 

1 to carry + 7 = 8 ten thousands, or 80,000 ; place 8 in the ten 
thousands' column, and you obtain the sum which was required. 

11.' In Subtraction one number is taken from another, and the 
process is expressed by the sign — . Thus, 9 — 2, means that 2 
is to be subtracted from 9, and the result, 7, is the difference or re- 
tnai/nder. 

To subtract one integer number from another, place the 68472 
less, called the subtrahend, under the greater, with their 24541 

units', tens', <&o., figures in vertical columns, and draw a ' — 

straight line' below the subtrahend; begin at the units' 48931 



6 LONDON UNIVERSITY COUBSB. 

coltunn by subtracting the lower digit from the upper, and proceed 
to do the same with the remaining columns^ as shown below for 
annexed example : 

5 — 1 = 1, write down 1 in the units^ and then proceed to the 
tens' column ; here 

7 — 4 = 8 tens, or 80, write down 8 in the tens', and proceed to 
the hundreds' column ; next say 

4 — 6 you cannot, but borrow 10 (units of the hundreds', or 1 of 
iiie thousands' column, from the 8000, leaving 7000) ; then 

14 — 5 = 9 hundreds, or 900» place 9 in the hundreds', and 
proceed to the thousands' column. 

(Here you may take 4 from 7, as the French and Germans do, but 
it is more convenient, we think, and therefore our practice, to leave the 
upper figure imaltered and to carry 1 to the lower, the process then is) 

1 to carry + 4 = 6, and 8 — 6 = 3 thousands, or 3000 ; place 
8 in the thousands', and proceed to the ten thousands' column. 

6 — 2 = 4 ten thousands, or 40,000 ; place 4 in the ten thou- 
sands' column, and the subtraction is completed. 

Note. — ^The principle upon which the process of borrowing ten, as in the pre- 
ceding case, depends, is the following : — If there are two heaps of pebbles, one 
consisting of 8000 and the other of 4000, the difference is 4000, and if 1000 more 
be added to each heap, the difference will still be 4000 ; hence, in subtraction, we 
may for convenience add any number whatever to both terms, without altering 
the remainder. 

13. In algebra, the expression a + h signifies the sum of the 
two numbers represented by a and h ; and a — 5 signifies that the 
number to be represented by 6 is to be subtracted from the number 
represented by a. 

The reduction of several terms into one can be peiformed when 
there are several terms which are similar as to letters, and alike or 
unlike as to signs ; thus 6a + ^^ = ^^> ^^^ — 3a — 2a = — 6a, 
also a + 12a — 3a — Qa + ^a — a = 6a. Here all the terms to 
be added amoimt to 16a, and those to be subtracted to 10a ; that is, 
10a is to be subtracted from 16a, and the result is ^a. Similarly 
a + h — 3a 4- ^^ = ^^ — ^^^Z because h and 46 added together 
give 66, and adding a and then subtracting 3a, is the same thing as 
subtracting 2a. 

It is quite immaterial in what order the numbers are written, 
provided the proper sign is prefixed to each. For instance 12 + 2 
— 6 — 3 — 1, or 2 — 1 — 8 — 6 + 12, or 2 + 12 — 1 — 6 — 3. 
Nor will any greater difficulty be experienced in determining alge- 
braic results, a — h — c + d — e, where a, 6, c, dy e, are used to 
represent numbers. For it is evident, that from the numbers repre- 
sented by a and d, to which 4- is prefixed, are to be subtracted those 
repr^seftted by the letters b, c, e, which are preceded by — . 
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ISie mlci for addition of algebraic quantities, as liaay be inferred 
from the preceding article is — 

Consider all the terms collectively as forming one expression^ and make 
all possible redtictions which similarity of terms, with like or vnlike signs, 
wM dUow. 

13. As a common source of error in practice is a mistake in the 
signs, too much attention can scarcely be given to ascertain their 
meaning and the rules for using them. Those numbers which have 
the sign 4- prefixed are csHed positive, those with the sign — , negative 
quantities. 

14. These signs, when joined to numbers, represent addition 
and subtraction ; but they are not limited to this meaning, and in 
algebra have a much more extensive signification. Whatever quan- 
tity + a represents, — a represents the contrary. Thus : if + a 
represents property, — a represents debt ; if + ahe the length of 
a right line or curve in any direction, — a is the same length of a 
right line or curve in the opposite direction. 

15. Any expression between brackets must be treated as a single 
quantity. If a, b, and c be three numbers, of which a is greater 
than b, and b greater than c, then 

(a + c) + {b^c) = a + b 
and a -\-c + b — c =s a + b 
are the same ; for both equations are only the algebraical form of 
saying that the sum a + b continues unaltered, if you add c to one 
and subtract it fi'om the other. From this conclusion, and from similar 
fesults in like cases, we obtain the rule for the removal of brackets 
when preceded by a positive sign. When the bracket is preceded by a 
positive sign, it may be omitted without altering the value of the quantities 
it includes, 

16. To show how to remove the brackets from an expression 
when a negative sign precedes them, we will take the numbers 
17 — '(6 + 2). K we remove the bracket and subtract 6 from 17 
we subtract too little, as 5 4- ^^ ^^re to be subtracted, and we have 
therefore taken too little by 2. The result, however, will be correct 
if we take both 6 and 2 from 17 ; and to represent this when the 
brackets are removed, we must write the expression, 17 — 6 — 2. 

Now to remove the brackets from the expression 17 — (5 — 2), 
if we take away the brackets and Subtract 6 we subtract too much, 
as it is not 6 that is to be subtracted, but 6 diminished by 2 ; we 
have therefore taken away 2 too much, but the result will be correct 
if we add 2 ; and the expression will then be, after removing the 
brackets, 17 — 6 + 2. 

17. Similarly in an algebraic expression, e.g., a — (b + c). 
Take away the brackets, and subtract h from a ; too little is sub- 
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tracted: because from a, both b and c should have been taken. 
Therefore too little by c has been taken, and therefore c also must 
be taken; and the eicpression without the brackets should be 
a — b — c. 

Again : in the expression a ^^ (b -- cj, if from a we take b, we 
subtract too much; because only b diminished by c should have 
been subtracted, and c too much has therefore been taken away. If 
however we now add c, the result will be correct; and the expression 
without the brackets should be, a — b + c, 

.'.a — (b -{- c) =^ a — 6 — c. \ / a \ 

and o — (^6 — c) = a — 5 + c. J ^^'^ 

As an extension of the above, take the following example : — 

a — (b -{- c — m — n + rj. (B,) 

. If two quantities be increased equally, their difference continues 
unaffected, (see Art 11, Note,) therefore add (m + n -^ rjto each of 
the above, then they become 

o-j-m + n- — r — (b + c — m — w + r + *» + » — *'^, 
which are the same &s a + m + n -- r ~~ (b + cJ, 
which by (A,) is the same as a + m + n- — r — 6 — c, 

or, a — b — c + wi + n — r. fC.) 

On comparing B. and C, together, the following rule of signs is 
deduced: 

, When the bracket is preceded by a negative sign, it may be omitted, if 
aU the signs it includes are changed. 

The , general rule for the subtraction of all algebraic quantities 
is also obtained from the same chain of reasoning. 

Change the signs of the quantities that are to be subtracted, and then 
proceed as in addition, 

18. When a negative quantity precedes a bracket within which 
is another bracket, and within that a third, and so on, the quantities 
which are an even number of times under the negative sign are 
positive, those preceded by an odd number of negative signs remain 
negative, as the following example will show : 

a — {b — [c — (m — n)] } = a — 6 + c — m •{- n. 

It is immaterial, in removing several brackets from an expression, 
whether the innermost or the outermost bracket be first removed. 
The rule of signs should be so familiar to the student as to enable 
him to remove the brackets from an expression at one operation, as 
in the example above. 

Examples. 

(1) Addl + 2a?— 4y (2) raa? + 66y — 8 c* 

To2 — 3a? + 6y 6aa? — 86y + 2c« 

8— a? + 2y 18fla? + 8fey.— cm 
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iP) daH^^Usoy {4) S a + ih + ti e 

^ a^ + spy 4a — 36 — 7^ 

6a^ + 6 xy 9a — 86 + 4c 

(6) From 6 ofi + 6osy + j/« 
Take laj/^ ^ S xy + f^y^ 

Diff. sfi + 9 xy -- y« 

(6) aa — 36 — a + 6 (7) 7a?8— 8a?y + 9^ 

2a — 36 — a — 6 6ai» + llxy + Sy^ 

* ♦ * 36 a »« — 19 a? y + y« 

MULTIPLICATION. 

19. la addition and subtraction no abstract niunbers are neces- 
sary; we migjht perform every operation in either role on the quan- 
tjitiss ^e^selyes. But in multiplication and division, where one 
|et of n^iml^ers )ias to be taken a number of times, we unavoidably 
ime i^bstract numbers. 

20. Jif ultiplication may be considered as a short method of per- 
^p^rilling addition : thus a + a + a is the same as a x 3, which is 
^t^a^jii^ 3<». Here ^ 19 the mtUtiplicand, 3 is the muUiplier, and the 
result obtained, 3a, is the product. 

91. T}^Q sav€|ral steps taken in multiplying in the ordinary way 
by a nuigle Qiwiber, are as follows : 

To multiply 17^6 by 4. Referring to the principle of local 
value explained in Art. 3, 

17^6 =: 1000 .+ 700 + 50 + 6, 
and to multiply the whole number by 4, we must multiply efush of 
those parts by 4. 



6 


X 


4 =: 24 


50 


X 


4 = 200 


700 


X 


4 =: 2800 


1000 


X 


4 = 4000 



1756 X 4 = 7024 

It is quite apparent that if we carry, as was done in addition, 
from the column we are multiplying, the units belonging to the 
next higher colunm, only one line will be necessary. Thus, multi- 
plying the units' column, we obtain 24 ; the 2 belongs to the tens' 
column, and must be added to the product obtained by the next 
step. Thus 2 to carry + 4 x 5 s= 22 ; place 2 in the tens' ax^d 
caivy 2 to the hun^re^p' column. Proceed in the same way with 
jUb^ remaining figures, aQ4 the multiplication is completed. 



i 



ib 
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23. Suppose it is required to multiply 1766 by 804. Here 
804 = 800 + 4. Each digit of the multiplicand is multiplied 
separately by each digit of the multiplier, and the products are 
arranged in separate lines : the meaning of each line is indicated 
on the left of the process. 

1756 
804 



1766 X 4 = 7024 
1766 X 800 = 6268 



688824 



In this operation, after multiplying by 4, the in the multiplier 
is passed over ; and proceeding to multiply by 8, the figure obtained 
from the units* column is placed in the hundreds' column below 0, 
and each succeeding figure one place to the left, as before. In the 
same way any higher numbers may be multiplied together. 

28. In the multiplication of algebraic quantities, the product 
of two positive quantities, it is impossible to doubt, is positive. The 
product of — a and + 8, means — a taken three times, which evi- 
dently is — 8a. In like manner any other quantities, as — a taken 
h times give — a 6. Hence we obtain the rule : — A positive quantity 
nvuUiplied by a negative one, or a negative quantity by a positive, producei 
a negative resuU, 

24. In multiplying two negative quantities, as — a by — 6, the 
result must be either positive or negative, and it cannot be negative 
because it must produce a contrary result to — a multiplied by + ^9 
therefore it must be positive. 

26. The rules of signs, therefore, to be attended to in multipli- 
cation, are : 

Like signs multiplied together give +. 
Unlike signs — • 

26. In compound multiplication, where it is requisite to multiply 
any quantity, simple or compound, by a compound quantity, tf.^. 
a 4- 5 by a — 6, if we first multiply by a, we obtain too great a 
product by b times the quantity (a + 6); if, however, we either 
subtract b times (a + 6), or multiply (a + i) by — b, attending to 
the rule of signs, and add the product, we shall obtain the true re- 
sult. The latter method is the most usual and correct process in 
multiplying by negative quantities. Any doubts of the rule are 
best removed by working examples with numbers, as (18 + ^) X 
(7 — 4). Hence the following rule : 

Multiply every term of the muUiplieand by every term of the muUif 
pUer, remembering to place + before products of quantities with Uke signs. 
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and — before jproducU of quantities with unlike signs. Make aU possible 
reductions^ by addition or subtraction of like terms. 

In multiplying it is best, perhaps, first to determine the sign, 
then the co-efficient, and lastly the letters : and to facilitate the re- 
daction by addition or subtraction, like quantities should be placed 
one under another. 

27. The following examples, written as it is usual to arrange 
similar examples containing a greater number of terms, are of very 
frequent recurrence. Their products should be written out from 
memory without any hesitation, when required in any future chapter. 

a -^ b a — & a '\- b 

a + 6 a — 6 a — 6 

a*+ a b a* — a b a*+ a b 

ab + 6« —aft +6« — aft — 6« 

a^+ 3 a 6 + 6« a«— 9 a 6 + 6« a« — 6« 

28. The importance of these elementary theorems can scarcely 
be exaggerated. They are constantly reappearing in almost every 
variety of form throughout the succeeding chapters. 

29. In cases where more than two compound quantities are to 
be multiplied together, first multiply two of them together, and then 
multiply this product by another of the compound quantities, and 
this second product again by any of the remaining quantities : and 
so on. It makes no difference in whatever order the multiplications 
are made ; change them as you please, the final product will be the 
same. 

The multiplication of quantities with positive, negative, or frac- 
tional indices is explained in Art. 82. 

Examples. 

(1) Multiply iT* + a* — a a? (a;« + a^) by {x^ + a*) + aa? (a? + a). 

aj* + a* — a a? (a;5 + a^) = re* — a a?* — a^ x '\- a^ 
a^ '\- a^ + a X {x '{'a)^iai^'\'asfi'\>a'^X'\'a^ 

05* — a 05* — a* 05 + a* 
05* + a 05* + a* a? + a* 

05* ^- a oj'' — a* 05*+ a* 05* 

a.oj'' — a« a;<5— a* 05* + a^ 05* 

a« 05*5— a^ x^ — a^ 05* + a'' 05 

a^ aj« — a* 05* — a^ 05 + cfi 

. gfi ♦ — a* «* * — a* a* * + a® 

Ans. a^ — 2 a* ic* + o^. {WUric. 1838.) 



I 
F 

I 



h! 
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(d) Find the expansion of (a + bf . (a — bf. (MaHe. 1889.) 

(a— ft)«=a«— 5 a* 6+10 a« 6«— 10 a* 6»+5 a 6*— 6« 
j (a+6)«=a«+2 a 6+6« 

I aT— 5a«6+10aH«-.10a*63+ 5a»6*— oift*" 

j 3 a6 6—10 a« 6«+30 a* 6«— 20 a» 6*+10 a« 6«-.3 a 6< 

a«6«— 5a*63+10a3 6*— 10a«6«+6a6^— 6t 

aT— 8a«6+ a»6«+ 5a*6»— 5a5 6*— a«6*+3a6«— 6t 



II 

J 
I' 



(8) Expand (x + a) (a; + 6) {x + o). (Mot. Ex. 1849.) 



0? + a 
a; + 6 

05*+ ax 

bx + a b 


+ 


ab e 




SB«+(a + 6)aj + a6 

(B + C 

05*+ (a + 6)a5«+ a 6aj 

c 05*+ fa + 6) c 05 




x^ + {a + b + c)x^ + {ab 


+ 


ae + b e)x 


+ ab9 



(4) Find the continued product of a; — ay 05 + a, 05 — a V'— 1, 
a? + a V^ITi. (J5. 4. Ex. 1842.) 

X + a V— 1 
X — aV^— 1 

05*+ ao5V^ — 1 
— ao5V^— 1 — o^X — 1 

05* * + a* 

0? + a 



05*+ a* » + a aj* + a* 
35 — « 

05*+ a* oj* + a 05' + a* a? 
.a9<2^.ax' — a*05 — a* 

«?♦ * ♦ * — a* 



(6) Multipli ar» + aj-*jr* + aj-*jr* + jr* (Mat. 1847.) 

05"* — y~* 

05~* + aj~* y^ + aj"* ^ + 05"* ^ 

— 05~* y"* — a?"* y"* — 05"* ^ — t/"* 
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(8) Multiply ar« + ar* jr» + JT* (-*&«. 1848.) 

or* — y^ 



aj~* ♦ * — y"* 



DIVISION. 

dO. As multiplication is a contracted method of addition, so 
division is a contracted method of subtraction. To divide 89 by i, 
or to find how often 4 is contained in 89, proceed by subtracting 4 
first from 89 ; then firom l^e remiainder ; and again from the second 
remainder ; and so on, until no remainder, or one less than 4 is left;. 
Then ihe number of subtractions is the number of times 4 is con- 
tained in 89. In this example 89 is the dividend, 4 is the divisor, 
9 is caUed the quotient, (but it is not the true ^uotienti which is a 
fraction,) and 8 is the remainder. 

81. To illustrate the principles of division as applied to higher 
ntimbers, take the example given, Matric, Exam., 1848. 

847)43376(135 
347 



867 
694 

1786 
1786 



Here, instead of subtracting 347 separately, we take away at the 
first subtraction a hundred times 847 ; at the second subtraction, 
twenty times 347 ; and at the third, five times 847. The principle 
upon which this is done, is, that if any number p =zr + s + t, then 

? 5 ? ? 

Thus i??I« - »4S^ + -^ + ^J^ = 100 + 20 + 6 = 136. 
847 847 847 347 ^ 

8d. Division is the opposite of multiplication, and if the divi- 
sor be m^oltiplied by the quotient, and the remainder, if there be 
one, added to this product, the result ought to be the dividend. 
With respect to the signs, therefore, a 6 -i- a gives undoubtedly the 
quotient b; and — a 6 -5- a gives — b, because the quotient multi- 
pik^ by the divisor must give the dividend, and we have proted 
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the rule of signs in multiplication to be + into -^ gives — ,(Art 38,) 
therefore + a (the divisor) into — h (the quotient) must give — a 6 
(the dividend). Again : — a 6 -5- (— a) gives the quotient + 6, be- 
cause — a (the divisor) into + h (the quotient) gives — a 6 (the 
dividend). Thus it appears, that the rule of signs in division is the 
some as in multiplication : viz. 

Like signs divided by each other give -f 
Unlike . . . ■ — 

88. In dividing a compound by a simple quantity, divide each 
term separately as in th^ first example below ; but if any tenn of 
the dividend is not divisible by the divisor, (as in the second ex- 
ample below,) the quotient becomes a fractional quantity. 

T 12 a— 6a6 . „, tt ^a^-^ah « h 

1. ^ 4 — !ij 0, U. =: /^ — — 

da (fi a 

84. As an example for dividing a compound by a compound 
quantity, divide myH-nybyw + n; remembering that the quo- 
tient multiplied by the divisor must equal the dividend. Observe, 
that y must be a part of the quotient to form my; and further, that 
m '\- n multiplied by y gives m y + ny the dividend ; therefore y is 
the exact quotient. 

35. Again, to divide cc*— Scc-f- Cbyaj — 8 (Matric. Exam, 
1849). 

First arrange the divisor and dividend as in long division of 
numbers, and observe that x, the first quantity in the divisor, mul- 
tiplied by 05 gives x* the first quantity in the dividend. Therefore 
05 must be one of the quantities in the quotient. If now x multi- 
plied by the whole divisor does not equal the whole dividend, subtract, 
as in long division of numbers, and divide the remainder by the 
same divisor ; and repeat the process until there is no remainder, 
(as in Ex. 1,) or until it becomes evident that the division will not 
terminate (as in Ex. 2). 



L aj— 3)a;«— 6a;^-6(o;- 
a«— 8a; 


-2. 


n. 


l-f-a)l (1— a;-faj«— aj»+&c. 
iH-a; 


— 2aH-6 
— 2o;H-6 


— 05 
—05—05* 




a;« 



86. General rule. To facilitate division, arrange both dividend 
and 4iyisor according to the powers of the letter with the highest 
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index, place the highest power of both on the extreme left of the 
two series. Any numerical coefl&cients or letters common to every 
term of both dividend and divisor may be struck out before proceed- 
ing to the division. Then find how often the first term of the 
divisor is contained in the first term of the dividend, place this 
quantity in the quotient and multiply every term of the divisor by 
it, subtract this product from the dividend, to the remainder bring 
down as many terms from the dividend as will make its number of 
terms equal to those in the divisor, repeat this process until all the 
terms of the dividend are brought down. When there is a remainder 
and the division can be carried no farther, it must be represented by a 
fraction, the remainder as a numerator, and divisor as a denominator. 
For the division of quantities with positive, negative, or fractional 
indices, see Art. 83. 

Examples. 

(1) Divide21a» + aj«y^28aj»« — 58a:t/«— 10a:j/« + S3y«;e 
by 7 «« + 6 xy ^ Uy X. 

7a?«+5ay— lly«)31aj5H-a«y— 28a««— 53a:y«--10a^«+22y«;?;(3»— 3y—4« 

— 14aj«i/— 28cc«;5— 20iry« 



— 28cc««— 20a;y«+ 44y«« 
-^^Sxh^^Oocyz + 44y«« 



(2) Divide (aj» — 6 aj« + H » - 6) (a? — 4) by a — 1. {Mat. 
1843.) 

First aj — l)a^ — 6aj< + Xlaj — 6(a«-*-6» + 6 



m^ 


5 


aj« 


+ 


11 


X 






— 


5 


X* 


+ 


5 


X 














6 


X 


— 


6 










6 


X 


— 


6 



Then («« — 6 a? + 6) (aj — 4) = »» — 9 »« + 26 a? — 34. 

Otherwise (aj» — 6 a;« + 11 a: — 6) (a; — 4) = (aj — 1) {x — 3) (aj — 8) 
(x — 4) which divided by (x — 1) gives (x — 3) (a? — 3) (a? — 4) = 
a;S — 9 a;< 4- 36 a; — 34 as before. 
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(8) Divide «> — y« by a* — y*. (Mat. 1889.) 

a^ — yi) aj^ — y« (cc^ + a* y^ + aj y^ + a? y + «* y* + y* 
jr* — 05' y* 



5 1 

«' y'^ — y* 
05^ y^ — a;* y^ 



a^y* — y* 
a:* y^ — »' y 



8 

aj'y — y* 
aj^ y — aj y^ 



ajy* — y« 
35 y » -^ aj ■ y^ 



^■^^ 



aj* y^ — y« 
1 ft 

aj' y^ — y* 

87. Questions on the following criteria of the divisibility of 
numbers are frequently asked. 

1. The divisibility of any number by 9 or by 6 depends upon 
its tmit's figure, because 10 or any number of tens is divisible by 3 
and by 6. Hence any figures whatever in the tens', hundreds', Ac, 
places, are divisible by 3 and by 6. Therefore any number is divis- 
ible by 3, if its unit's figure be an even number, and by 5 when its 
unit's figure is 5 or 0. 

2. The divisibility of a number by 4 depends ^pon the imit's 
and tens' figures, because 100 or any number of hundreds is divis- 
ible by 4. Hence, any figures whatever in the hundreds', thousands', 
Ac, places, are divisible by 4 : therefore any number is divisible by 
4 if its last two figures are divisible by 4. 

8. Similarly the divisibility of a number by 8 depends upon the 
last three figures, because 1000 is divisible by 8. Any number 
therefore is divisible by 8 if the last three figures are so. 

4. The divisibility of a number by 9 or 8 depends upon the sum 
of its digits.; because any number, as 7633, is composed of 



7000 


= 


7 


X 


999 


+ 


7 


600 


ss 


6 


X 


99 


+ 


6 


80 


ss 


8 


X 


9 


+ 


8 


d 


= 










a 



7089 
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Now 099, 99, and 9, are divisible by 9 and by 8 ; and the divisi- 
bility of the number, therefore, obviously depends upon the remain- 
ing quantities, 7, 6, 8, d, which are the digits composing the number; 
therefore, any number is divisible by 9 or 8, when the sum of its 
digits is divisible by 9 or 8. 

6. The divisibility of a number by 6 depends upon its being 
evsn and divisible by 8, because 6 is composed of the factors 2 and 
3 ; and therefore every number divisible by 6, or, which is the samo 
thing, every number ^at is a multiple of 6, must also be a multiple 
of the two factors 2 and 8. Any number, therefore, is divisible by 
6, when it is even and divisible by 3. 

6. Similarly the divisibility of a number by 13 depends on its 
being divisible by 4 and by 8, because 12 is composed of the factors 
4 and 8. Any number, therefore, is divisible by 13 when it is divis- 
ible by 4 and by 8. 

7. The divisibility of any number by 11 is more difficult to 
determine than any of the preceding numbers. 

Any number^ as 6748, is composed of 

3 = 8 

40 = 4 X 11 — 4 

700 = 7 X 99-1-7 

6000 = 6 X 1001 — 6 



6748 
Now 11, 99, and 1001, are obviously divisible by 11 ; and the divisi- 
bility of the entire number by 11, therefore, depends upon the digits, 
8 — 4 -f- 7 — 6. If these are divisible by 11, the number is so 
too. Hence any number is divisible by 11, if, when its digits are 
taken alternately, and the sum of one series taken from the other, 
the remainder is or 11. 

8. Lastly : a number is divisible by 10 only when its last figure 
is a cipher. No useful rule has been found to determine the divisi- 
bility of a number by 7. 

88. The rule for casting out the nines, which is used to verify 
the product of two numbers, is deduced from the rule to determine 
the divisibility of a number by 9. 

Let N and N' be two numbers : if they are both divisible by 9» 
then it is evident their product is divisible by 9. But suppose they 
are not, and let 

2V = 9n + r 
iV* = 9 n' -f / 

.-. J^J/'rss 81nn' -I- 9 n'r -I- 9n/ + r/. 

iToWflioth sides of this equation being the same number, and all the 
likfehtiti^s cm th6 right side except r / being evidently divisible by 9, 

D 
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it follows that NN* and r / will give, when divided by 9, the same re- 
mainder. Hence the rule : — Divide successively by 9 the sums of 
the digits of the multiplicand, multiplier, and product. Then divide 
the product of the first and second remainders also by 9, and the 
quotient should be the same as the third remainder. 

89. Prime numbers, — Every whole number which has no divisor, 
except unity, is called a prime number. 

A number which is exactly divisible by any other number greater 
than unity, is said to be a composite number. 

From the preceding remarks on the conditions of the divisibility 
of numbers, it is certain that no even number, except S, can be a 
prime number. Among odd numbers, the multiples of 8 and 5, are 
discovered by the tests of Article 37. 

If any number is divided by 6, a certain quotient, q, is found, and 
a remainder of 1, 2, 3, 4, 6, or ; therefore all numbers may be consi- 
dered as multiples of 6, with one of the remainders 1, 2, 3, 4, or 6. 

Now a multiple of 6, with the remainder 2 or 4, is divisible by 
2, and a multiple of 6, with the remainder 3, is divisible by 8. 
Whence the prime numbers must all be found amongst multiples of 
6 + 1, and multiples of 6 + 6. These multiples of 6 may be 
represented thus : 

^xq + l\ .6x9 + 1 \ 6x^ + 1 

6x9 + 61 6x9+6-1) 6(9+1) — 1 

Let 9 + 1 = 9^ and the expression becomes 

6x9 + 1 
6 X Y- 1 

Since the conclusions deduced depend only on the condition that 
6x9, find 6x9', are multiples of 6 without reference to the parti- 
cular values of 9 and 9^, these conclusions must be true when q = qfi 
Whence both of the expressions may be put under the form 6 9 + 1. 
This conclusion expressed in words is : all prime numbers greater 
than 3 have this property, that if they are augmented or diminished 
by unity, the results are divisible by 6. 

But although all prime numbers are comprehended in the formula 
6 9 + 1 (9^ being any whole number whatever), yet all the numbers 
expressed by 6 9 + 1 are not prime numbers. For the expressions 
6X9+1, 6X9 + 3, 69 + 6, evidently comprehend all odd 
numbers greater than 6. Of these 6X9 + 8, which expresses mul- 
tiples of 3, is not included in the general formula 6 x 9+1' This 
formula, therefore, comprehends all odd numbers which are not 
multiples of 3. Now the product of any two prime numbers greater 
than 2 or 8, is an odd number which cannot be divided by 8. This 
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t>roduct 'being an odd number not a multiple of 8, is expressed by 
the formula 6^ + 1, and it is not a prime number. 

To find the prime factors of any given number. Let N repre- 
sent the given number, and a the least prime number by which N is 
divisible ; and let the division of N, and the successive quotients by 
a be repeated until after n divisions, a quotient N\ not divisible by 
a, is found. 

Then N = a"" x N'. 

Let b represent the least prime number by which N* can be divided, 
n' the number of divisions possible by b and ^, the quotient not 
divisible by b. 

Then AT' = 6"' x N", 
And i\r = a" X ^' = a" X ft"' X iV*. 
Let c be the prime number which divides N" ; let the division of N" 
by c be n" times possible ; and the quotient not divisible by c N". 

Then N" z=z c^" x N"', 

And iV s= a* X fc" X iV^ = a" X 6"' X c^ . iV'". 

Continuing this process, a prime number, or some power of a prime 
number, must at length be obtained for quotient. Dividing as 
often as possible by this prime number, a last quotient equal to 
unity is found. 

Ex. 1. Eesolve 54180 into its prime factors. 

2)64180 
2)27090 
8)13545 

8)4515 

5)1605 
7)301 

48 

.•. 2, 8, 5, 7, 48, are the prime factors, and 64180 = 2« X 3« X 6 X 
7 X 48. 
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GREATEST COMMON MEASURE. 

40. A NX7MBEB is a common measnre of any set of nomben, 
when it will divide each of them without a remainder ; thus d, 3, 4» 
6, and 13, will divide both 86 and 48, and 12 is the largest number 
that will divide them both, or it is their greatest common measure, 
for convenience usually written g. c. m. Where a common measure 
of a set of quautities is wanted, any common measure will do, but the 
greatest is the most convenient, and hence the occasion for a rule 
to find the greatest common measure. 

41. To investigate a rule for finding the g. e, m. applicable alike 
to numbers and algebraic quantities — 

Let a and b be two quantities, of which a is the greater, and let 

b be contained p times in a with a remainder c, let c be contained q 

times in b with a remainder d, and let d be contained r times in c 

with no remainder. 

b) a {p 

p b 

c7T(g 

ge 

d) e (r 
rd 

Then d is the g. c, m, of a and b. 

For since c— rd = 0.'. <j = rd( 

And b'^qc:=id.\b=zqe '{•d=iqrd'{'dssi{qr'\'l)d. 

Again a — p b ^=: c. .:a=zpb'\-c=s(pqr'{'p + r)d,\d 
measures b and a, by the units contained in ^ r + 1 and j» 9 r -f- 
p 4- r respectively, and is therefore a common measure of a and b. 

It is also their greatest common measure, for if not, let D be their 
greatest common measure, and let 

a := m D and b =s n D 
Then c = a— j?6 = mZ>— |?nZ) = (m— |>n)Z> 
And d ^ b -^ q c z=z n D ^ (qm --^ p qn) D 

ss(n-^qm'{-pqn)D 

••• D measures d by the units contained in the quantities n — f 
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tif + l?f tiy that is D the greater measitqres d, tl^e lespf^ which is 
absurd. /. D is not the g. c. m. of a and 6, and in the same way it 
may be proved that no other quantity than 4 is the ^. e, m. of a and b. 
.*• i is their g, c. m. 

4d. The preceding reasoning proves that, by the following roles, 
you must obtain the g. c. m. of any two numbers. 

Divide the greater number by the less, and the preceding divisor 
by the last remainder, and continue the operation till there is no 
remainder, then will the last divisor be the greatest common 
measure. 



Ez,l. 



347)570(3 
494 



Ex. 3. 78624 
70834 



76)347(8 
338 



19)76(4 
76 



7800 
634 

1660 
1456 

104 



102833 
78634 

38608 
33400 

308 
308 



8 
8 

87 
3 



Ex. 1, g. e, m, 19 ; 3, g. c, m. 104. 

48. To find the g. c. m. of three numbers, find the g. o. m, of 
any two, and of this, and the third. 

Let a, b, c be any numbers or algebraic quantities, and let d be 
the g. c, m, of a and 6, then the g, e, m. of d and e shall be the 
g.cm. of a, 6, and e. Since d is the g, c, m, of a and 6, ^very ot^e^r 
eommoH measure of a and b is conta^ined i^ <2, ^4 •*• ^wy ^. % 
of a, 6, and c must be contained in d, because the g. c, m. of 
three ^pm^bers or quantities is always either t)ie same or less than 
the g. 0, m. of two of these numbers or quantities. Hence it follows 
that the g, c, m, of d and c is also the g. c, m, of a, b, and c. 

Similarly to find the g. c, m, of four numbers or quantities, find 
the g. c. m, of the first, second, and third, and of that and the fourth, 
and in the same manner the g. c. m. of any series of numbers or 
quantities may be determined by a continuation of the process above. 

44. In reducing fractions to their lowest terms instead of divid- 
ing numerator and denominator by their g. e. m., it is often more 
expeditious to take any measure that may be found by inspection, 
according to the principles laid down. Art. 87, and divide numerator 
and denominator by it, and again divide numerator and denominator 
of this second fraction by a new measure found as before by inspec* 
tion, and so on, till the fraction is reduced to its lowest terms. 

45. If a quantity measure each of two others, it will also mea* 
sure their sum or difiference. 
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Let P measure Q by the nnits in m, and let it measure R bj the 
units inn: 

Then = mP and Bsan P. 
.'. Q ± R =z {m ± n) P, 

or P measures Q + Rhy the units in m + n. 

It will be frequently useful to remember this property of two 

numbers or quantities. Thus ^- is in its lowest terms because 6, 

Do 

their difference, will not divide either number, nor will any number 
divide 5. 

46. The rule for finding the g, e. m, of two or more numbers 
needs no additional modification, but in the case of algebraical 
quantities, it will be necessary in complicated expressions, to sim- 
plify them before applying the rule, in order to avoid fractional 
coefiGicients, and also to modify the remainders and divisors during 
the process. These ends are gained in two ways. 

1° By multiplying or dividing either quantity, or any divisor 
or remainder, by any number or quantity. 

2^ Any factor common to both divisor and dividend may be 
struck out ; but as it is a factor of the g, c. m., it must be multiplied 
afterwards into the g. c, m, of the remaining quantities. 

EiL Find ihe g, c. m, of 

8aa;«— 88aa;+119a and 66«a;»— 1146«a;«+7U6«a;— 14706*. 

Omitting a the common factor of the first, and also 2 6* the common 
factor of the second quantity, they become when arranged as divisor 
and dividend, 

8«« — 88» + 119)8a;»-67a:« + 867aj — 785(a? + 19 

8a;» — 38a;« + 119a; 



— 19a;« + 238a; 

— 8 


— 786 


67a;«- 
67a;«- 


.714 a; 

.722 a; 


+ 2206 
+ 2261 



8a;— 66 

Bejecting the common factor 8 from the remainder, 

aj — 7 ) 8 a;« - 88 a; + 119 ( 8 a? — 17 
8 a;« — 21 a; 



17 a; + 119 
17 a; + 119 



Hence a? — 7 is the g. e, m. required. 



*^-, 
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Examples. 

(1) Find the g. e. m. of x^ — y^ and «« — y«. (Ma«. 1888.) 

a:* — y* ) a* — y* (aj» + a: y« 
a* — a;* y* 



a' y* — 2/^ 
ajS 2^« — 03 y* 

y* ) 05 y* — y« 

a? — y, the g, e. ni. required* 

(9) Fmdtheflr.c.m.of »-2^j-^it.|. (Mat. 1889.) 

Dividing the numerator by 3, we have oj* + 4 as + 8, then — 

a« + 4 a? + 8) a;« + 6 «» + 6 (a* — -4 aj« + 18 « — 60 

a:* H- 4 a:* + 3 a* 

— 4aj*+ 2aj»+ 6 

— 4 »♦ — 16 a;» - 12 «« 



18 08 + 12 a;« + 6 
18 ajS + 72 »« + 64 a? 

05 + 1) «« + 4 aj + 8 (aj + 8 _ 60 a;« — 64 a + 6 

X* + X _ 60 a;« — 240 aj — 180 

8 a + 3 186) 186 x + 186 
8 a? + 8 



x + 1 



.'.35 + 1 is the g, c. m. 



(8) Find tie ,. c. m. of ^^«|!^^^^;, iBA. 1849. 

358 ^ 4 aj« _ 47 a; — 210) a;8 — 6 a;« — 37 a? + 210 (1 

a^s + 4 aj« — 47 a; — 210 

— 10) -. 10 «« + 10 X + 420 

aj«— a?— 42 

a^ _ a? — 42) aj» + 4 ff2 — 47 a? — 210 (a; + 6 

05* — a;« — 42 aj 

5x2—6 —210 
6 a;« ^ f^xr- 210 



.) 



••. as' — a? — 42 is the g, c, m. 
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LEAST COMMON MULTIPLE. 

47. Suppose two numbers, 24 and 86, given to find their least 
common multiple, (generally written L c, m.) 

First divide them both by their g. c, m. 13, and since their 
I, c, m. must be such a number as will contain them both exactly, 
it must be a multiple of their g. c, m. 13. It must also contain the 
factors 13 and 3 to make 34, and 13 and 8 to make 86 ; but 3 and 8 
ai^e the least possible multiples of 13 which compose the numbers 
34 and 86, and the L c, m. required must contain them both, and 
also 13, and it is therefore the product of the three. 

48. Eule. To find the least conmion multiple of two numbers, 
find their greatest common measure, and divide either of them by it 
and multiply the other by this quotient 

To find the least common multiple of three or more numbers. 

Bule. Find the least common multiple of the first two numbers ; 
then the least common multiple of that multiple and the third num- 
ber, and so on. Th6 last common multiple so found will be the 
least common multiple required. 

When the least conmioh multiple of several numbers is re- 
quired, the most convenient practical method is that given by the 
following 

Rule. Arrange the numbers in a line from left to right, with 
a comma between each. Divide those numbers which have a 
common measure by that common measure, and place the quotients 
so obtained, and the undivided numbers, in a line beneath, separated 
as before. Proceed in the same way with the second line, and so on 
with those that follow, until a row of numbers is obtained in which 
there are no two numbers which have any common measure greater 
than unity. Then the continued product of all the divisors and 
tli6 nutnbers in the last line will be the legist common multiple 
required. 

NoTB. — ^It will, in general, be fottnd adyantageons to begin with the lowest 
prime number 2 as a diyisor, and to repeat this as often as can be done, and thea 
to proceed with the prime numbers 3, 6, &o», in the same waj. 

Ex( 1. Find the least common multiple of 8, 13, 30, 43, 60. 

3) 8, 13, 80, 43, 60. 



8) 


4, 


6. 


16, 


81, 


30. 


8) 


3> 


8, 


16, 


81, 


16. 


«) 


9, 


h 


6> 


7, 


6. 



9. 1, 1, T, 1. 
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••. the X. c. m. = 2 X 2 X 3 X 6 X 2 X 7 = 840. 
Ex. 8. Find the I. e. m. of 12 a;« y» «* and 8 y« z^ a«. 
The ^. c. m. of 12 a* y^ z* and 8 y* «•' x^ is evidently ^a^y^sfl, 

.\lc.m. = 1?^^ x8 2/5;5»a« = 8;»X 8y3;r»aj* = 24a:»y««*. 

4 35 y' ;!?' 

Ex. 8. Find the L c. m. of a' — a' and (a? — a)\ 

05* — a' = (a; + a) (aj — a) and (x — af = (cc — a) (as — a) 
.". as — a is the ^r. c. i». of as' —a' and (x — of 

•% L c. m. = \^ -r ^JF "" ^^ X (as — a)(a3 — a)=a5*— oas'— ia^aj + «'- 

as — a 

Ex. 4. Find the Z. c. m. of (a'as — aa?y and akb (a* — a?)\ 
{cfx^aa?f:=z{ax{a — x)Y^a?x*{a^xy 
and oa? (a* — ar»)' = a a: (a + x)* (a — a:)* 
.'. g, c. m, z= ax {a^- ar)* 

and 1. 0. m. = ^'^(^-^)' x a a; (a« - a^)« = a*a;» (a« - a")"- 

aap (a — a:)' ' ^ ' 

VULGAR FRACTIONS. 

49. Suppose tinity equally divided into parts, a certain number 
of these parts form a fraction ; thus f represents unity divided into 
four equsd parts, and three of them form the fraction. 

50. In integer numbers, when concrete quantities are spoken of, 
the digits employed indicate the number of the particular denomina- 
tion ; also in fractions, the number expressing the parts into which 
unity is divided, is called the denominator , and the digits expressing 
the number of these divisions in any given fraction, is the nume- 
rator. 

61. The principal properties of fractions may be well illustrated 
by taking a line as a unit, and supposing it divided into three, six, 
and thirty-six equal parts. 

I II ni 

12 8 4 5 6 

A\ I II I II I llB 



6 18 80 86 

Ist. Where the numerator of a fraction is equal to its denomi- 
nator, the fr'action itself represents unity ; thus^— 

8 6 86 
8' 6' 86 

are all equal to unity ; because the line A B is divided into 8, 6, 
and 86 equal divisions, and if 8, 6, and 86 of these divisions be 
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successiyelj taken, the whole unit will be taken in eaeh instance ; 
therefore generally - represents unity. 

dnd. It follows from the preceding, that all fractions having 
numerators less than their denominators, have a value less than 
unity. Such fractions are called real or 'proper fractions. For if 
we suppose the line ^ ^ to be divided as before, the fractions 

d 6 94 
8' 6* 36 

will each represent less than the whole line. 

5d. When the numerator is greater than the denominator, it is 
called an improper fraction, and its value is greater than unity. 
To prove this: Divide a line into two parts, and take three of 
these parts. You thus take the whole line and one-half of the 

Q A 

line, or ^ s= 1^. In like manner 7 of a line, is a line divided 

into three parts and four of them taken, or j- as 1^, In the same 

5 7 

way ~ s If , - ss dj^, and ^ = 8. If, d^, &c., are called mixed 

niunbers. 

58. To resolve an improper fraction to an integer or mixed 
number: Divide the numerator by the denominator and to the 
quotient annex the remainder as a fraction, with the divisor for a 
4e:^ominator. Thus — 

31 7x4 + 8 ^8 53 __ 15 X 8 + 8 _ g 8 

4 "^ 4 °* 4 16 15 ""16 

64. To reduce a mixed number into an improper fraction: Mul- 
tiply the integer number by the denominator of the fraction, and 
to the product add the numerator for a new numerator, retaining 
the same dei^ominator. Thus — 

7? 7 x4 + 3 _ 31 3 8_ 8 x 15 + 8 68 

4™ 4 4 16^ 15 "IF 

This process is evidently the reverse of the preceding. 

65. The value of a fraction is not altered by multiplying its 
numerator and denominator by the same number. This is evident 
if we only consider that f of a pound sterling, or three crowns 

are the same part of one pound as . ^ ^ or ^r^ of a pomi<L pr 16 

4X0 SO ^ . ' 

shillings. 

Again refer to the line A B, and observe that - of the line is the 

' 3 

same portion of it as ^ or _ of it. Tl&erefore generally. 
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X 9rp 8x 4a;. nx 
y 3y'8y 4y ny 

are each equal to one another. 

56. From this conclusion it follows immediately, that the nume- 
rator and denominator of a fraction may he hoth divided hy the same 
numher, and the fraction will remain unaltered, hecause it has heen 

just shown that - as —, here n is any number we please, and divid- 
ing the latter frtu;tion by n we obtain the former. 

57. We can thus represent the same fraction in an almost infinite 
number of ways ; for each of the following fractions is equal to d :— 

2 4 6 8 . 9n 

V 5' 8' 4'^^'ir 

And the following, all have a common value, 8 :— 



So also the fractions 



8 6 9 12 . dn 
r 5' 8' T' *^' T 



1 3 8 4 . n 
§' ? 6' 8' *^' 51i 



are also equal. 

58. Of all the nearly infinite variety of forms in which a frac- 
tion may be thus represented, aay one of which may be used for 
any other without error, it cannot be doubted but that form which 
is composed of the smallest numbers is most convenient for use, and 
most readily understood. When a fraction is thus reduced to its 
simplest form, it is said to be in its lowest terms. 

To reduce a fraction to its lowest terms it is necessary to find 
the g. e, m, of its numerator and denominator, and dividing both by 
this number, the quotients can then have no common measure ex- 
cept unity, the firaction is therefore in its lowest terms. 

59. It is sometimes convenient to consider the numerator of a 
fraction as the dividend, and the denominator, the divisor; thus } as 
equal to d -^ 8, or as representing 4^ of d units rather than f of 1 
umt. The result is the same in both cases. For instance, f of 1 
yard and ^ of d yards are both d feet. 

60. For this reason any whole number may be represented 
as a fraction by placing unity for its denominator. 

61. It is evident that of two fractions which have the same 
denominator, the greater has the greater numerator ; for a larger 
number of the seme portions of a unit must be more of the unit 
than a smaller number of them. 

6d. Of two fractions which have the same numerator the greater 
has the less denominator, because any number of the equal parts of 
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a unit must be greater thaa the same number of more minute parts 
of a unit. 

63. Therefore, by increasing the denominator of a fraction we 

lessen its value ; thus — ., —- , YKFih' ^^' T?^ "^® fractions which 

diminish at every step, and approach to nothing ; but as no finite 
number is so great as to leave the parts into which it divides unity 
without magnitude, therefore no finite number in the denominator 
of a fraction will reduce it to nothing. However, as every increase 
of the denominator diminishes the fraction and brings it nearer to 
nothing, a fraction with unity in its numerator, and the symbol for 
infinity in its denominator, is said to be equal to nothing ; thus — 

1 = 0. 

a 

64. Similarly, by decreasing the denominator we augment the 
value of a fraction and approach infinity ; but yet no number can be 
sufficiently small to enable us to attain infinity ; yet because as the 
number in the denominator decreases the fraction increases, there- 
fore unity or any other given number divided by nothing is used to 
represent infinity. 

- ss a 


ADDITION AND SUBTRACTION of FRACTIONS. 

65. When two or more fractions have a common denominator 
we can more readily compare them and find their simi or difiFer- 
ence. To add them we have only to add their numerators and 
sufigx the common denominator. Suppose, for instance, we wish 

A. ft 

to add TT ^ f^« Here, in both cases, unity has been divided 

into 11 equal parts, and the first fraction consists of 4, and the 

second of 6 ; of those parts, therefore, the sum must consist of 

4+6 or 10 of them, i. «., 

JL ^ _ 10 

11 "*■ 11 "■ IT 

66 The difference of two fractions which have a common de- 
nominator is obtained by subtraction between their numerators and 

6 4 

suffixing the common denominator. For example, j^ — y?* Here, 

again, unity has been divided, in both cases, into 11 equal parts, 
and the difference between 6 and 4 of those parts must be 6 — 4 
or 3 of the 11 equal parts into which unity has been divided, t. e. 

11 ■" n "" 11* 
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67. When two or more fractions have not a common denomi- 
nator, we can always reduce tliem to a common denominator 
without altering their value, hy multiplying all the denominators 
together for a new denominator, and the numerator of each fraction 
into all the denominators except its own ; thus — 

12 7 27 86 43 

2 * 8 ' 9 • ^® respectively equal to ^, gj, gj, 

and these fractions can now be added and subtracted the same as 
whole numbers, by adding and subtracting their numerators only; 
they are not however reduced to their lowest conmion denomi« 
nator, and therefore they are not in the most convenient form to be 
used in calculation. 

68. To reduce two or more fractions to their lowest common 
denominator ; First find the least common multiple of their 
denominators for a common denominator. Divide the common 
denominator by the denominator of each fraction, and multiply 
the quotients thus found into each numerator and denominator 

12 7 

respectively. To reduce in this manner o i o » g to their least 

common denominator. First, we find the least common multiple 
to be 18, and the quotients to be respectively used as multipliers^ 
9» 6, and 2, and the fractions themselves thus become 

IXO _ 9^ 2X6 _ 12 7X2 _ U 
2 X 9 "" 18' 3 X 6 ■" 18' 9X2 "" 18* 

Here the fractions are not altered in value, by having their 
numerators and denominators multiplied by the same number; 
and as 18 is the least common multiple of their denominators it 
is the (least or) lowest conmion denominator. 

69. To add or subtract a fraction to or from an integer, we 

have no more to do than to change the integer into a fraction with 

the same denominator as the given fraction, by first supposing it a 

fraction with unity for its denominator. Art. 60, and then reducing 

the two fractions to a common denominator. If, for example, it 

11' 

were required to add -g- to 8. First reduce 8 to a fraction with 

a denominator 6 ; thus — 

8X6 18 5 18_?3 

1X6 "" Q*^^^ 6 ■*" 6 "" 6* 

In the same way is } subtracted from 1. First reduce 1 to a 
fraction with the denominator 4; thus — 

4 _ 1 _ 8 

4 4 "" 4* 
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70. To find the sum or di£ference of two (Mr moro firaelions, 
therefore^ the rale is 

Bsducs the given fractiofu to thdr Uatt oommon dsnominatoTp if 
nsoeisaryt and taks ths ium or d^erenes (at nqmred) qf ihm 
numeratan. 

EXAMFUIS. 

{!) Of th6firactioiifl|,^whichi8th6gi«ftler? (Mm. I8864 

?i.>?v« = i5«nd? = y. 
7 "^ 8 7 31 8 31 

(3) Add together the fractiong H, ^, gj, ^, ^. (M.IB9B.} 

8) 17, 51, 857, 18, 89, 
18) 17, 17, 119, 18, 18, 
17) 17, 17, 119, 1, I, 

"iTT 7, I, 1, 

.-. e. i^. m = 8 X 18 X 17 X 7 = 4641. 

And the fractions become respectively, 

11 X 378 8003 / . 4641 ^j\ 

=s I since ——^=5 3781 

17X378 4641V 17 J 

81 X 91 _ 3831 / .^^ 4641 ^ \ 

5rx^i = 4-6ri('"^^-5r= ^) 

366 X 18 8458/ . 4641 -„\ 

857in8 = 4641 (-"^^-857= ^V 

5 X 857 1785 / . 4641 ^^^\ 

ir)r357 = 46ri (^"^^ T8- ■= ^^ V 

34 X 119 3856 / . 4641 



(since t^ = 119) 



89 X 119 4641 V 89 ^ 

. g - 8008 + 3831 + 8458 + 1785 + 3856 
• • 4641 "" 

18938 



4641 



= 8. Am. 



(8) Find the difference between ^ + 7+7«ndl4.^4.L 

l.l.l^i.1.3.^11 
5 ^ 4 ^ 6 13 ^ 13 ^ 13 13 

1,1,1_85,31,16_71 
8 ■*■ 5 ■*■ 7 105 "*" 105 "*" 105 105 

«id!i-Jl=???-??^ = i21. Am. (M.1889.) 
13 105 430 430 430 V^- *o«».; 
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<4) B6diioe| + | + f-|. (M.184a.) 

8 ^ 5 ^ 7 106 ^ 105 105 106 

^ 344 _ 8 _ 2196 — 840 _ 1356 _ ^ ^^ 
106 9 "" 946 "" 945 315 

(6) Reduce 1—— (M. 1843.) 

^ + 6 



= -T = =r^- An». 



9+_l_ 9 + 1 9+i? I» ''^ 
*+6 "6- 

(6) Add^L^to?4^. (if. 1848) 

(7) yy^ 3a--36 ^^ 3a--3& (jf, ie46.) 

8a — 35 _ 3fl — 36 _ 6 (3 a — 3 5) — 4 (3 a — 8.5 ) 
4 5 30 

15 a — 10 6 — 8a + 13 5 _ 7a + 35 
" 30 30 • 

(8) From ^ + ^^-" ^ " take^ ^ ^^^ + '. (M. 1846.) 

04.5-.3c 3a — 6 + c_4(a + 6 — 3 c) — 8(3(1 — 5+c) 
8 4 13 

_ 4a + 46 — 8c — 6a + 3 6 — 3c — 3a + 76 — lie 
" 13 ** 13 

(9) Beduce ?L±4 + ^^^- (^- ^^^^> ^^ B-^- 18^®-) 

a — 6 a + 6 

a + h , a — 6 _ (g + 6)1 + (a — 6)« 
a^b^ a + b a* -- b^ 

gt + a a 6 + 6* + a« — 3a6 + 6* 3 (a* + 6«) 
■" ■ g« — 'ft* ^ a» — 6« 

(10) From -?- take — ^ (M. 1850.) 

a — a? a + 35 

g _^ a g (g + gg) — a(a '^ a?) 

a — a; a + (r"" a' — »' 

^_«^ + aa — 0*4"^^ 3g« 

o^ i^ as* fli^ "i^. *r 
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(11) Eeduce 1+J( ^ + "^-^^^ to its most simple 

^' y X + y y^ ^x" y 

equiyalent fonn, and discuss the case when 2: = 1, y ss 1. {B.A. 1850.) 

* + y — ^ ^ 4. g^ — 3^y 
V~ « + y y^ ^ ^ y 

Or ^ + y — ^^ _ ^ — ^y 

y X + y ^y— y^ 

_ (g? + y)' — 2 a^ y _ a^ (a? — y) 

y(* + y) yix^ — y^ 

_ ar* + y* _ a:* (x — y) 

y (aj + y) y (a5 — y) (aj + y) 

y (« + y) y{^ + y) 
■_ y' «. _^ 

y (a? + y) a; + y' 
When 09 s 1 and y = !» this hecomes ^, a resnlt which conld not 
have been obtained at once firom the given expression, because in the 

^^^i| /Vlfl A 4 

term — ^ "" ^ the numerator and denominator have each a 

factor 00 — y = 0. 

Expunging this, the expression becomes 

fL+y-4j^ ^ = 3-l-J = |.asbefore. 

y 00 + y xy +y* a a 

MULTIPLICATION and DIVISION of FRACTIONS. 

71. The multiplication of a fraction by a whole number is effected 
bj multiplying the number into the numerator and leaving the de- 
nominator unchanged ; for, ^ multiplied by 4 means 

J taken 4 times which is - + 7 + -+-=- or 1, 

4 4 4 4 4 

and similarly lx3 = H = li. 

7d. In the second instance, however, the fraction we obtain on 

multiplying by 8 is not in its lowest terms, for dividing both terms 

4 
by 8 gives ^, but we can at one step obtain the same result if we at 

o 

fmst divide the denominator of the fraction -- by 8. Therefore when 

y 

an integer number, which is to be used as a multiplier of a fraction, 

exactly divides the denominator, we obtain a simpler fraction, and 

iiiTwmiah the labouT by dividing the denominator, instead of multf* 
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plying the numerator. Therefore, generally, in multiplying a fractioD 

- successively by the whole numbers x and y, the products are, 

y 

X X* ^ X 

_ X a? = — , aud - x y =x. 

y y y 

In the first case we multiply the numerator ^ and in the second, dwide 

the denominator. 

Hence, to multiply a fraction by an integer, the rule is 
Midtiply the numerator, or, where practicable, divide the denominator. 

Q 

78. Again, if we have to divide the fraction - by au integer 

3 
number 8, the question asked is, How often is 3 contained in > ? 

6 

and the answer obviously is, no times, because the less cannot 

contain the greater, but - of a time, because - taken 3 times is 

5 5 

6 ^ 6 ^ 6 6* 

Hence the rule is. Divide the numerator by the whole number 
and leave the denominator unchanged. 

74. This rule can be readily applied when the integer number 
divides exactly the numerator of the fraction, but not where it leaves 
a remainder. In the latter ease, however, we can multiply both 
terms of the fraction, without altering its value, by such a number 
as will make its numerator exactly divisible ; thus the numerator of 

Q A o 

- is not, but that of -— is, divisible by 3, and the quotient is -- ; 

but this result might have been obtained at first by multiplying the 
denominator by 3. 

Therefore, generally, in dividing a fraction ^ successively by x 

y 

and y, the quotients are, 

? -5- » = 1, and ? -*. y = £. 

y y y y^ 

In the first case we divide the numerator, and in the second multiply 
the denominator. 

Hence, to divide a fraction by an integer, the rule is 

Divide the numerator, where practicable, or multiply the denominator. 

75. In multiplying by a fraction, it is particulafly important to 
remember that we use the word multiplication in a different sense 
from the one employed in speaking of whole numbers. In multi- 
plying auy quantity by a whole number, we take that quantity a 
certain number of times, as the etymology of the word indicates ; but 
in multiplying a quantity by a fraction, we do not take it auy number 

F 
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of times, but only certain parts of a time; this process is, howfever, 
called multiplication, though it is in reality division, and multiplying 

6 by - means taking one-half of a time, or virtually dividing it by S. 

Q Q g 

In like manner, multiplying any quantity by -, -, -, or any other 

3 4 6 

real fraction, we take only a certain part or number of parts and not 

the whole quantity. Premising that this important distinction is 

clearly understood, we proceed to the development of the rule for 

multiplication by fractions. 

8 3 

76. In order to multiply y by - we must remember (Art 69) 

9 3 

that - means 2 divided by 3. Now, if we first multiply - by 2 

we have — - — - which is evidently too much, as we should only 

have multiplied by d after it had been divided by 3 ; if, however, we 
now divide the product by 3 we shall have the true result ; hence, 

— — — divided by 8, which we have shown in Art 74 may be done 

4 3 y 2 

by multiplying the denominator by 8, gives .-^"q* ^^^^ truly 

3 2 4X3 
represents the lyiultiplication of 7 by -, and thus generally 

4 3 

wi w fn n 

77. The rule, therefore, for the multiplication of fractions is : 
Multiply all the numerators together for a new numerator, and all 
the denominators for a new denominator. 

78. Before investigating the rule for division by a fraction, we 
will first point out an extension of meaning in the use of the word 
similar to that explained in multiplication. In dividing by a whole 
number, we ascertain how many times one number, the divisor, is con- 
tained in a larger number, the dividend ; and the number obtained, 
the quotient, is always less than the dividend. In dividing by a 
fraction, we ascertain how many times or parts of a time, one part of 
a number, or firaction, is contained in any given quantity (greater or 
less than the divisor), and we obtain a quotient always greater than 
the dividend. This process, therefore, which is called division, is in 
reality multiplication ; for example, to divide 6 by it means, to ascer- 
tain how many halves are contained in 6, which is in fact tantamount 
to multiplying by 2. 

79. It will be seen from the above, and fi-om Art 76, that mul- 
tiplication by fractions resembles division by whole numbers, and 
division by fractions resembles multiplication by whole numbers. 
Still, it is not correct to say that in fractions every multiplication is 
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a division, and every division a multiplication, because multipljdng 
6 by 2 and dividing 6 by J are different processes/ though they pro- 
duce the same result, and the same may be said of dividing 6 by d 
and multiplying by i. 

80. In dividing one fraction by another, if both fractions have 
the same denominator, the division is confined to the numerators ; 

4 d 
thus, to divide -z by g, we must ascertain how many times d is con- 
tained in 4, and must solve the question just in the same way as if 
it were required to find how many times £3 is contained in £4 ; 

4 
the answer to both is n> or d. 

d 8 d 7 8 

In like manner, g- divided ^7 f is ^ , and trg divided by Tq as 

7 8 7 

well as yqq divided by j^ are both-g , therefore generally 

z z y* 

81. But if both the fractions have not the same denominator, 
we may reduce them to a conmion denominator, and then apply the 

same rule, thus : — -5- — are of the same value as s- — -, and 

fn n tn n fn n 

tft Of* 

the quotient derived from the latter is, — , but this result, it should 
^ my ' 

be observed, might have been obtained more easily by transposing 

the terms of the divisor, and using the fraction thus changed as a 

multiplier, thus : — 



X 




y 




X 




n 




X n 


^ 


m^ 


ss 




X 


^ 


or, 




m 




n 




m 




y 




my 



It is from this last process that we obtain the rule for divi- 
sion by fractions : Invert the divisor and proceed as in muUipUea- 
tion. 

Examples. 

(Cancelling, t. #., dividing numerator and denominator by the product 
of the common factors d, 3. Art. 56.) 

Product = i. 
4 

(8) Multiply «.J4g.«togea.er. 
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Product ^ 8 X 16 X 27 X 46 
9 X 24 X 30 X 60 

_ 8x4x4X3X9xgX ^ 
9X3X8X5X6X5X12' 

lOancdUinfif, i. e., dividing the numerator and denominator by the 
product of the common factors 8, 3, 9, 6.) 

PnHiuct - ^X^>< ^ = 1X.2_X ^ XJ.X 3. 
6X5X12 3X2X5X3X4 

Cancelling again, we get the product in its lowest terms = -. 



(3) Divide I of I by Jl of 7. 



3.7. 15.y_ 8x7 , 15x7 _ 3X7 y l6xl 
4 S'^Tg *^4X8*16X1 4X8 15 X7 

z=z 3 X 7 X 16 ^ 8X7X4X4 _ 1^ 

4X8X16X7*^4X2X4X3X5X7 lO' 

82. On Exponents, It was shown (Art. 7) that x x x =: oc^ and 
t X X X =s X!* ,', x^ X ^ ^^ oc X X X X X X =z xf, the index of the 
product being the sum of the indices of the factors, 

.-. ic» X aj* = «'+* = a;7. (a) 

For fractional exponents : 

X* X X* =z a;*+» ) __ 
a;* X a* X a;* = »*+*+» | - *' 

And, therefore, x*, x^, are used to express the square and cube 
roots of X ; consequently, 

a; X 35^ = a^ X a;^ = «» "^ a = rc^ (r) 

Similarly by the rules for the division of fractions : 

^ = ^-7- = X* ; also shown, ^ = a^"* = 05* (c) 

tA this way negative indices are obtained, and similarly treated ; 
thus — 

— = -=3^ = - ; otherwise, -- = a^* = w'K 
acr ar^ x x* 

.'. ar*Xa?-»=ixA ; „ aj-<^+»>=a?-* (p) 

X a?' 






Again, for division of negative and fractional exponents ; 

a?""* a? ' a? o? 
or, ^ = «;-»-<-«)= a?-» (0 
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FinaUy, ^ = «^""* = «*..; iff) 

(1) Hence, to multiply powers, (jpotiiive (a), negative (fi), or 
fracUonal (y),) the rule is to add their exponents. 

(3) To divide one power (positive (e), negative ({), or fractional 
(0),) by another, the rule is to subtract the exponent of the divisor 
from that of the dividend. 

(3) Again _ = 1, otherwise -- = oj*"' = aP i.e. 1 = aP, which 
means that any quantity whatever, whose exponent is 0, is unity. 

(4) The general expression for fractional exponents, is x* ; which 
is read, the nth root of a; to the mth power. 

DECIMAL FRACTIONS. 

88. To add or subtract fractions, it is necessary (Art. 65) that 
they should have a common denominator ; and the fractions with 
10 or a power of 10 in their denominator, called decimal fractions, 
are more readily reduced to a common denominator, and can be 
used with much greater facility than any other fractions. 

In whole numbers the decimal notation confers a local value on 
each figure, as has been explained, and any one figure being removed 
-one place to the right has one-tenth of its former value. 

In decimal fractions this notation is continued to the right of the 
unit's place, to mark which, a point, called a decimal point, is placed on 
the right of the unit's figure. 

4ft 

Thus in the fraction ^— , the denominator is dispensed with, and 
it is written '48. 



Since -48 


= 


100 




•048 


s 


48 
1000 




•480 


= 


480 
1000 


48 
100 



we see that '48, '048, -481^ are respectively equivalent to fractions 
which have the same numerator, and the first and third of whicti 
have also the same denominator, while the denominator of the 
second is greater. Consequently *48 is equal to '480, but '048 is 
less than either. (Art. 6S.) 

The value of a decimal is therefore not affected by affiadng ciphers 
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to the right of it ; hut its value is decreased hy prefixing ciphers ; 
which effect is exactly opposite to that which is produced hy affixing 
and prefixing ciphers to integers. 

ADDITION OF DECIMALS. 

84. Bule. Place the numhers under each other, units under 
units, tens under tens, &c., one-tenths under one-tenths, &c., so that 
the decimals he all under each other : add, as in whole numhers, and 
place the decimal point in the sum under the decimal point ahove. 

Ex. Add together 197-5087, -043, 843, and 3*15. 

137-6037 

•043 
843- 
3-15 



471-6967 



Note. — The same method of explanation holds for the Amdamental roles of 
decimals, which has heen given at length in explaining the rules for Simple 
Addition, Simple Subtraction, and the other ftindamental rules in whole numbers. 

B£M(m for the above Process. — li we convert the decimals into 
fractions, and add them together as such, we get — 

137-6087 + -043 + 843 + 3-16 

_ 1376087 , 43 843 , 316 
10000 "*" 1000 "*" 1 "•" 100* 

(Or reducing to a common denominator) — 

_ 1376087 430 3430000 31600 
■" 10000 "*" 10000 ■'■ 10000 "*" 10000 

_ 4716967 

10000 
= 471-6967 

SUBTRACTION of DECIMALS. 

Bule. Place the less numher under the greater, so that the de- 
cimal points may he exactly under each other ; suppose ciphers to 
he supplied, if necessary, in the upper li&e to the right of the deci- 
mal, then proceed as in Simple Subtraction of Integers, and place 
the decimal point under the decimal point ahove. 

Ex. Subtract 6*4316 from 9*836. 

9*836 
6*4316 

4*4084 
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RsMon for the above Process, — K we convert the decimals into 
fractions, and subtract the one from the other as such, we get — 

9.826 - 6-4216 -^^^^ -5f^ 
9 8^5 - 6 4216 - ^^^ TOOOO 

_^ 98250 64216 

10000 10000 
_ 44034 

10000 

= 4*4034 

36 
86. To reduce a vulgar to a decimal fraction, for example — , 

76 
multiply the numerator and denominator successively by 10, 100, 
1000, &c. If, on continuing this multiplication, which does not alter 
the value of the fraction (Art 66), the numerator is ever divisible by 
76, the fraction can be reduced to a decimal fraction, by dividing the 
numerator thus found and the corresponding denominator by 75, 
which will not alter the value of the fraction. (Art. 66). 

Oft 

In CT, after multiplying numerator and denominator by 100, 

which gives , the numerator is divisible by 76, and the 

48 
fraction becomes Tq^ written '48. 

76)360(48 
300 



600 
600 



86. The usual practice in reducing a vulgar to a decimal fraction 
is as above, to divide numerator by denominator, adding ciphers 
until there is no remainder, and then to count the number of 
ciphers employed, which gives the number of figures that must 
be marked off in the quotient, from the right, by the decimal point, 
prefixing ciphers if necessary to make up the number. 

87. It will generally happen that the annexing of ciphers to 

the numerator will never make it divisible by the denominator. 

ft 1 

Thus, in reducing p and ^ to decimals, the quotients obtained 

are a continued recurrence of the same figures *8671428571428> 
Ac, and '111, <&c. All such fractions are called recurring or 
circtdating decimals, and the figures (in the first case 6) which 
are thus repeated are called a period. Instead of repeating the 
recurring figures, a point is placed over the first and last figure of 
the period, and over the recurring figure if a single digit, thus, 

•867142, -i. 
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88. To account for the recurrence of the same figures in re- 
ducing a vulgar to a decimal fraction, it should be kept in mind 
that every remainder must be less than the ' divisor, and therefore, 
in every case, the greatest possible variety of remainders will filways 
be one less than the divisor. Consequently the division must 
terminate without a remainder, or, after obtaining a certain number 
of remainders, (t. «., one less than the number of the divisor), 
one of the previous remainders will recur, and then the figures 
in the quotient will be repeated. Examination of any one instance 
will make this evident. 

No vulgar or common fraction can be reduced to a decimal that 
terminates, except when, being in its lowest terms, its denominator 
contains only the powers of 2 and 5 as factors ; because 10 contains 
only these two factors, and in order to reduce a vulgar fraction to a 
decimal we have to multiply the numerator by some power of 10, 
and then divide by the denominator ; when therefore a fraction is 
in its lowest terms, and its denominator does not measure 10 or 
any power of 10, it cannot measure the numerator multiplied by 
10 or any power of 10. When therefore a fraction is reduced to 
its lowest terms, it depends entirely on the denominator whether 
01^ not it can be reduced to a decimal exactly. 

Expressed generally, a terminating decimal in its lowest terms 

must be of the form ;r--:-, and the number of decimal places is p or a. 
as pis greater or less than q. To prove this : 

1. Leti>begreatertIian^,-^ = ^==:^_^ 
which contains p decimals. 

8. Let y be less tlian g, _g,^ llg^ = ^ '^"" '^^ = ^:grr, 

which contains q decimals. 

Note. — 1°. Any prime nmnber jp, in the denominator, forms a period of 
(p— 1) places, or a factor of this number ; thus ■= = '714285 and =^ = -230769. 

7 lo 

2P. When the period (p — 1) is multiplied by any number under p^ the product 

12 3 6 
eontains the same digits in a different order: thus =, ^, = ...=, all have the 

7 7 7 7 

same figures in their quotients, only in a different order. 

so. When the period (p — 1) is very long, it is useful to know that the latter 

half of it may be obtained from the former, by taking each figure in succession 

from 9. The period obtained from -^ shows this : 

Former half, -08448275863068 (by actual division). 
Remaining do., 96551724137981 (by subtraction from 9), 

and 2^ = •0844827586206896551724187931. 



SUBTBAOTION OF DBCUBiALS. 41 

89. 1. To r0dius0 ajiniu dedmal to a vuJ^iarfraetwn : Taking the 
given decimal as a numerator, write for a denominator 1, followed 
by as many ciphers as there are figures in the given decimal, and 
make the necessary reduction by cancelling. Thus, 

When a given decimal recurs or ch'culates (Art. 87), if the period 
begins at the decimal point, it is called a pure circulator, all others 
are called impure, or mixed, 

3. To reduce a pure circulator to a vulgar fraction. Take 
a complete period for the numerator, and write for the denomi- 
nator as many 9s as there are figures in the period. Thus, 

.36 4 
.868686 = gg - n- 

Proof. 

Let X =s '8686 

.-. 100 X «= 86-36 
Subtracting, 99 or s 86 
_ 86 _ £ 
* 99 "" 11* 

8. To reduce an impure eircuUUor to a vulgar fraction. Subtract 
the part that does not recur firom the complete decimal; the re- 
mainder forms the numerator, the denominator to which consists of 
as many 9s as there are recurring figures, followed by as many 
ciphers as there are figures which do not recur. 

Thus, for mstance, (1) -2457 and (2) •5726446428571. 

(1) From 2457 

Take 24 



2438 s5 Numerator. 

Two figures do not recur, and two do, 

.*. denom. « 9900 

^* ^^^' -. 9900 = 8-300- 

(d) From 5725446428571 

Take 5725446 



5725440703125 =: Numerator. 
Six figures recur, seven do not; g. e. m. n 11166708195, 

5725440703125 5ii$ 



... .5725446438571 ^ ^^^^^^^000000 ^ §96' 



o 
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Proof of the Bide. 

Let y c= -8457 
.-. 100 y = 24-67 
10000 y = 2467-67 

Subtractiiig the second line from the third we get 

9900 y s 2433 
_2433 
^ 9900' 

which, pnt in tlie following fornix 

2433 2467 — 24 - . , ., , 

1/ ^ - — ^ . nimisheB the role. 

^ 9900 9900 »*»""«"«■ •*""*"^^- 

MULTIPLICATION of DECIMALS. 

90. Bole. Multiply as in whole numbers, and point off in 
the product as many decimal places as there are in both the multi- 
plier and multiplicand ; if there are not figures enough, supply the 
deficiency by prefixing ciphers. 

Ex, 1. Multiply 86126 by 2-86; 

86-126 
2-36 



180626 
108376 
72260 



84-89376 

Here there are five decimal places, viz, three in the multiplicand 
and two in the multiplier ; therefore we point off five decimals from 
the right of the product. 

Ex.2. Multiply -064 by -0086. 

-064 
•0085 



820 
612 



-0006440 



Here there fire seven decimal figures in the two factors, and 
having only fSxa figures in the product^ we prefix three ciphers to 
make up the deficienoj. 
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91. Froof by Vtdyar Fractiont. 

86.1^5 X a.35 = 86^1 X 3^ 

^ 36126 285 
"■ 1000 100 

8489375 _ g^ 89876 



100000 100000 
s= 84-89875 

Generally— > 

Let a (the mnltiplicand) contain m decimals. 
And b (the mnltiplier) „ n „ 

These quantities expressed fractionally,' will then be -^ and :r--^. 
.*. the product will be ^-r—rz* ^^^ ^» ^^ ^^^ contain (m + n) decimals. 

DIVISION OF DECIMALS. 

9d. Divide exactly as in integers, supplying the dividend with 
ciphers when required. 

If the number of decimal places in the dividend exceed that in 
the divisor, mark oS in the quotient as many decimal places as make 
up the difference, prefixing ciphers when necessary. 

If the number in the divisor and dividend be equal, the quotient 
is a whole number. 

K the number in the divisor exceed that in the dividend, annex 
as many ciphers to the quotient as make up the difference. 

Often in the process we must add ciphers to the remainders, 
and of course these must be counted as so many ciphers added to 
the dividend. 

Examples. Divide -00169, -169, and 169-, by -013. 

•018) -00169 (-18 -018) -169 ( 18- -018) 169- ( 18000- 

18 18 18 

89 39 89 

89 89 89 

98. Proof by Vulgar Fractions, 
169 18 169 ^ 1000 169000 18000 



100000 1000 100000 18 1300000 100000 
169 . 13 169 1000 _ 169000 _ ^^^ 



1000 1000 1000 13 18000 
169 . 13 _ 169 1000 _ 169000 _ , onoo- 
X" 1000 "* 1 ^ 18 " 18 "" 
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General Proof. 



Let (a) the dividend contain (m) decimals, 
(6) the divisor „ (n) „ 

These quantities expressed fractionally will be — r- and .--- , and 



10- 10« 



the quotient will be -^ ¥^ - ^ X ?£ 



10- b h 10" 
Now if (m) be greater than (n), this quotient will be 

a 
all 

T- X 



h 10— 10 
which contains (m -^ n) decimals. 



a a 



h h A 

If m = n, this becomes —- = -.==-, which contains no decimals. 



If n be greater than m, the quotient will be 7- X 10"~- ; that is, 

6 

ill thitt oasse (n ^ m) ethers must be added to the quotient 

Examples. 

(1) Reduce i51| to a decimal. {M. 183a) 

6^. c. m. ss 5 ; .*. lowest terms are -^— , and the decimal 

= -638T961954972a442506947660686&858445678033806899 
586280729679698661863600317208564631845043616177 

113 

(2) Reduce — - to a decimal, and point out why the decioiAi 

terminates. (M. 1854.) 

113 113 



= -1808. 



626 20 X 6* 
(3) Write down all possible denominators of vulgar fractions in 
their lowest terms, which shall produce finite decimals of exactly 
four places. \M, 1864 and 1866.) 

The denominators that produce finite decimals of exactly four 
places, are (Art. 88) 2*.6* and 2'.6*, where x may have any of the 
values 0, 1, 2, 3, 4. 

By substituting successively these values of ^, 

2*.6» gives 16, 80, 400, 2000, 10000 ; land 
2'.6* „ 625, 126G, 2500, .6000, 10000 ; 

which are all the possible denomiiLators. 
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18 

(4) Reduce 77^ to a decimal, and show why every vulgar fraction 

in its lowest terms, with 16 for its denominator, must be equivalent 

to a finite decimal of four places. 

10 

tZ = -8136 ; Mid from above 16 = 2*.5o ; 

16 

.*. the denominator must (Art 88) contain four decimal places. 

(5) Reduce (?:2?^^j?l^ (M. 186^ 

(3-06)« X 2-34 _ 9-4186 ooq« 

(6) Reduce — ^ to a decimal. 

One-half of the answer is here given, the remaining half can 
easily be obtained by subtraction from 9, as pointed out in the note 
to Art. 88. 

•0066248618784«803867408814917ia70718232044198, 
895027624809893266198870166745866858691160230, &c. 

CONCRETE NUMBERS. 

94. Hitherto we have considered abstract numbers only, or 
concrete numbers of one denomination. It is evident that if con- 
crete numbers were all of one denomination, — ^if, for instance, pounds 
were the only imits of money, miles of length, years of time, and 
so on, — such numbers would be subject to the common rules for 
abstract numbers. Or if the concrete numbers were of different 
denominations, and those denominations differed from each other by 
10, or multiples of 10, then all operations with such concrete num- 
bers could be carried on by the rules which have been given for 
decimals. But generally, with concrete numbers, such a relation 
does not hold between the different denominations ; but the rules 
already given are easily extended to concrete magnitudes wherein the 
local values of the different figures are connected by more numbers 
than one, as, for instance, to pounds, shUUngs, pence, and farthings, 
where the numbers 4, 12 and 20 connect the different denominations, 
in precisely the same manner as the number 10 was supposed to 
connect the successive denominations of integers. 

Note. — Beduction is the changing of numbers from one name or denomi- 
nation to another without altering their yalue. 

When the numbers are to be reduced from a higher name to a 
lower, it is called Reduction Descending ; when from a lower name 
to a higher, Reduction Ascending. 

In the solution of the following examples, the reader's familiar 



46 LONDON UNIVEBSmr OOUESB. 

acquaintance with the usual Tahles of Money, Weights and Measures, 
is assumed, and also with some of the ordinary processes of reduc- 
tion. 

Examples 

In eoncreU quantities illustrating the preceding rules, 

(1) What is the area of a rectangular court of which the length 
is 260 yards, 1 foot, 6 inches, and the width 83 yards, d inches ? 

Area = 950 yds. 1 ft. 6 in. X 82 yds. ft. 2 in. (M. 1838.) 

oKAi ooi 601 577 96369 Qnooii a 
= 250J X 82tV = "a" X "is" = -13- - Q029H yards 

= 8029 yds. 8 ft. 36 in. Ans. 

(2) Add together % of JSIOOO 16«. Sd., | of £2400 12«. 4i., ^ of 
£8724 lis. 7(2. (M. 1843.) 

6 X (1000.. 16 ..8) 5004.. 8 .. 4 «S., n'X i 
^ g = g = 625 10 5 

8 X(2400.. 12..4) _ 7201. .17.. _ ^^^^ ^ ^ 

4 4 

5 X (8724 .. 14 .. 7) _ 18623 .. 12 .. 11 ^ c^qqq 10 5 

7 7 

5086 10 1 Ans. 

(8) Which is the greatest, ^^ of a pound sterling, or ^ of a 
guinea ? Express the difference hetween them, (M. 1844.) 

The difference hetween £1 x ^ and guinea 1 x ^ is 
20». 21«. 400 — 399 Is. „ 1 



19 20 880 380* 7600 

(4) What jfraction of £100 is £3 1 7s. 6d. ? 

Ans, 



£3 17». 6d. _ 35 _ 31 



£100 100 800 

(5) What fraction of a pound sterling is 7s. 6^. ? Express in 
seconds -^ of a year, taking the length of the year as 365 days 

6 hours. (M. 1845.) 

75. 6^. _ £ 181 . 

20«. 480 ' 

7 X 365 d. 6 h. _ 7(865 X 24 -h 6) X 60 X 60 ^ 16992563U sees. 

13 13 ^ 

(6) What length of carpet f. wide will cover a rectangular room 
36 feet long, and 27 feet 9 inches wide, and what will be the cost of 
the carpet at 4«. 9d. a yard ? {M. 1848.) 

Area = 12 yds. X 9^ yds. ; 

required lengUi = }12^ « ^^^ x ^ X i = 148 yds. 
X48 X 4|». = ^^^ ^ ^^ = 87 X 19 = 708». = £85 8«. cost 



OONOBETE NUMBERS. 47 

(7) Bednce 167805 onnces ayoirdnpois to tons, &c 

In redncing ounces to pounds, and pounds to quarters by steps 

of short division, explain the true values of the final remainders in 

each line of the process. (M. 1854.) 

4)167805 
16 



1 4) 41961 + 1 = loz.) 

L-. 12 + 1 = 18 oz. 

r4) 10487 + 3 X 4 = 18oz.J 



7 ) 2631 + 8 =3 lb.) 

4) 374 + 3 X 4 = 12 1b. 
2,0 ) 9,3 + 2 qrs. 



.-. 12 + 8 = 15 lb. 



"~"— ^— ~~~" To&B. cwt. qn. IbB. os. 

4 +13 cwt .-. Ans. 4 13 2 15 13 

(8) Express ^ of half-a-guinea as the fraction of a crown. (2) 
What fraction of 12«. 6(2. must be added to |- of a guinea to make a 
pound sterling? (M. 1854.) 

9 ^ -^^ ^7 21 1_ 7X7X8 7X7 _49 



92 6 3x3x2x5 8x2x5 80 

_6^, 
12i' 



(2) aO,.-«x2U==20-15==5....^:=^^ = ^X,^=^^^n,. 



2 
(9) How many half-crowns are there in i6756 17«. Qd. ? (2) 
How many years are there in 7805' days, the length of the year 
being taken at 365^ days ? In the last example explain briefly the 
process employed. (M. 1855.) 

6055 
8 



^6756 17«. 6d. = 756^ = rll£? ; .-. Am. = 6055. 



,ox 7306 29220 „^ 

('^' 8651 = 1461 = ^'y^^- 

Here the numerator and denominator are each multiplied by 4. 
The resulting numerator is then divided by its denominator. 

(10) If 22 yards ss 1 chain and 4840 square yards = 1 acre, 
how many square chains are there in 5 acres? (M. 1857.) 

22 yds. = 1 chain. 

22 X 22 = 484 sq. yds. = 1 sq. chain. 
.". 4840 (or 10 x 484) sq. yds. = 10 sq. chains = 1 acre. 
Hence 5 x 10 = 60 sq. chams = 5 acres. 

(11) The value of an ounce of standard gold is £3 17«. lOj^d.; 
what fraction of one million sterling are 625 ounces of gold? 
(M. 1859.) 
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By decimals, 13 ) 10-6 = lO^rf. 

20)17-875 ==:17«.104d. 

8-89376 = £3 17». 10J(I. 

• 'Tl'r ir = 'fnnn ?r = '00a4335937fl. 
1,000,000 1,000,000 

By vulgar fractions, 

626{[(3 2<^0_4. 1 7) X IS + 10] X a + 1} _ 1168185 

1,000,000 X 30 X 19 X 9 "" 480,000,000 

AOQ 

= c^^^-^QQ = •00243359876, as before. 

(13) Prove that 17-975 of £71 3«. is equal to ^ of £51130 18«. 
(M. 1861.) 

^671 3». = 71-1, and ^ 71-1 x 17-976\ 

51130-9 



£51130 18«. = 61130-9 ; 



=5= 1378-0395. 



40 

(18) If 35 tons of goods are purchased for £37 lOs., and sold at 
85s. a ton, what is the gain per ton ? (3) At what rate should the 
goods have been sold in order to obtain a profit of £9 78. 6d. ? 
(Af. 1863.) 

£87 10«. Od. = 87-5 ) . 

£115s. Od. = 1-75 U^'^^ X y - "_^^ = >36 = 65. gain per ton. 
£9 7». 6d.= 9-875) *" 

(3) ^^'^ ts^*^^^ = ^'^'^^ = ^^ ^'^*- ^^- ^^^ P®'' ^^• 

(14) What fraction of the earth's diameter (7900 miles) is a 
mountain 4^ miles high ? By what fraction of an inch would the 
height of such a mountain be properly represented on a globe of 18 
inches diameter ? {M. 18 49.) 

(1) ^* = _? ; and (3) ^ X 18 = -^ of an inch. 

^ ^ 7900 15800 * ^^ 15800 7900 

(15) At what time next before 13 o'clock are the hour and 
minute hands of a watch together ? (M. 1838.) 

The conjunctions from XII. to XII. again are eleven in all, the 
eleventh taking place at the end of the twelve hours, and since the 
hands move equably, these conjunctions must happen at eleven 
points equidistant from each other. Therefore, if the circum- 
ference be divided into eleven equal parts, we shall have the con- 
junction that happens between 

I. and II. at -^ of 60 minutes past I. 
IL and III. at ^ of „ past U. 



X. and XI. at ff of „ past X. 

that is at 54 minutes Sfl-^ seconds past X. 



^'"■i 



CHAPTEE III. 



SQUARE ROOT. 

95. The square root of any number or quantity is such a 
number or quantity as being multiplied by itself produces it. 
Thus the square root of 49 (written v'49 or 49*) is 7, because 7X7 
ss49. 

Since the square roots of 1, 4, 9, 16, 35, 86, 49, 64, 81, 

are 1, 2, 3, 4, 6, 6, 7, 8, 9, 
we can, by mere inspection, find the square roots of all quantities 
that are produced by the squaring of a single figure. 

Also, since the square root of 1 is 1* 
100 „ 10- 



10000 „ 100; 



1000000 „ 1000- &c.. 



it is easily seen that the square root of a number of fewer than 
three figures must consist of only one figure ; that of a number of 
more than two figures, and fewer than five, of two figuires ; that of 
a number of more than four figures, and fewer than seven, of three 
figures ; and so on ; whence it follows, that if a point be placed over 
every alternate figure, beginning at the unit's place, the number of 
such points will be the same as the number of figures in the square 
root 

This is called the Bide for Pointing, and may easily be extended 
to decimals ; thus — 

Since the square root of -01 is •! : 
-0001 „ -01 : 



•000001 „ -001 : &c., 



we infer that the quantity proposed must first be made to have an 
even number of decimal places, and then that the pointing must be 
made from the place of units towards the right hand over every 
alternate figure as before. 

The rule for extracting the square root is derived from the 
formula 

(a + 5)« = a« + (3 a + h) h. 

Ex. 1. Extract the square root of 1679616. 

96. Pointing the unit's place and every second figure, and 
taking the highest square from the first period, also putting the 
root in the quotient, we have 



( 
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i679ftl6 (1000 
1000000 



679616. 

(a + 6)» = a* + 6 (2 a + 6) 

The number 1679616 may be separated into two parts, represented 
algebraically by the right* side of the above equation: 

1000000 + 670616 = a» + 6 (2 a + 6). 

We know from the formula, that the root of a' -f- & (3 a + &) is 
a + b, and a, the root of the first period, is found by inspection, 
while h, the root of the remainder,, has to be obtained by the 
formula; thus — 

Th6^remainder,.or & (2 a + 6) s= 679616,, 

. , 679616, 
2a + b 

As in the denomi^ifttor 2 a -f- 6; the quantity & is always small com- 
pared with 2 a,.t2te number of times that 2aj or twice the root already 
found, is- contained . in the > remainder, , gi^narally givesh the ; oon£ct 
number for* the root of the remainder^ 

97. If,,as. will, often be the case^ &(2«a.-{- 5) doeanot exactly 
egufd the remainder ^ tbera will be a. second remainder;, then, the 
whole - of. tha root (the twa parts) found, equals a, .and. the Siame 
procdsa is. rcipeated to>find the root of tha second- remainder, and^ 
BO., onxuntil the. last, periods is. brought down : when,. if. there be no; 
remainder, . the exact root is found, and, if there be a remainder^ 
the < number, ii^ nq(t, an exaoti^qmure;. The above operationa lare ;tiiu8 

represented : 

1000)1679616 (lOOQ- 

1000000 200 



90 

679616 6 

200r (2^- X • 1000^ + 200) = 440000 

1«96 



2a9616. 
90 (2 X 1200 + 90) = 2243.00 



16616 
a;(0(XLl29Q + 6) «;= I66I61 



For eonvemence, in practice, the arrangement of the figures 
differs from the preceding ; repetition is avoided by bringing down 
one peribd^ at a time, and the divisor is forced by multiplying the 
root by two and leaving the unit's place, in whidi is put the root 
of tlie remainder. 
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1 



33)67 
44 



349 ) 3896 
3341 



2586 ) 15516 
1551^ 



The consideration of what precedes furnishes the following 

98. Eule. Place a point over the unites figure, and over every 

alternate figure right and left, thus forming as many periods of two 

figures each as possible. Find the greatest square number contained 

in the first period on the left hand, and subtract it from ihat period, 

.putting down its root on the right, as in division. 

To the remainder bring down the next period. for a. dividend; 
double the root just found for a divisor, and find how often it is 
contamed in this dividend exclusive of the figure on itsrigM hand; 
annex this quotient to the figures in both the quotient and divisor ; 
miiltiply the divisor thus formed by the last figure of the .quotient, 
subtract the product, and proceed as before. 

Repeat this process tiU. every period is disposed of, and the rool^ 
or an approximation to it will thus be obtained. 

Ex. J.. Extcact theisquare root of 9513395961. 



'9513395961 ( 97531 
81 



187 ) 1413 
1309 



1945 ) 10339 
9736 



19603)60459 
68509 



195061 ) 196061 
195061 



Ex. 3. Extract the square root of 0768339. Making the 
number of decimal places itv^ and pointing, we have 
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0-07583390 ( -2763 
4 



47 ) 368 
339 



545 ) 3932 
3725 



5603 ) 20790 
16609 



4281 

The former of these is a complete square, whose root is 97531 ; 
the latter is not, its approximate root heing '2763, with a remainder 
•00004281 : and it will be found upon trial that (•2763)« + -00004281 
= -0758329 : this approximation might evidently have been carried 
further by affixing periods of ciphers, which do not affect the value 
of the decimal. 

99. (1) The square root of a vulgar fraction is the square root 
of the numerator divided by the square root of the denominator. 

Thus \/ —z ==^--= = -r : but as the numerators and denomi- 

^ 16 v'le ^ 

nators are seldom complete squares, it is usual to express the fraction 
decimally before the rule is applied. 

\/\ =V''626 = -7906694 +. 

(2) A whole number, which is not the square of another whole 
number, cannot have an exact fractional number for its square root. 

To prove this generally, let a be the numerator and 6 the de- 
nominator of a fraction expressed in the lowest terms. Then if 

- is the square root of a whole number, _ x ~ or — must be a whole 
o o o Ir 

number, but this is impossible ; for a*, 6s contain no prime factors 

which are not also contained in a, & ; and since a, 6, are prime to 

each other, so are a*, h\ Then -. being an irreducible fraction, 

cannot be equal to a whole number. The square root of a whole 
number which is not the square of another whole number is, con- 
sequently, not expressible by any exact number ; v/ 6, y' 6, v'13 .... 
are therefore not expressible by any exact number. 

(3) A number whose last figure is 2, 3, 7, or 8 cannot be a perfect 
square. 

For the simple units of the square of a number, consisting of 
several figures, arise from the square of the units of the root. But 
the square of none of the nine digits ends in 3, 3, 7, or 8. 



CHAPTER IV. 



ARITHMETICAL PROPORTION. 



100. BaI'io is the relative value which quantities of the same 
kind hear to each other in respect of magnitude. 

Thus 6 is twice as great as 3, and 2 is twice as great as 1; 
therefore we should say that the ratio of 6 to 3 is the same as that 
of 3 to 1, or as we may write for shortness' sake, 6 : 3 : : 2 : 1. 

In speaking of the ratio of two quantities a : b, a and b are 
called the terms of the ratio, and a is distinguished as the antecedent, 
b as the consequent. 

The ratios of the squares of two quantities are said to he 
duplicate of the ratios of the quantities themselves, and that of their 
cuhes triplicate; so the ratio of their square roots are said to 
he suhduplicate, and that of their cuhe roots suhtriplicate. Thus, 
the ratio of 81 : 16 is duplicate of the ratio of 9 : 4, and the ratio 
of 8 : 2 is suhduplicate of the ratio of 9 : 4. Also the ratio of 
27^ : 8^ is triplicate of the ratio of 27 : 8, and the ratio of 3 : 2 is 
suhtriplicate of the ratio of 27 : 8. The antecedents of two or 
more ratios are called homologous terms, and 430 are the consequents. 

Eatios are said to he compounded when their homologous terms 
are multiplied together, and the ratio of the two products is said to 
he compounded of the simple ratios, and is hence called a compound 
ratio. 

101. An equality of ratios constitutes a proportion ; thus 

8 2 

— = - ; here the four digits are proportional, and are usually 

read, 8 : 12 : : 2 : 3, where 8 and 8 are called the eoctrems, and 12 
2 the mean terms. 

102. In every proportion, the product of the extremes equals 

the product of the means ; thus, if 8 : 12 : : 2 : 3, then 8^3 

8 2 
= 12 X 2 ; for if • • = - and hoth fractions he brought to a com- 

l/o O 

mon denominator and multiplied by it, which does not affect the 

8 V S 2 V 12 
equality,, we obtain j^ — ^ = ^ ^q or 8 x 3 = 2 x 12. Similarly 

the converse of this proposition is true, that 

103. Whenever the product of any two numbers is equal to 
the product of other two, the four are proportional when so 
arranged that the two factors of one product shall be extremes, 
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and the two factors of the other product means, or vies vetsu. 
In this way eight proportions are obtained. 

From 8 X 8 «: t2X 2-arise 



8: 12: 


: 2 :8 


2 : 3 : : 8 : 12 


8: 2: 


: 12 : 3 


12 : 8 : : 8 : 2 


8: 12: 


: 2:8 


2 : 8 : : 3 : 12 


8:2: 


: 12 : 8 


12 : 8 : : 3 : 2 



104. In any of these proportions, three terms being given we 
can find the fourth. K the two means and an extreme be given 
to find another extreme, we know that the product of the two 
means is equal to the product of the extreme, given, and the one 
to be found; if, therefore, we divide the product of the given 
means by the given extreme, we shall obtain the desired number. 
For the same reason, to find a mean when the other terms are 
given, divide the product of the given extremes by the given 
mean. 

105. To ftpply these rules to the previous example for finding 
the four terms in succession, the mark of interrogation being 
used to point out the term required, we have 

? : 12: : : 2 : 3 here !^ = 8, the first term.- 

3 

8 V 3 
>8 : ? : :.2 : 8 here — ^ — a= 12, the second term. 

8 : 12 : : ? : 8 here ^-^^ = 2, the third term. 

8 : 1« : : 2 : ? here ^^^ ^ = 3, the fourth term. 

106. Here it may be noted, as important to be kept in mind, 
that in applying the following rules to concrete numbers, no 
ratio can exist between quantities differing in kind; and in com- 
paring quantities of the saTne kind they must be reduced to the 
same denominator before we can tell their relative value, or ratio. 

Thus the ratio of 5s. to Is. Qd. is that of 60d. to 20e2. = ^ 

or 8 : 1. The ratio of any two quantities is an abstract number; 
thus the ratios of 8; miles to 56 miles, 3 cwt. to 21 cwt«, 5 yards to 

85 yards, is the ratio of 1 to 7, or - in each case. 

107. RiUe of Three. — ^Every question in proportion fnmidies 
three terms to find the fourth : two of these terms are always of 
the same kind, being an antecedent and its consequent of one of 
the ratios constituting the proportion. The remaining term is 
of a different kind from the other two, and of the same kind 
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as ihe fdurth term, or answer which is required. This remaining 
term is the antecedent, to which the answer is the consequent of 
Ijie other ratio constituting the proportion. 

108. The rule for the arrangement of the terms : 

Place the single term, which is of the sams kind as the answer, in the 
third place ; the arrangement of the other two terms depends entirely on 
the nature of the qv£Stion, The terms of the question will show whether 
the answer should he greater or less than the. third term, and the greater 
or less of the two remaining terms must he placed in the second place 
accordingly, 

109, This rule includes questions in inverse proportion. The 
following are cases, the 1st, of direct proportion, where an increase 
in one term, the number of guns, requires a proportionate increase of. 
another, the number of men , killed ; and the 2nd, of inverse propor- 
tion,, (because the ratio is inverted^ where an increase of one term, 
the number of cows, demands a decrease of another term^ the number 
of! days. 

(JL) If 30 g^ns in a battle (2) If 30 cows eat a quan- 

kill 3100 men, how many men tity of fodder in 3100 days, how 

would 310 guns kill at the same long would the same suffice for 

rate ? (M. 1847.) 310 cows at the same rate ? 

. 30 : 310 : : 3100 310 :.30 : : 3100 

310 30 



31000 31,0)6300,0(300 

4200 63 



8,0)44100,0 Ans. 800 days. 

14700 



Ans. 14700 men. 

110. In any proportion, when a number in the first, term, is a 
factor of a number in the second or third term, the process maybe 
shortened by cancelling, as in multiplying fractions together. 

111. As a case of compound proportion or Double rule of Three, 
W6 shall, take this q^estion« 

If: 9. people spend £130 in 8 months, how much.will 34 persona,, 
living at the same rate, spend in 5 months ? This question com« 
bines two in simple proportion, as in the statements below; first, 
how much 34 people would spend in the same time, 8 months ; and, 
secondly, how much 34 would spend in 5 months. This second is a 
case of inverse proportion as explained. 
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I. 


(1) 


As9 : 


24 : : 12<J 
24 

9)2880 






(8) 


8: 


5 : : 320 
6 

8)1600 

200 


Ans. 



U. As 9 : 24 : : 120 

8: 6 



If, mstead of making two separate operations, as in I., we make 

one statement, as in XL, and take ^ — jr^ — = 200, the same 

9x8 

result can be obtained by one process. 

III. The following question is an instructiye instance of the 
advantage of cancelling, and also of the extent to which questions 
in compound proportion may be carried. Here we have five state- 
ments combined into one, and the answer is obtained by cancelling 
only. 

If 12 men dig a canal 50 yards long, 9 yards broad, and 6 feet 
deep, in 90 days, working 6 hours each day, how many men can dig 
a canal 40 yards long, 4 yards broad, and 10 feet deep, in 40 days, 
working 8 hours each day ? 



60 length 
9 breadth 


: 40 length 
4 breadth 




6 depth 
40 days : 
8 hours 


: 10 depth 
: 90 days 
6 hours 


• ' .' 12 men 



40 X 4 X 10 X 90 X 6 X 12 
60X9X6X40X8 

^ 40X4X10X9X6X2X6X12 
"* 10X5X9X6X40X4X2 

(Cancelling, i.e., dividing the numerator and denominator by the 
product of the common factors 10, 6, 9, 6, 40, 4, 2,) 

Product = 12. Ana, 

The cancelling may be done in the first statement; the above 
repetition of the quantities in a firactional form is quite unnecessary 
in practice. 
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Examples. 
*«* Iti$ expected that the student will work out in fuU the statements 
hdow, to verify the given answers, 

(1) Define proportion, and prove that if four quantities are pro- 
portional, the product of the extremes is equal to that of the means. 
(3f. 1840.) Answered in Arts. 101 and 103. 

(2) If 7 oxen eat an acre of grass in 6 days, how long will it 
take 17 oxen to eat 34 acres ? {M. 1841.) 

17 oxen I . 7 oxen | , , g ^ 34 days Am. 
1 acre J 34 acres j •' •' 

(3) Find a fourth proportional to -0004, 1*4, -OOS. (M. 1846.) 

'0004 : 1'4 : : 'OOS : 7. Ans. 

(4) Define the terms, ratiOf duplicate ratio, proportion. When is 
one quantity said to vary inversely as another? (Af. 1846.) 

Answered in Arts. 100, 101, 109. 

(5) If 13 men can perform a piece of work in 8 days, in what 
time will 48 men perform the same ? {M, 1856.) 

48 men : 13 men : : 8 days : 3 days Ans, 

(6) If 6 men can dig 14 yards per day of a trench 3 feet wide 
and 3 feet deep, how many men will be required to dig 13 yards in 
a day of a trench 7 feet wide and 6 feet deep ? (M. 1860.) 



14 yds. 
8 ft. 
3 ft. 



13 yds. ] 
7 ft;. > : : 6 men : 86 men. Ans. 
6 ft. J 

(7) If the wages of 6 men for 5 weeks be £6, how long will 8 

men work for £10 ? (M, 1863.) 

8 men : 6 men) . ^ i ^i i a 

^^ > :: 6 weeks : 6J weeks. Ans. 

(8) How many men can complete a trench of 468 yards in 8 

days, if 34 men can dig 81 yards in 6 days ? {B, A. 1841.) 

81 y. : 468 y. \ ^. -^- . 

-, "i ^\ X : : 34 m. : 104 m Ans. 

8 d. : 6 d. J 

(9) If 180 men, in 6 days, working during 10 hours each day, 
can dig a trench 300 yards long, 3 wide, and 3 .deep ; in how many 
days, working during 8 hours each day, will 100 men dig a trench 
360 yards long, 4 wide, and 3 deep ? (B. A. 1867.) 

100 m. : 180 m. 

: : 6 days : 48| days. Am. 



8h. 


: 10 h. 


300 y. 


: 860 y. 


3 w. 


: 4 w. 


3d. 


: 3d. 



(10) If 81 bushels of wheat are consumed by 66 men in 6 days, 
how long will 16 men take to consume 38 bushels ? (B. A. 1861.) 

I 
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AKITHMETICAL PROGRESSION. 

lis. Ak aritlimetical progression is a series of nnmbera which 
increase or decrease bj equal steps; thus the natural numbers, 
1, /2, 8| 4fec., are in arithmetical progression, because each term is 
one greater than the preceding. 

In any arithmetical progression let 8 = the sum of the series, 
a the first term, I the last term, d the common difference, and n 
the number of terms. 

113. Since the second, third, fourth, &c., terms of the series, 
are respectively formed by the addition of the first term a to the 
common difiference d, taken once, twice, three times, &c., therefore 
the nth, or last term, will be, 

a + (n — 1) (i, or, Z = a + (n -?- 1) d . . . . . . (I.) 

114. Taking any series of numbers in aritlimetical progression 
consulting of an od4 nipnher of tenpas, it will be seen, that, by the 
constitution of the series, the first term, a, is as n^uch less than the 
middle term as the last term is greater, and therefore twice the mid- 
dle term must be equal to (a + the sum of the fi^st and last terms. 

.*. middle term = ^ j" ■. 

It is also evident that, from the law of formation of the series, the 
sum of any two terms equally distant from the middle term, is equal 
to twice the middle term ; therefore, if the middle term be multiplied 
by the number of terms, », we obtain the sum, 

.\ 8 =s n }c middle term = n, ^ ^ ...... (U.) 

Substituting in 11, the values of I and a in I, we have 

g ^ {9 a -t- (n— l)d)n _ ^ ^jll ) 

^d S = (2 I - (» - 1) d) n _ ^ ^jyy 

115. From these four equations, any three of the letters being 
given, the ot-her two can V^ found. 
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Examples. 

(1) Find the sum of 12 terms of the series 19, d7, 35, &c 
(M, 1847.) 

Here a = 19, ({ = 8, n = 13 ; substituting these values in III, 

8 = (38 + (18 - 1) 8) 12 ^ ,5g ^^ 

(3) Insert six arithmetic means between 1 and 29. (Af. 1889.) 
Here 2 = 29, a = 1, and n = 8 ; substituting these values in I, 

29 = 1 + (8 — 1) d. .-. d = 4, 
And the series is, 1, 5, 9, 13, 17, 21, 25, 29. Ana. 

(3) How many terms of the series 1, 3, 5, &c., will amount to 
5041? (JT. 1840.) 

Here a = 1, (2 = 2, /S^ = 5041. Substituting, as before, in in, 

5041 = (2 + (n - 1) 2) n ^ 2 n + 2 n« - 2 n ^ ^, 

2 2 

/. n* = 5041, and n = 71. Ans. 

(4) The sum of n terms of the progression 1, 3, 5, 7, &c., that 
is of the first n odd numbers, is n^. (M, 1838, B. A. 1849, and again 
M. 1855.) 

Here 8 = (S ^ + (n^- 1)_^ i^ecomeB 

{2+(n-l)2}n _ 2 n« _ , 
2 2" ""**• 

(5) Tiie sum of the first n even numbers is n* + n. 

aereS=t4 + (n-l)2}n^(an + 2)»^^,^^ 

<« 2 

(6) Insert eleven arithmetic means between 7 and 151, (if. 1841.) 
The number of terms is 13, viz., 11 means + 2 extremes. 

.-. 7 + 12 X com. diff. = 151. 

.'. pom. diff. = 12 ; and the series is 
7, (19, 31, 43, 55, 67, 79, 91, 103, 115, 127, 139,) 151. 

(7) The sum of a decreasing arithmetic series is 140, the first 

term 10, and the common difference - ; find the number of terms. 
(B.^1841.) ^ 

Here S = {^a + {n-l)d}n ^^^^^^ 



140 =s 



J20 + (n-l)x(-|)}n 



280 = 20 n — ^ n« + 1 n 

3 ^8 

n« — 61 n = — 840. 
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Whence n = ^^ + y/^ = " + ^J = 40 or 21. 

And it will be found, upon trial, that 40 terms of this series give 
the same sum as 21 terms. 

(8) Show how to find the sum of n terms of an arithmetical 
progression. Find the sums of the following series : — (1) The first 
fifly even numbers ; (2) 19, 14, 9, &c., to 16 terms; (3) ^, 1, f, &c., 
to 9 terms. (M. 1846.) 

Ana. Art. 114 (1) 2660. (2) —296. (3) 14|. 

(9) Find the sum of the following series, having investigated 
the general formulae on which they depend : — (1) The first ninety 
odd numbers ; (2) The first ninety even numbers ; (8) Show that 
the results in (1) and (2) are included under the forms n^ and n^ + n; 
(4) What is meant by the sum of an indefinite series ? {M. 1846.) 

Ans. (1) 8100. (2) 8190. (3) See examples 4 and 6 above. 
(4) The simi of an indefinite series is the limit to which we 
continually approach by taking more and more terms of the series, 
^ut which cannot be reached by any finite nimiber of terms. 

(10) When are magnitudes (1) in arithmetical (2) in geome- 
trical progression? (8) Find an arithmetical and a geometrical 
mean between a and b; (4) write down the 12th term of the series 
7, 12, 17. {M. 1849.) 

Ans. (1) Art. 112. (2) Art. 116. (3) ?-±-?, VoT. (4) Here a 
8s7;nesl2;(2 = 6; whence by formula I. 2 == 7 + (11 x 6) = 62 

GEOMETKICAL PKOGKESSION. 

116. A series in geometrical progression is one in which each 
term bears the same ratio to the one preceding, which ratio is called 
the common ratio. 

117. Let a be the first term of a series in geometrical progres- 
sion, r =3 the common ratio, n = number of terms, and 8 = the 
sum of the series, then 

8=ia + ar + ar^ + ar^ + &c. . . + a f^\ (a) 
Here multiply both sides of these equal quantities by r ; they will 
remain equal, and we obtain 

r /S^ = a r + a r« -t- a r8 + &c. . . . a r*-^ + a r*. (fi) 

Subtracting a from /S, we have 

r flf — S = a r» — a, or, (r — 1) iS Bs a (r" — 1) 

.-. flf sss a I. 

r — 1 
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118. Now when the series decreases, r is a fraction less than 
unity. In this case it will be more convenient to transform the 
above formula into 

5 = a i-^^^ II. 

1 — r 

Since the last term Z = a r*~*, multiplying by r, we have rl ^^ at*, 
and the expression 

S = — becomes S = =-. 

r — 1 r — 1 

119. From this last equation, any three of the letters being 
given, the fourth may be found. Thus 

8 = *'^-" ni. 

r — 1 
a = r Z — (r — 1) fif IV. 

i^iU:zA^_±^...... VI. • 

r 

120. When r is a fraction less than unity, its powers continually 
diminish, so that the greater the number of terms the smaller will 
the last term be. Consequently when the number of terms is un- 
limited, the last term is 0. 

Hence, in the case of an infinite series, of which the ratio is a 

fraction, 5 = a , "^ , or --i5 — VII. 

1 — r 1 — r 

121. But when r is not less than unity no limit can be assigned 
to the increase of the terms, and the sum of an infinite number of 
such terms must be infinity. 

Examples. 

(1) Find the sum of the geometric series, 3 -|- 6 + 12 -|- • . • . 
&c., to six terms. 

Here a s 8, r = 2, n = 6. Substituting these values in I, 

S = 3 ?!^J = liL^i:^* = 189. Jns. 
2 — 1 1 

111 

(2) Find the sum of 16 terms of the series 1 + o" + o +s^*^» 

Here a «= 1, r = -, n =16. Substituting these values in H, 

3 

a f 4782969 4782969' 

(8) Find a geometrical mean between 8 and 128. (M. 1848.) 



i 
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Here a = 8, t = 128, n as 3. Substituting in the equation I = 
a f^\ 138 = 8 r« /. r* = 16, and r = 4. 

The mean sought is 8 x 4 = 32. Ans. 

(4) Find the sum of 8, 4, 2, 1, J, (fee, a^ infinitum. 
Here a=8, r=i. Substituting in VH, 5=8X_l3=f =16. Ans. 

(6) Find thesum of -+ — + ~ +&c.,aim/. Herea = -r=-, 
c,9 1 21293. 

3 3 3 3 

(6) Findthesumof ^« + ^ + rs + ^f^^tOdinf, Here a= -~ 

lo3 1 8 26 1. 

^-26'-*-^ = 26^r^r^=26^24 = 8- ^^^ 

(7) Find the sum of the series 

a— - + -^— ton terms. (Jf. 1843.) 

1 «* , 

Here 8 = a becomes 

1 — r 

S = a T — 

1 + - 

r 

r 

Where if n is odd, the positive sign is to be taken, and if n is 
even, the negative. 

(8) Find the limit of the sum of the series 

9 9 9 

16 "*" 100 "*" 1000 "*" ^^*' ^ infinitum, {M. 1860.) 

itf elre a = —- ; r = — ; and 8 = becomes 

10 10 1 — r 

_9 ^ . 

o 10 10 , , 

5 = X = "o" *= !• -^W** 

1- -i ~ 

10 10 

(9) Find three geometric means between - and -i2r. [M. 1861.) 

Let a^arfai^^ar^^a r*, be five terms of a geometric series, th^i 
it is plain that the three geometric means between a and a H* are 
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But ?-!^ = H, A ^121 ^ ? = ^121 =. 4th power of the ratio, 
a 24 3 16 ^ 

.*. the ratio = -, and the three means are , — , —— . 

(10) The quantities a, x, y, 6, are in geometrical progression, 
find X and y in terms of a and h. (M, 1852.) 

Since a, x, y, h, are in geometrical progression, we have the 
quantities a, ar^ar^ya r^, corresponding to the four given quantities 
each to each ; 

A 05 =s a r; y ^^ ar^; b = a r*; 
From the last r = l-j 

Whence « = «(-) = (a« b% 

(11) Find the sums to infinity of the two geometric series 

9-4 + 8-16' 

(When two series are combined as above, the upper signs throughout are to 
be read first, and then the lower signs throughout.) 

In both cases 8 =s VII. 

1 — r 

In the first series r = i, a = J .•. S = S = 1. 

i 

In the second r = — J, a = J /. /S = ^ > = - 

(12) Investigate the general expression for the sum of n terms 
of the geometric series a + ar + ar*+.. ... and (2) find the 

sum of the series + -— - — &c., ad infinitum, (M, 1839,) 

6 26 125 ' 

(1) Art 117. (2) Formula VII. S = ^ i— ^^ = J x J = I 

(13) To what progression does the series following belong ? 

1 + Q + g + ^c- (^) Find its sixth term, and its sum 

to five terms, and to infinity. (3) Insert two geometric means 
between -9 and -0009. (if. 1866.) 

Ans. — ^A series in geometrical progression, whose ratio is i. 

(2) ji-. Its sum by formula II. = 1 X J^^=^^ = ~. Its 

<w4o 1 -^ -J- ol 

sum to infinity by formula VII. =:pJ— = ?. (3) By Art 118, 
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Izs. a f*~*, r = v^ — ; aJ^d in this case n = 4. 

,.. = {/I=V/»"=.i. 

And the four terms are -9, -09, -009, -0009, 
(14) Insert n geometrical means between a and c; and show 

that their product will be (a c)^. {M, 1858.) 

Am. — The ratio is (-)»+* J ^"^^ *^® means are, a ^-^^, a ^f ^m^' 

&c a {pf^^y a i^i^' "^^ product of these is 

mH , or a" Q"'^, ''Wch = a"Q» = (a c)* 
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SIMPLE EQUATIONS AND QUESTIONS PRODUCING THEM. 

SIMPLE EQUATIONS. 

123. Two quantities connected by the sign ss are called an 
equation ; the two expressions on the right and left of the sign 
are called sides or members of the equation. 

123. Equations are, by some writers, termed identical or formu- 
late, algebraic, literal, and numerical. 

{a+bf^sa* + ^ab + b* is an identical equation, and it is also 

formulaic, the second member being 
only an expansion of the first. This 
equation is true for any values of a and 6. 

O^asTS — 3a; is an algebraic equation, it is only true for 

one value of the unknown quantity x. 

An equation is literal or numerical according as its coefficients 
are letters or numbers, 

134. When one member of an equation contains only the 
unknown quantity sought, and the other member simply a known 
number, as a; = 31, the equation is solved. This form we must 
always endeavour to attain, however complicated the expression 
at first proposed may be. 

135. Whatever transformations of the original equation may 
be necessary, they are in all cases founded upon the following 
obvious axioms : — 

''Two equal quantiiies will remain equal, whether we add to or 
subtract from them equal quantities ; whether we multiply or divide them 
by the same number ; whether we raise them both to the same powers or 
extract their roots of the same degree" 

136. In the equations a;+3=16, and 03—8=4, by subtracting 
-3 from each side of the first equation, and adding 8 to each side 
of the second, we obtain in each case a?=:13, hence is deduced a 
rule for facilitating the reduction of equations, that : — 

Any quantity may be removed from one side of an equation to ths 
other by changing its sign. 

It is also manifest, that any quantity which is found on both 
sides of an equation may be expunged. 

137. Since an equation is not altered by dividing or multiply* 

m 
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ing each side by the same number, if 3 a; = 13 and q = d, divid- 

I ing each side of the fil^t ecttlsitioti b^ /2, and multiplying the 

i second by 3, then a? = 6, hence 

J If the unknoion quantity have any coefficient, divide each side by it, 

] and if the ijLnknowh quantity have any divisor mvltipty hoth sideh by it, 

i 128. From what precedes it is manifest that if any part of an 

equation is fractional, it may be reduced to, an equation expressed 

in integers, by multiplying every term by the denominator of the 

' fraction. An equation containing more than one fraction may be 

\ cleared of fractions, by multiplying every term by each denomi- 

[ nator in succession, or by their product, or least common multiple. 

129. If the unknown quantity be under the radical sign, both 
sides of the equation must be raised to the same power as denoted 
i by the root ; thus — 

t (/a? = 3 ; — .*. cubing both sides a? = 8. 

I ISO. If the radical sign includes a Jknown quantity as well as 

; the unknown quantity, the whole quantity under the radical sign 

is a surd, and must be brought to one dide of the equation ; thus 
if i/aj-J- 8 — 8 = 3 ; first ^/x + 8 = 8 + 8 = 11, then squaring both 
sides, d?+8 = 121 and x = 113. 

131. Examples oj Simple Equations with one unknown quantity, 
(1). ..? + ?= 16 (2) ^Tg^a? = 3 +^¥" 

8a?+ 2a?=90 15 +a? = 9 + 6>v/i + a? 

6a?= 90 6 ^~x:= 6 

a;ss 18 Ans. a? = 1 Ans. 

(fi\ a^+l_ a? + 2 _^ a?+3 

20a? + 20 — 16a? — 30 = 640 + 12a? + 36 
20a? — 16a; — 12a; = 540 + 36 + 30 — 20 
— 7a; = 686 

a; = — 83f Ans. 

(4) «+ ' " 



I 
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X 85 + 1 a; + 2 

I 6a;» + 16a; + 10 + 6a;« + 12a; = lla;« + Ux 

j 16 a; + 12 a; — 11 a? = — 10 

I 16 a; = — 10 

.. , . 6 m' 
8 



(f ) . . . ax + b=^afx + }/. j[M. 1839.) 

.*. (a ^^ of) X SSI V -^ h 

h' ^h 

X S55 « .■ -» 

a — <r 

Bj actual division, wq have — 

9 a; + I - a = a; + I + 8 
X = 5. 
(7) . . £4±Jf4j?, = ££-t^, (M.1889.) 

By cross-multipUcation, we have— 

a a: 7^ + {a' h + ah') x"^ + {a! e + h h') X + 1/ c ^ 
aa' ai^ + \a:h + ay)!ifi + {act + hh^x + hif 
And (a' c — a c') a: s= 6 c' — 6' c 

fee' — ft'c 



• • X ^— • 



tf'c — a€f 



(8). . . 2 + £+4 + ^^ = 8. (M.1841.) 

^a^^a&+acri-fec)a; 7!- (a*+ac)a:+a«fe+a6c+ (a«+afe)a?+a*c+a6c 

= 8 a» + 3 a* 6 + 8 a« c + 8 a 6 c; 

or(3a« + 2a6 + 2a(j + fec)aj + a«6 + a«c + 3afec 

= 3 a» + 3 a« ft + 3 a« c + 8 a 6 c; 

or (3 <if!i ^ 9 a & -{-9ac + fec)a;=:3as + 9a9fe + 9a'(; + a6c 

X ^ a» 

(9) . . K « + 4 : 9 a; — 4 : : 9 : 3, find aj. (M. 1867,) 

Multiplying extremes and.means, we obtain — 

8 a; + 19 = 4 a; — 8 .-. 0? = 90. 

(10) ^^^^^ — 6 a - ^ ^r^— = 5-79. (M. 1869.) 

83 a; — 164 — 990 a — 8 a? + 94 = 99 a? — 3168 

917 X = 3088 ; aj = 14. 

(U) . 1+1-5 = 4- 5-±i _£-=li. (If. 1860.) 

910 + 106 a: — 70 a; = 840 — 30 a; — 80 — 49 aj + 49 

107 a = 649 ; a? = 6. 

/io\ 9a; + l 3a; — 9 x — 9 /tlt iqai \ 

(13) • • 3^^ J = — g — (^- 1801*) 

8a; + 4 — 9« + 6 = 9a; — 4; x^i%. 
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(13) ^1^^^.8.-(6.-4)^^^, ^^,3,,j 

U a; — 14 — 10 aj + 110 + 106 a; — 176 a; + 140 + 666 = 

— 66 a: = — 792 ; a: = 12. 

(14). 5jti-^(a^ + 3-|a^) = c»-.2. (M. 1863.) 

aaj + 3 — 3(a; + 3 — |aj) = 6aj — 13 

4» + 4 — 6aj — 18 + 9aj = 13« — 24 
— 6a; = — 10;aj = 2. 

(16) . . . ?L£ + 7 «. ^jM =, 1^ ^ju 1863 ) 

aj — la; + 7 ^ 

afl^ + 21aj + 49— aj« + l = aj« + 6a? — 7. 

16aj= — 67. 
a? = - 3f 

Simple EqiuUions, with two or more unknown quantities. 

132. Determinate equations have the same number of distinct 
equations as there are unknown quantities required. Indetermi- 
nate equations are such as have a less number of equations than 
unknown quantities. 

133. Let (I) 6 aj + 6 y = 76, and (II) 4 a: — 3 y = 14. An 
infinite number of values may be given to x and y in both these 
equations, taken separately, thus — 

L Ifaj==l,y=:ll| n. If« = l,y=:~3i 

= 2, y = 11 = 2, y = - 2 

= 3, y = lOi = 8, y = - t 

Or if « = — 1, y = 13J Or if a? = — 1, y = — 6 
= - 2, y = 14i = - 3, y = - 7i 

= - 3, y = 16i = - 3, y = - 8| 

&c. &c. 

134. Continuing, as indicated above, to assume positive and 
negative values for x in both equations, we find 

I. K a; = 8, y = 6, and also II. If a; = 8, y = 6. 

In this case, both equations are solved by the same values of a; and 
y. It is evident also, on proceeding further as above, that these are 
the only values of x and y which solve both equations. 

136. Equations thus solved, by the same values of x and y, are 
called simultaneous equations, 

136. There are three methods of solving equations with two 
unknown quantities. Equations may be solved by any of th^ three 
methods ; the second is most generally applicable. 
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First Method. 

Find a valae of as or ^ in either equation, (whichever is most 
convenient,) and substitute it in the other, the resulting equation 
will have only one unknown quantity. 

Given 3 a; + 11 1/ z= 84. 
7 a? — 19 2/ z= 63. 

From first equation x = — "^ ^, substituting this value of 

o 

X in second, 7 X — II- — ?! — 19 y = 62 ; clearing this equa- 

o 

tion of fractions, 688 — 77 y — 67 y = 186 

or 134 y = 403 



X = 17) 



Ans. 



The value of x is obtained by substituting the value of y in either 
of the original equations. 

Second Method. 

Eliminate x or y from both equations by bringing the coefficients 
of either to a common coefficient, which can be done by finding their 
least common multiple ; or as it is more generally done, by multi- 
plying each equation by the coefficient in the other equation be- 
longing to the quantity to be eliminated. Then adding the two 
equations, as is done in Ex. 2, or subtracting one from the other, 
as in Ex. 1, a new equation arises, as before, involving only one 
unknown quantity. 

Ex. 1. 4 oj + 9 y = 61 Ex. 3. 6 a? + 6 y = 137 

8a; — 13y= 9 13aj— .4y=23 

8 aj + 18 y z= 103 10 a; + 13 y z= 374 

8 a: — 13 y = 9 39 a? — 12 y = 69 

31 y = 93 49 a; = 343 

y = 3 a; = 7 

From 3nd equa. 8 a;— 13 y = 9 From 1st equa. 6 a; 4- 6 y = 137 
but y = 3. but a: = 7. 

.% 8 a? — 39 = 9 .-. 86 + 6 y z= 137 

8 a; = 48 6 y = 103 

a? = 6 y = 17 

y = 3J y = 17) 

Third Method. 
Find the value of a; or y in each equation, and equate these 
values of x or y, by which an equation is obtained containing only 
one unknown quantity. 
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Given 6 a; + 6 y = 76 (1) 
4 a: - 8 y = 14 (2) 

From (1) X = 1?--^^ From (2) x = ^±±Jj 

5 4 

76 — 6 y _ 14 + 3 y 
•' 6 4 

304 — 34 y = 70 + 16 y 
89 y = 384 
.-. y = 6 

Substituting this value of y in the second equation, we have — 

4 a; — 18 = 14 
4a; ss 33 

/. 05 = 8 

This method may frequently be applied still more advantageously 
by obtaining the same coefficients to a; or y, instead of the initial 
values of x or y. 

Given 4 oj + 7 y = 63 (1) 
8 y — 3 oj = 8 (3) 
Multiplying (3) by — 3, we have — 

4 a; = 6 y — 16, and from (1) 4 a; = 63 — 7 y. 
/. 6 y — 16 = 63 — 7 y From (3) 8 y — 3 a; = 8 

18 y = 78 /. 18 — 3 a? = 8 

y = 6 X ^ 6 

y = 6J 

Examples. 

*«* ThrqughouJt the following sohUiom, steps and explanations givm 
above, are , intentionally omitted, to he supplied by the student, 

(1) f ^ + ? = 6 From the 1st, x + y = 3 a; y. 

aj y 

(M. 1888.) I a? + y = 3 By subtracting the 3nd, 3 a? y = 3. 

.'. 05 y = 1. 

Again aj« + ^a;y + y* = 4 
4 05 y =4 

a;t-.3a;y + y« = 
» — y = 0, .% a; ^ 1, and y ^ 1. 

(8) / .11 a; - 5 y ^ 8 a; + y, or 176a:-.80y = 88a?4.11y 

J 33 83 "^ ^ 



A 



{M. 1889.) I 8aj— 6y = l „11« — 7y = 

66 a; — 86 y = 7 
56 a; — 86 y = 

m s 7 •*• y as IL 
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(8) 



{M. 1854.) 



2 3 
13 3"~ 



or 6 a; 4- 4 y r= 348 

„ 6 a? — 9 y == 36 
13 y = 313 

y= 24 



y = 24j 

(4) r 8 a; — 2 y = 11, or 12 a — 8 y = 44 

(M, 1866.) t 4 a: + 7 y = 63 „ 12 a; + 21 y = 189 

29 y = 145 
y=. 6 



w 



y= 6J 

2aj-.?^Z:^=16+? or28aj-6a;+2y=210+7a; 
7 2 



(M. 1855.) ( 3y-i^^=-^y+29„72y~15a;+12^8a+8y+696. 

Again 15 a; + 2y = 210,or 480 a; + 64 y = 6720 
— 23a: + 64y=684 „ — 23a; + 64y= 684 

.•. x = 12 



16 



1 



Ans. 



503 a; 



= 6086, X = 12. 



(6) j 3a? — 7y== 7,orl5 a; — 36 y= 35 



(M. 1856 



(7) 



,M. 1856.) 



I 3 a? — 7y== 7,01 
.) t lla;-|.5y = 87 „ 



77 a; + 36 y = 609 



92 a; = 644 

.*. a; = 7, and y =» 2. 



X 



I + I = 43, or 8 a; + 9 y = 43 x 72 (1) 



X 



1 + 1=42 „ 9 a; + 8 y = 42 x 72 (2) 



17 a? + 17 y = 85 x 72 

a;+ y=6x72 = 860. 
Subtract (2) from (1) — » + y = 72 

X + y = SeO 



2 y r= 432 and y s= 216 .*. x s= 144. 



(B) 



{M. 1857.) 



*a.y— ft nr^J-^y ft 

^_ y = 1 ® _ 8y_o 
9 10 " 3 10"" 

10 
.•. y = 10, and x = 18. 



(9) r 2 a; + 8 y = 61 (1) 

(M. 1858.) I 5 a; — 4 y = 26 (2) 



Now (1) X 4 -f (2) X 3 gives 23a: = 322 
.*. a; = 14 and y = 11. 



72 



LONDON UNIVEBSITY COUBSE. 



Zj 



> 



• 



f: 



M 



1 i 



I 
j 

' T 



(8 a; + 8) == 4 y — 4 = 3 (a; + y — 1) (M. 1859.) 
3aj + 8 =4y — 4, or4i/ — 3x = 13 
2 a; -|-3y— 2=4y — 4 „ 4y — 4a;= 4 



(10) 
(M. 1860.) 



(M. 1860.) 



a; = 8 and y = 9. 
. 3a: + 2.v- 3 9 .g _ 

4a;-6y+16 4 ^ ^^ 

3a: = 6yor3ar — 6y = (3) 

(2) X 8 — (1) gives 13 y = 166. 
.-. 2/ = 12 and x = 30. 

^+^=^W Now(l)x8 + (2) = 4.?±^ = 

y — 1 



16 or 



a? + l 



^±i-.8 -JL^ = 1(3) .•.»-.4y=-6. 
y — 1 X — 4 

or 05 — y ss 4 

(4)-(8)8y = 9 

•••» = ; I ^n.. 

85= 7 ) 
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Equations with Three Unknown Qtumdties, 

187. If there be three imbnown quantities required, it is neces- 
sary to have three separate equations ; the solution is then obtained 
by an extension of the previong roles, as follows : — 

Either first, eliminate x from any two equations, and then elimi- 
nate X from the third and either of the former. From these pro- 
cesses two new equations are obtained, containing only two unknown 
quantities, the values of which are found as before. The value of 
the third unknown quantity is found by substituting, in any of the 
three given equations, the values of ihe two unknown quantities 
already found. 

Or, secondly, find a value of x from each equation, any two 
of which may then be reduced to one, containing only two of the 
unknown quantities, and then let the third and either of the former 
be reduced to one containing the same unknown quantities. In this 
way two new equations are obtained, containing only two unknown 
quantities, and their values are found as has been ah*eady described. 

Equations containing four or more unknown quantities, require 
for their solution four or more independent equations. The previous 
rules are applicable and sufficient for all ordinary cases. 



(1) 

(M. 1848.) 



A 



Examples. 
3a: -I- y -f « = 

a; + dy + d« = 

da; — 3y-|-4« = 



13 
16 
14 



(1) 
(2) 
(8) 
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(2) 2 a; + ^ y + 6 /s: = 82 
(1) 2 a? + y -I- z = 1S 



(2) 6x + 12y + 18« = 96 

(8) 6 a; — 4 y + 8 ;? = 28 



8 y + 6 « = 19 (4) 

(6) 16 y + 10 « == 68 
(4) 6 y + 10 « = 88 



16 y 4- 10 « = 68 (6) 



10 y =30 .-. y = 8. 

By snbstitntmg the value of y in (4) we get « = 2 ; and the 
values of y and ;? in (2) a? = 4. 

/. 05 =5 4^ 

y = 8 !• Afu. 
« = 2 



(3) 



^ + 1=^1 (1) 

\^ y 

1+1=2 (2) 
\x z 



Now(2)_(l),^-i=l (4) 



[11 
(JIf. 1839.) ly ■•■ i 



I («) 



>» 



(8)-(4).f=i 



4. 



/. 05= li I 

y = 4 !• Am. 



z = 



T f 



(») 



7 aj — 8 y = 1 (1) From (4) 582 05 — 84 u = 28 
4 « — 7 y = 1 (2) (1) 632 a; — 228 y = 76 

11 ;jr — 7 ti = 1 (3) 
(M. 1839.) Vl9 « — 8 M = 1 (4) 



(8) 


228 
182 


y 

z 


— 84 u = 

— 84 Wr- 


— 48 
12 


(2)- 


228 
281 


y 
y 


— 132 « c= 
-1- 182 «f = 


— 60 
83 



— 3 y = — 27 

y = 9. 

Substituting the value of y in (1) o; = 4 ; the value of o; in (4) 
tt s= 25 ; and similarly from (2) z = 16. 

.-. o; = 4 

y= 9 

us 25 
« = 16 / 



Ans, 



W 



5 4. y 

a^ b 



: 1» or 6 09 -f a y ss a 6 (1) 
5 4- f=l, ore a; + a'af^d'c (2) 



c 

z 



{M. 1880.) 



| + l = l,orcy + 6'« = fcV (8) 
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4 

r 



(l)Xc 
(2)X6 


hex '^ a e y =z ab e 
hex -{- a! h z = a!h e 


(8) X «c 
(4)Xc' 


acy — a! h z = ab c — a' b e (4) 

ac<f y 4- a}/cz^=aVc<f 

a c d y '•^ oib d z — abcd^^aSbcd 



{ay c -f a'bd)z = aVcd — afccc'-f- a* b c d 

ab'cd-^abod + of b e d 
aV c + tf' fc c' 

^ g 1/ c + g' fc (/ "' 

From (1)5 + ^^"7/'^'"t^'^''=l> 
^ 'g all c '\- a'bd 

_ _ g* y c — g g^ V c -^ a a' b' d 

ay -{- a' b d * 

^^ag'6c'-|- aa'yc'^aafVd 
ay e ^ alb d * 



PEOBLEMS PEODUCING SIMPLE EQUATIONS, &c. 

188. The solution of problems depends upon two distinct opera- 
tions, m., the formation of one, or more than one, equation from the 
problem, and the solution of the equations thus formed. The latter 
operation has been already fully explained and illustrated for Simple 
Equations, and will agun be treated of for quadratics. We shall, 
therefore, in the following solutions, chiefly confine our attention to 
the former operation. 

Instead of repeating such phrases as " according to the terms of 
the question," or, "by the conditions laid down in the problem^" this 
abbreyiation (jp. g.) will be used. 

Examples. 

(1) Wishing to buy a certain number of railway shares, I found 
that if I bought the shares in the railway (A) which were at £40 a 
share, I should invest all my money; but if I bought the same 
number of shares in a railway (B) which were at £45 a share, I 
should not have money enough by £240. How much money had I 
to inyest ? (Jf. 1869.) 

Let X =3 number of shares, then 
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(p. q.) 4:0 so ) 11 

/. 45 » — 240 c= 40 (V 
6 a = 240 
a; = 48 and 40 a? t= £1,930. Am. 

(d) On Monday, June 9th, the turnstiles recorded the entrance 
into the Exhibition of 68,682 persons. The money taken (in shillingbj 
consisted of a number of pounds and 7 shillings over, and it was ob- 
served that the number of pounds was less by 296 than the number 
of persons who entered with season tickets. Find the number oi 
persons who entered, respectively, by payment and by season tickets. 
{M. 1862.) 

Let X = number of season tickets, then 

(p. q.) X — 296 = number of pounds taken, 

30 (x — 296) + 7i ii^iiJ^^^r of shillings taken ; 

.-. 20 a — 6,900 + 7 = 68,682 — x 

21 a? = 64,676 
X == 3,076. 
M ( 8,076 entered by season tickets, 
^*"' 166,607 „ payment 

(8) It is required to divide 86 into three such parts, that one- 
half of the first, one-third of the second, and one-fourth of the third 
may be equal to each other. {M. 1868.) 
Let X be any of the three fractions, then 

(p. q.) the parts are (2 a; -|- ^ ^ + ^ fl') = ^ ^ = 36; 
.*. a; = 4 and the numbers are 
8, 12, 16. 
(4) What is the value of x, when £x and 18 shillings are twice 
the amount of £18 and x shillings precisely ? (Af. 1842.) 

First (p. q.) £x + 18«.= 2 (JBIS + x ».) 

or 20 a: + 18 = 720 + 2 aj 

18aj=702 and a? = 89. 

(6) Two railroad trains start at the same time, one from 
London at the rate of 26 miles an hour, the other from Bristol 
at 80 miles an hour: the distance from London to Bristol is 120 
miles; at what distance from Bristol will the trains meet? (M. 1848.) 

The two trains go 66 miles in 1 hour, and if a; s= time of meet- 
ing, we have (p. q.) 

a; = 3^ hrs. = 2 hrs. 10^ min. 
65 

The train from London has completed 64^ 

„ „ Bristol „ „ 66|t 

120 miles. 
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(6) At an election three candidates stood, and 1,000 votes were 
polled. The second candidate on the poll had twenty votes more 
than the third ; but if the first had only polled the same number of 
votes as tbe second, and the same number of votes had been polled, 
the third candidate would have been at the head of the poll by a 
miyority of 10. How many votes were polled by each ? (M. 1844.) 

Let X B3 No. of votes polled for the 1st c. 
y== »> i> 2nd.,, 

y — 30 « „ „ Srd. „ , 

aj + 2 y — 20 = 1000, or a? + 2 t/ = 1020 
and 8 y + 10 = 1000 „ y = 330 

0?= 360 

360 voted for the 1st 



then we have (p. q.) 



Arts, 



330 „ „ 2nd. 



310 „ „ 3rd. 

(7) A railroad 20 miles long is on a gentle slope ; a train can 
travel along it and return in 40 minutes, and it is found that the 
train performs 3 miles down the slope in the same time that it takes 
to perform 2 miles up it Eequired the time it takes to go and to 
return, and the rate of travelling each way. {M. 1846.) 

Let 2 0? = No. of min. going down, 
.\ 8 « = „ 9, „ up, 
(p. g'.) 5 a? = 40 ; .•. a = 8, and 
.*. 16 min. = time in going down, 

24 „ „ returning. 

ndn. min. milAf. milM. 

16 : 60 : : 20 : 76 rate in going down, 
24 : 60 : : 20 : 60 „ „ up. 

(8) A ship ssdls with a supply of biscuit for 60 days, at a daily 
allowance of 1 tb. a head ; after being at sea 20 days, she encounters 
a storm, in which 5 men are washed overboard, and damage sus- 
tained that will cause a delay of 24 days, and it is found that each 
man's allowance must be reduced to -fths of a pound. Find the 
original number of the crew. {M. 1868.) 

Let X = number of the crew, then the ship sailed with 60 x lbs. 
of biscuit, and at the end of 20 days (60 — 20) a? = 40 a; lbs. re- 
mained to serve (re — 6) men for 64 days, and finally 

40 a? 6 ^^ 

£=•=, or 



64 (a? — 6) •" 7' 
880 X » 820 » -- 1600; 

•% » B38 40. Am. 
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(9) A railroad train travels at the rate of 24 miles an hour ; two 
honrs after it has started, an express engine, travelling at the rate of 
40 miles an hour, is sent to overtake it After what time, and what 
numher of miles will the express come up with the train ? ( Jf. 1847.) 

Let X = nmnher of hoifrs first train travels, 
a — 3 == „ „ express „ 

{p. q,) 24 rr = 40 « — 80 or 16 « = 80 ; 
.•. cc = 5 and a? — 2 = 3 hours. Ans, 

(10) Ten years since, the ages of A and B together exceeded 
four times (Ts age by six years, but in ten years hence that sum will 
only exceed three times C*s age by three years ; when C was bom, 
A was exactly three times the age of B, — what are their present 
ages? (Jf. 1841.) 

First let x = &s age, and y = B*8 age when C was bom. 

(p.,.)10y»..mce.ge»of(^^^^^ = ^^-J« ^ g^^^.g^. 

. „ „ hence „ (-4 -f B) = 4 a: — 34 4-4:0 = 4a;-f 6 . 

age of C = a; -I- 10;.-.8(7=3«+80. 



M *» 99 



Again (|>. g'.) 4 as -f 6 = 8 « + 30 + 3 ; 
.•. X = 27, and G*9 age 10 years ago was 17; 
.-. {A + By$ ages „ „ 74. 

Also if B's age when C was bom «= y, thea 
(p, q.) A*s „ „ „ =8 1/, and 

„ (A + By» aged „ „ = 74 —(17 x 2) = 40 ; but 
„ (A-^Bys „ „ „ = 3 y + y == 4 y ; 

.% 4 y = 40 and y = 10. 

FinaUy (p. q.) CTs age = 27 \ 

B's „ =z y + 27 = 87 • Am. 
A'8 „ = 8 y + 27 = 57 . 

(11) A courier undertakes to perform a journey on foot of 60 
miles within 12 hours ; he travels 6^ miles the first hour, but after- 
wards in every successive hour he travels J of a mile less than in the 
preceding hour. Will he perform his undertaking ? (M, 1860.) 

The spaces he travels in each hour form a series in arithmetical 
progression, of which the ratio is — J. 

6^4.6^4.6-f&c. ...tol2terms= ^ 2 =10j^x6=61|miles. 
Ana* les : with the time of going 1^ miles to spare. 



i 



! 



CHAPTER VII. 

ALGEBRAIC PROPORTION ANdVaRIATION, SIMPLE INTEREST, 

DISCOUNT, AND STOCK& 



189. Alt, the important propositions of the fifth book of Euclid 
are proved, for any commensurable quantities, in this section, and 
references to them given in the margin. 

The remarks on arithmetical proportion apply to any numbers 
or quantities whatever, and, consequently, letters maybe substituted 
for the numbers there assumed. 

To make the statement of the following propositions more easily 
understood, numbers are first employed. In each succeeding pro- 
position, the same proportion of numbers and letters is assumed, as 
in the first proposition. 

140. If dO : 8 : : 15 : 6 or ]£ a : h :: e : d, then 

I. — AlUmando. [Eu. V., 16. 

do : 15 : : 8 : 6 aieiibid. 
^ a e a b e b a b 

b a b e a e e a 

i.e. a: e ::b : d. 

This change in the proportion, by which antecedent is compared 
with antecedent, and consequent with consequent, is termed aUemando 
velpermtUando, by alternation or permutation, or more simply, alternate 
proportion. 

n. — Invertendo. [Eu. V., B. 

8 : dO : : 6 : 15 b : a::d:e. 

141. Since the quantities themselves are proportionals, their 
rseiprocdU are so too. 

Note. — ^Unity divided by any quantl^ gives the redproc&l of the qnantity, 

g^g^^l-i-t ^ I, the reciprocftl of -. Any quantity mnltiplied by its reciprocal 
7 4 • 

gives unity. To divide by a quantity or multiply by its reciprocal produces tha 

same result 

Hence if r = ^tliea - = -t 
b d a e 

i.e. b \ ai: d: e. 

In this proportion the antecedent becomes the consequent, and 



I 
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the consequent is made the antecedent, or the ratios are inverted ; 
hence this change is called inverUndo, by inversion, or simply, in- 
verted proportion. 

III. — Componendo. \Eu, Y., 18. 

143. d8 : 20 : : 31 : 15 or, a 4- fr : a : : « 4- d : 
Or, 28 : 8 : : 21 : 6 or, a + 5 : 5 : : « + d : (2 

This is compounded ratio, in which the sum of the antecedent 
and consequent is compared with either the antecedent or consequent. 

JN .-^IHwdmdo. [Eu. V., 17, 

148. 12 : 20 : : : 16 or, a — 6 : a : : — d : 
Or, 12 : 8 : : » : 6 or, a — 6 : 6 : : c — d : d 

Divided ratio, in which the difference of antecedent and conse- 
quent is compared with antecedent or consequent 

Y.—Canvertendo. [Eu. V., E. 

144. 20 : 28 : : 15 : 21 or, a : a + 6 : : : + (2 
20 : 12 : : 15 : 9 

Converse proportion, in which the antecedents are compared with 
the sums or differences of the antecedents and consequents. 

Proof of in., IV., and V. 

For- = £ •^+l=af+lie ^ J^ ^ =sii_^- 
b d b ^ a"~ b d 

Or, a + b :b :: c + d : d. 

Again, it has been shown invertendo, - s= — , and since ^ "7 b 

a c b 

l+J ... by m^ltipUcation («-± Jl* = ^±±^ ; 
a a c d 

,\ a + b : a : : e + d : e. 

Lastly, invertendo, ai a -jlrb :\ e i e + d. 

146. Cot. Since ^* = ^-^ ; and i:^ = iZli, dividing 

a b d 

_ I jL ^ |_ J 

thefirstbythesecond,— X-.SS.-I1I-3, Le., a 4- 6:a— 6:: + (2:0— li. 

a — o c "- d 

VL [Eu. V. Def. 5. 

146 mazmh : :me :md 

m a : nh : :me: nd 

••• T = -i» multiplying both fractions successively by — and — , we 
d ^^o '^ " m n 

obtain. !?^ = ^. and !?Le = !1£ ; 
mh md nb nd 
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Or, ma :mh : : m :m d 
And, ma: nb : : mc : n d 

If four quantities be proportional, and any equi-multiples or 
equi-submultiples of the antecedents be taken, and abo of the con- 
sequents, these products are likewise proportional. 

••. if m a is >, =, or < nb; meis >, =, or < nd, 

the algebraic form of Euclid's 6th definition, Book V. 

VII. 

4.M 4.» 4.» 4.» 

147. . . . a- :6- ::c^ :d^ 

+- +- 

a ^ e a— ^c — 

•'a -J '^~JT'>'°'' 

J.» 4.M 4.» 4.W 

aX :iX ::cT :d^ . 

If four quantities be proportional, the like powers or roots of 
those quantities are proportional. 

Vin. [Eu. v., 25. 

148. If four quantities be proportional, the sum of the greatest 
and least is greater than the sum of the other two. a being the 
greatest of the four terms in a proportion, d will be the least, and 
fa + d)> (b + c) 

\* a > b .\e > d 

V a > c .\b > d 

•*• d is the least of the four. 

A , a 
Afiram. » s= ~ 
^5 ' h d 

...(140.)i=* 

... (143.) t:zl ^ *zii 

C d 

But c> d .-. a — 0>& — (2 
.•. a — c + d > 6 

••• a •4' ^ > ^ + <^ 
140. Scholia. I. When the ratio of two numbers or quantities, 

T, cannot be expressed in numbers they are said to be incommensurable. 
160. IL The existence of incommensurable quantities is de 
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monstrated by Euclid in book X., prop. 117. His method of 
reasoning may be represented as follows : 

Draw a square bisected by its diagonal, and, if possible, let the 
diagonal and a side have the common measure m, and let the di- 
agonal =z a m and the side = & m, and lastly, let a and ( have no 
common measure but unity, or if they have, divide both by it, and 
their relative value will remain the same ; then, by the 47th pro- 
position of the first book of Euclid,-^ 

a« w« = 2 6« m« .-. a« = a 6«. 

Now it is evident that 3 6« must be an even number, therefore a« is 
an even number ; and since the product of two odd numbers is always 
an odd number, and the product of two even numbers is always an 
even number, therefore a is an even number, and then h must be an 
odd number, or a and b would be divisible by 2, which is contrary to 
the hypothesis. 

Next let a = 2 k, and k will be a whole number because a is even, 

then a« = 4 A;« = 2 6« ; 

Again, 2 k^ must be an even number, and therefore 6*, and con- 
sequently 6 is an even number ; but b was proved to be an odd 
number. Hence the same number is both odd and even, which is 
impossible. Therefore m is not the common measure of a and b, 
Le., the diagonal and side of a square have no common measure 
except unity. 

161. in. Although the ratio of two incommensurable quanti- 
ties, a and 6, cannot be expressed in numbers, a fraction can always 
be found as near to that ratio as we please. 

For if 6 = n a;, and a does not contain the x exactly, 



suppose a > m sc, and < m -f l.a;, 

then _ > — , < — X_ ; and — — _ = - ; 

on n n n n 

.*. the ratio of a : 6 does not differ from that of m : w by so much as 
the ratio 1 : n ; which by making n large enough may be made as 
small as we please. 



Examples. 

(1) Explain when four quantities are said to be in proportion. 
(2) Show that if a : & : : c : d, then a-|-ft:a — 5::«-f(2:o— -d, 
and (8) a" : fc" : : c» : dr, (M. 1838 and 1889.) 

(1) Art. 101. (2) Art. 146. (3) Art. 147. 



> a; 
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(a) Show that if I = |, then ^^t_| ^ f_±_^. (g) And also 

a a -f- sc 

show that if a be less than 6, the fraction t will be less than |— -; — 

when X is anj positive quantity. (M. 1841.) 

(1) Art U6. (2) j^- J ^i*+T^ 

y + 6 r ' «°d this is a positive quantitjr since 6 

'*' & 4, g ^ 6 "y r 1 I 1^ — , when x is any positive quantity. 

(3) Show that if^:=r^ = g = ...,thenwiU^=/'+f + !"*"•" 

(M. 1842 and 1849.) 
If •9s=-.^.ss.,«m, then will a s^h m, c ^s d m, e =sf m • • • 
and a + e + e + = (6 + d +/ + . . .) m 

• • r+TTT+TT. - "^ - &• 

(4) Define proportion. (2) If four quantities be proportional, 
the product of the extremes is equal to the product of the means. 
(8) What well known rule in arithmetic is founded on this pro- 
perty ? (4) K the four magnitudes be four straight lines, how is 
this result interpreted ? (6)11 a:b::c:d pr6ve a + b:a:: c4-d : c. 
(M. 1843, 1848, and 1849.) 

(1) Art 101. (2) Art. 102. (3) Art. 107. (4) The rectangle 
nnder the extremes is equal to the rectangle under the means. (5) 
Arts. 142 and 144. 

(5) When are four quantities said to be proportional? If 
a:b : :c: d, prove a* : 6* : : c* : d*. (M. 1844.) 

(1) Art 101. (2) Art. 147. 

(6) Define ratio and proportion. (2) K a : 6 : : 6 : c, prove 
a: c : : a* :b*. (S) If a a — byzzcy^^dx, find the ratio of 
CD to y. (M. 1845 and 1848.) | 

(1) Arts. 100 and 101 ' 

/ck\ A 6. a a b a a* ab •••• 

(^) '•' t: =:;»'• r ^ T = ^ X T' o^ rt = -\» .•. a : c : : a« : b\ 
o e o o e o bob 

(3) '.* a 09 — 6 ^ = c ^ — (2 a; 

•*• a X •¥ d X :=z e y •¥ b y 
{a + d)x:={e + b)y 

X c "^ b ^ ,, ij 

— = — r— ,f or X : y : : e "T b : a -r a. 
y a -r d 
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VARIATION. 

152. One quantity is said to vary as another when the two 
quantities depend upon each other in such a manner, that if the 
one be changed the other is changed in the same proportion. 

Let A and B depend upon each other, in such a way, that if A 
be changed to any other value a, B must be changed to another 
value h ; then A is said to vary directly 2C& B, or A i a : : B i h. 

The symbol of variation is a ; and the expression A varies 
directly as B is indicated thus, A ex. B. 

One quantity is said to vary inversely as another, when, the former 
being increased, the latter is diminished in a corresponding degree; 
or where the former being diminished the latter is increased in a 
sunilar manner. 

A varies inversely as B when J. : B :: — :-=- ; 

a 

In symbols thus A ex —. 

In illustration of the foregoing remarks we may observe that if 
we double the base of a triangle, the vertex remaining the same, we 
know by Eticlid VI., 1, that we double the area, and that in what- 
ever proportion we alter the base the area is altered in the same 
proportion ; hence we should say that (the altitude being given) the 
area of a triangle varies directly as the base. 

153. Again, if A and a represent the altitude of two triangles, 
B and b their bases ; then if the triangles have equal areas, 

A X B = a X h. Or, A : a : : = : J-, 

n o 

that is, the altitudes of two equal triangles vary inversely as their bases. 

One quantity is said to vary as two others joinUy, if, when the 
former is changed in any manner, the product of the other two is 
changed in the same proportion. 

Let 8 and s be the areas of two triangles whose altitudes are 
A a, and bases B, b, then 8 : s : : A x B : a x ^' 

Also if G and c be the contents of two solid parallelopipeds 
whose lengths are L, 2, breadths B, b, and thicknesses T, t, then 
C : c : : L X B X T : I X b X t, where one quantity (the content) 
varies as three others jointly. 

154. The relation expressed by j^ a a; is equivalent to the 

equation y zs C x, where O is some constant quantity ; for ^ is the 

X 

ratio of ^ to a;, and the preceding equation expresses that this is 
constant, or always the same, whatever values x and y may have ; 
and this is the same thing as saying that when one is increased the 
other is increased in the same proportion. 
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Examples* 

(1) U A <x BmdB OL C: then will ^ a (7; 

For, if A=zpB andB ^qC, 
We have A = p B = p q C, 
But pq is constant .-. A <x C, 

(9) If ^ a 1, and 5 a C, then wiU ^ ex i; 

Let -4. = ^ and 5 = g C, 

Then^ = ^=?x i; 

But - is constant .% A ac t^* 

(8) If il a i and 5 a ^; then wiUil oc O; 
B C 

Forif ul = ^andP=rLthen4=r^(7,pr4 a C. 

(4) If 8 vary as -4 when B is given, and vary as B when J. is 
given, generally it must vary as their product A B. (B. A. 1838.) 

For W/0 may manifestly assume 8^p A B, 

and S = q B A, 
whence S^^_p q (A,B)*, . 

8 =^ \/f? g -^^'f, 
but 4/ jp 9 is constant, 
.-. 8 a A.B. 

(5) If il a B then will ^ P a JB P, and ^ a p, where P 

may be either variable or invariable. 

For if A=p B, we ijiave AP =pBP, 

.A B 

aad ^ = I? p, 

A B 
whence it follows that, A P (x B P and ^ a ^. 

Hence also -4* = »• B* and J.* a B^, where m may be either 
integral or fraction! 

(6) If J. oc jB when G is constant, and if ^ a -^ when B is 

B 
constant, prove that generally A cc --^. {BA,. 1863.) 

Let ^ = m B, and ^ = ^ 

.*. A increases as B increases, and also as G diminishes, or A 
varies directly as B, and inversely as G. 

.*. -4 a—. 



(7) If a? oc jif, prove that x« + y* oc a? y. Also if 05* + -^ 



a x^ 



-»- ;^> prove that xyis constant (BJL, ISfi^) 
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also a? y = i» y«. .-. a:' . y» 4- 1 oc re* y* — t 1 • 

Since mis constant, and also m^+1 Let x^ y^ + 1 =: m (ofi y^ — 1) 
/. 35* + y* and x y both a y* then w — 1 . a:' y' = m +, 1 

or «« + y« a a? y. .^ ^3 . _ m + \ 

w — 1 

(8) If -4 vary as B when (7 is constant, and vary as G when B 
is constant, prove that A will vary as jB, (7, when neither is con- 
stant. (M, 1861.) 

See Qu. 4, and also : — Let A =mB.C = m'C.B 

.% A^ =^ mm' B * . C« 

A z=it^ mm B . Q 
or A <x B , C. 

SIMPLE INTEREST. 

166. Interest is the per eentage given for the loan or use of 
money for a certain time. 

The sum of money used or lent is called the principid. 

The per centage is called the rate. 

If the interest is supposed to he paid w^n it becomes due it is 
called simple interest. If it is added to the original sum, so as 
to increase the principal at the end of successive periods, it is 
called compound interest. 

The period for which interest is given is called the time. 

The interest added to the principal form the am>ount. 

156. Questions in interest always furnish three of the quantities 
just defined, from which the foucth may be found. They are 
therefore divided into four classes — ; 

Where the interest is required. — L 
„ principal 9, 11. 

99 time 99 in. 

ff raie ^^ x V'. 

I. Where the interest is required. 

1. To find the interest for one year, multiply the principal by 

the rate and divide by 100, or P • yTw.. Suppose it required to 

find the interest on £226 for one year, at 5 per cent per annum. 

225 
5 



11-26 

20 



<5-00 An*, ieil U 
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d. Where die interest is required for several* years, or for part 
of a year, the interest for one year must be multiplied or divided 
accordingly. It is better to multiply both by rate and time before 
dividing by 100. 

The role is expressed generally by the equation 

^ ""lor' 

where I = the interest, P the principal, r the rate per cent, and t 
the number of periods for which r is payable. 

Ez. — ^Find the simple interest on £587 10«. 6d., for 7^ years, 
at 8i per cent per ann. {M, 1839.) 

7i X Si = 12?. 

4t 

687 10 6 

6 X 7 X 8 = 105 



9937 Id 


6 

7 


90563 7 


6 
8 


4)61690 3 


6 



100)154-33 10 7i 
30 

4-60 
13 

6-07 
4 

•80 Ans. £154 4«. 6^i. 

157. n. To find the principal. 

Solving the above equation with respect to P, we have 

rt 

Or, to find the principal, we multiply the interest by 100, and divide 
by the product of the rate per cent, and the number of periods. 

Ex. — ^What principal will gain Jg300 in 8 years, at 3]^ per cent ? 

300 X 100 ^ 30000 ^ ^^QQQ ^na. 
8 X 3j^ 30 

158. in. To find the time. 
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The above equation I = _.^ gives, t = — - — 

100 P r 

Ex. — In what time will JB226 amount to £317, at 5 per cent, per 

annum ? (M. 1840.) 

317 — 226 = 99 = I. 

, ^ 92 X 100 ^ 368 ^ 3 ^^^ 

225 X 6 46 *^ -^ 

IV. To find the rate. 

mi, *. r P r t . 100 1 

The equation i = gives r = -_ — , 

Ex. — At what rate per cent, will £300 amount to J6373 10«. in 7 
years ? (M. 1862.) 

73-6 X 100 73-5 ok qi ^. ^^. a 
r = -zrp^jP — =- s=: -— —. = 3*5 = 8* per cent- Am. 
300 X 7 21 * *^ 

Examples. 

(1) What is the interest of £273 16<. for a year at 3^ per 
cent ? {B.A. 1861.) 

^j -^ p ^ ^73-76 X 3-25 ^ 8.896876 = £8 17«. lljd. Ans. 

(2) At what rate per cent., simple interest, will £226 amount 
to £266 10«. in 4 years ? (B.A, 1863.) 

,™. ^ _ 100x31;6 _ o 1 j«. 
^^•^ ^ 226 X 4 = ^*' ^^- 

(3) In what time will £360 amount to £402 10«. at 8 per cent, 
simple interest? {B,A. 1854.) 

/TTT\ * 100 X 62-6 ^ . 

("^•) '^-360-X3-=^y"^- ^^- 

(4) If a sum of money douhles itself in 40 years at simple 
interest, what is the rate of interest ? (M, 1868.) 

Let the sum be £100 : then by Art. 168, formula 

,TTrv 100 X 100 ol J, A 

^ '^ *" "^ 100 X 40 ^ * P^^ • 

(6) In how many years will £626 10«. amount to £818 8«. at 
4 per cent simple interest ? (M. 1869.) 

,TTr\ f 100X187-66 ^, . 

^^•^ ' = -6W6-x-^ = ^* y"^- ^*"- 

(6) At what rate per cent, simple interest, will £7,433 6«. 8i. 
amount to £9,942 Is. 8d. in 7^ years ? (M. 1860.) 

/TV \ - 100 X 2608-76 . , ^ , ^ 

(IV.) r = ; ss 4i per cent ^i». 

7433-3 X 7-6 
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(7) What mnst be the rate per cent, that £78 may amount to 
jeiOO in 26 years ? (M. 1860.) 

(IV.) r = ^.?|^g = 13 » per cent. Ans. 

(8) Find the rate per cent, at which jei,000 must be laid out at 
simple interest to become £1,100 in 6 years ? (B^, 1863.) 

rrKr\ 100 X 100 ^ . . 

^•> ""^ 1000X6 =^P^^<^^^^ ^'«- 



DISCOUNT. 

169. Discount is the abatement made for the payment of money 
before it becomes due. 

The prwent vaUis of any debt due some time hence, is such a 
sum as being put out to interest for that time ^11 amount to the 
debt. Hence true discount is charged on any sum when the dif- 
ference between the sum and its present value is the same as the 
interest on the present Takie ; thus, J6106 due at the end of a year, 
supposing interest at 6 per cent., is now worth J6100, because dSlOO 
put out to interest, would, at the year's end, amount to igl05. The 
present value and discount, therefore, upon £106, due one year 
hence, are respectively £100 and £6. 



In practice, bankers charge aa disconnt, the interest for the given time 

npon the Aitxire debt, and therefore the sum obtained from them is always less 
than t^e true present value. Thus from £100, due a year hence, interest at 5 
per cent., a banker takes £5 for discount, yet £95 put out to interest for one year, 
at 5 per cent., Tdll not, with its interest, amount to jglOO. 

160. Suppose the present value of £1,466 10s., due 3 years 
hence, required, and interest at 4]^ per cent (M. 1847.) 

If to the present value, were added 4J per cent of it every year, 
for 8 years, the sum ought to be £1,466 10s. exactly. 

In 8 years, therefore, three times 4J, or 13J per cent, of the 
present value will have been added to the present value to form the 
given amount, £1,466 10s. 

It follows, then, supposing £1,466 10s. divided by 11 3J, that 100 
times the quotient is the present value, and 18^ times the quotient 
is the interest that has been added to the present value to form 
the given amount Hence, to find the present value of a sum of 
money, — 

Multiply the sttm by 100, and divide the product by 100 plus the 
rate per cent multiplied by the number of years. 

Or it may be stated thus : 

jeiOO + its interest for the given time at the given rate per 
cent. : £100 : : given sum : prmera value; which in the question 
above becomes 
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£118} : £100 : : £1456^ : present value. 

100 X 1466-6 



• • 



Present vdltis = 



113-6 

= £1283 6s. fiid. ^ 
Discount = £1466 10«. — £1283 6s. 2Ji. i^ 
= £178 4«. 9id. i^. 

Examples. 

(1) Find the present value of £798 due six months hence, 
interest being at 3J per cent. (M. 1842.) 

Here 6 months being half-a-year we have 3J x i = If = £1 16s. 
Then £101 16s. : £100 : : £793 : present value. 

.'. Present value = ^^?^J^^ = ^779 7s. 2J<?. f §f . 

(2) Find the present value of £1374 10s. at 4i per cent, 
simple interest due 8 years hence. {M. 1848.) 

113-6 : 100 : : 1374-6 : 1211-01322. 
£1211 Os. Sd. Ans. 

(8) Find the discount on £3640 IO5. due 3 years henoQi at 
4^ per cent (M. 1861.) 

113-6 : 100 : : 3640-6 : 3119-8832. 
Again £8640-6 — 3119-8832 = £421 2«. 408rf. Am. 
(4) What is the present value of £2063 14«. due 6 months 
hence, interest being at 3 per cent ? {B.A. 1847.) 

101-6 : 100 : : 2063-7 : 2088'20197. 
£2088 is. O^d. Ans. 
(6) Find the present value of £911 13<. Sd. due 6 years hence, 
at 8 per cent, simple interest. (M. 1861.) 

116 : 100 : : 911.6626 : 792-75. 
£792 16s. Ans 

STOCKS. 

161. Stocks is the name given to the money borrowed by our 
own or any other government or trading company, at some given 
rate of interest which is settled at the time the money is lent. 

Thus, if Government were to borrow £1,000,000 at 3 per cent, 
and A. had lent £1000 of this sum, A. would be said to have £1000 
3 per cent, stock, and WQuld receive a Government Bond, or document 
entitling hii^ to receive the interest (viz. £30) upon this stock from 
year to year until Government chose to repay the principal. 

The amount of debt owing by the Government is called the 
National Debt, or the Funds. The Funds represent the credit of 
the country, which is bound to pay whatever debts are contracted by 

N 
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its Government. The Government, however, reserves to itself the 
option of paying oflf the principal at any future time whatever ; 
pledging itself nevertheless to pay the interest on it regularly at 
fixed periods in the mean time. 

The interest is paid half-yearly, and the document, entitling the 
possessor to receive it may he sold just as any other kind of property. 

163. If the 3 per cent, consols (consolidated annuities) he 
quoted in the money market at 97 J, the meaning is, that for 
£97 3«. Gd. of money a person can purchase £100 stock, which will 
entitle him to half-yearly dividends from Government, at the rate of 
3 per cent, per annum on the stock held hy him. 

From a variety of causes the price of stock is continually 
varying. A fiindholder can at any time convert his stock into 
money, and it will depend upon the price at which he disposes of 
his stock, as compared with that at which he bought it, whether he 
will gain or lose by the transaction. 

163. When the price of £100 stock is more than £100 in 
money, the stock is said to be at a premium. 

When the price of £100 stock is £100 in money, the stock is 
said to be at par. 

When the price of £100 stock is less than £100 in money, the 
stock is said to be at a discount. 

Purchases and Sales of Stock are usually made through agents, 
called stock-brokers, at the rate of £^ or 28. Qd, per cent upon the 
stock bought or sold ; so that, in practice, when stock is bought, 
every £100 stock costs the buyer £| more than the market price of 
the stock : and when stock is sold, the seller gets £^ less for every 
£100 stock sold than the market price. 

No general rule has been attempted for the solution of questions 
in stocks ; they principally refer to the comparative value of various 
per centages, and are usually determined by the application of pro- 
portion. See Art 107. 

Examples. 

(1) What sum will purchase £3400 in the 8 per cent consols 
at 89 j^ per cent? 

Let X = the sum required. 
Then £100 stock : £3400 stock : : £89^ money : £x money, 

whence x = ?12^^ = £3148. 

100 

that is, £2148 sterling will purchase £3400 of this stock, when it is 
at QQjn per cent. 

(2) If I buy £1620 8 per cent consols at 93J, and pay \ 
for brokerage, what does it cost me ? 
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Every £100 stock costs me £(93J + |) or £93|, therefore if 
X equal the money required, 

£100 stock : £1620 stock : : £93| : £x 
whence a? = £1419 65. 

(3) If I sell £1920 13«. ^d. in the 3J per cents, at 98|, 
brokerage being £-J^ per cent., what sterling money shall I receive ? 

£100 stock realizes £(98| — i) = £98f , therefore if a? = the 
money required, 

£100 stock : £1920f stock : : £98| : £a? 
whence x == £1896 135. 2d. 

(4) A person invests £8000 in the 3 per cents, when they are 
at 90^ ; what interest will he receive half-yearly ? 

Here 90^ sterling produce £3 yearly, or £1 10». half-yearly ; 
and therefore we have 

£90^ : £3000 : : £1J : £aj * 
.-. X = £49 17«. 9 Jd Iff., 

his half-yearly dividend. 

(6) A person has £5635 stock, the annual interest on which is 
reduced from 3 J to 3 J per cent : what does he lose in income by 
the reduction, and what is his income after it ? (M. 1844.) 

Interest of ^^5636 at 3^ per cent =^55|^_?i = £197 45. 6d. 
Interest of £5635 at 3i per cent = ^^^^^ ^^ = *183 2«. 9d. 

Diflf. = £14 Is. 9d. 

therefore he loses £14 Is. Qd. ; and his income, after the reduction, 
is £183 3«. 9d. 

(6) If the 3 per cent, stock be at 98, and the 3^ per cent, stock 
be at 101, which stock is it most advantageous to buy ? What in- 
come will £6000 invested in the 3 per cent, stock produce ? 

Here £98 : £100 : : £3 : £3-0612245 the rate per cent for the 
money invested in the 3 per cents. 

Also £101 : £100 : : £3*25 : £3-2178 the rate per cent for the 
money invested in the 3J per cents. 

Now as £3-217*8 per cent, will realize a larger income than 
£3-0612245 per cent., it is more advantageous to buy the 3^ per 
cent, stock. 

Again, the mterest of £5000 at 3-0612245 per cent 
= gOOO X^8-0612g46 ^ ^^^g j, ^ 

the income produced by £5000 invested in the 8 per cents. 

(7) How much stock can be purchased by the transfer of £2000 
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Stock fifom the 8 per ceBt8« at 90, to the 8^ per cents, at 96 ; and 
what change will be eflfected in income by it ? (B,A. 1853.) 

96 : 90 : : JJOOO : 1876 

.*. £1875, the quantity of stock that cm be purchased in the 
S^ per cents. 

Also £3000 at 3 per cent, gives an income of £60, and £1875 at 
8^ gives an income of £65 1S<. 6<2. ; therefore the increase of income 
is £5 12t. ed. 

(8) The annual divisible receipts of a railway company are 
£437,500, and there are 250,000 shares at £31 each ; what would be 
the dividend for each share, an4 what rate per cent, would be paid 
on each share ? {M. 1853.) 

*^^9^ » ^1 15,. dividend on each share. 

260,000 

31 : 100 : : l*7/{ ; 8*8 =3 &J- per cent paid on each shared 

(9) A man bought £500 8 per cent stock, when consols were at 
93^, and after having received one dividend, he sold at 96|, What 
did he gain by the transaction ? {M, 1860.) 

100 : 96-75 : : 50Q : 483-76 = £483 15«. received for stock, 
100 : 93-5 : : 000 : 467-5 = £467 1Q|. original outlay. 

£16 6<. gain by sale. 
Dividend £16 + ^16 5<. = JS31 6s. gained by the transaction. 

(10) The 8 per cents, being at 93, detenui^e tl^e iuterest ob- 
tained for money thus invested. {B.A. 1863.) 

08 : 100 : : 8 : 3/^ per cent 



CHAPTER Vra. 



PERMUTATIONS AND COMBINATIONS, COMPOUND INTEREST, 
AND ANNUITIES FOR TERMS OF YEARS. 



PEKMUTATIONS and COMBINATIONS. 

164. The possible variations or arrangements or the perm utations 
of any number of quantities, are the diflferent ways in which they 
may be placed, regarding their order. 

The possible selections or the combinations of any number of 
quantities are the different ways in which they may be taken, dis- 
regarding their order. 

Permutations may be arranged two and two, three and three, 
four and four, &c., together : thus, of the four quantities a, b, c, d, 
the permutations two and two together are a h, a c, a d, b a, b c, b d, 
e a, c by c dy d a, d b, d e : and the corresponding combinations, a b, 
a Cp a d, b e, b d, dm 

Pbrmxttationb. 

165. To find the number of permutations of m things arranged 
two and two together. 

Let the quantities be a, fc, c, dy &c. If we place one of the 
quantities, as a, we have m — 1 remaining, before each of which a 
may be placed ; similarly of b, c, d, &c,, and this operation may be 
performed m times. 
.% Permutations of m things taken two and two or P, = m . m — 1. 

To find the permutations of m things arranged three and three 
together. 

If one of the quantities, as a, be placed, the permutations of the 
remaining m — 1 quantities taken two and two are, as has just been 
shown, m — 1 . m — 2, before each of which a may be placed. 
Similarly of b, c, dy &c,, and this operation may be repeated m times. 

/. Permutations of three, or Ps = wi . m — 1 . m — 2. 
By similar reasoning, P4 = w . wi — 1 . m — Ji . w — 3. 

P^ = m . w — 1 . m — 2 . VI — S . m — 4. 
P^y or permutations of m things arranged r together, (r < m) 

■B m . m^ 1 . w — 9 m — r -J- 9 . WA — r -j- i (I.) 
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To find the permntations of m things placed all together. 
Make m = r in the last expression : then 

P^sm.m — l.m^d.m — 3 8.2.1. . (II.) 

Or take the product of all the natural numbers, up to and including 
the number of things permuted. 

Ex. — In how many diflferent ways can 7 persons be arranged on 
7 different seats ? (B. A. 1847.) 

Here P^ is the permutations of 7 things taken 7 together, 

= 7.6.6.4.8.3.1 = 6040. 

Supposing two things given to form permutations of two with, 
the rule gives d . 1, or 2. But if the things are alike, only one 
permutation of two can be obtained. So if three things be given, 
the rule is 8 . 2 . 1, or 6 ; but if the three things given are all alike, 
only one permutation can be got. Similarly for four or more. In 
order, therefore, to obtain the true number of permutations in cases 
where things are thus repeated, the formula for permutations of 2, 
8, and 4 of any given quantities must be divided by 2 . 1, 3 . 2 . 1, 
4.8.2.1, respectively. . If, for example, it were asked. How many 
permutations may be formed of the letters aaaa bbb cc? They 
are 9 in number, and, consequently, if they were all different, would 
admit of 9. 8. 7. 6. 6. 4. 8. 2.1 permutations. But since a is 
found 4 times, this number must be divided by 4 . 8 . 2 . 1 ; and 
since b is found 8 times, it must also be divided by 8 . 2 . 1 ; and 
lastly, since c is found twice, it must be divided by 2 . 1 ; and there- 
fore the number of permutations will be — 

9.8.7.6.6.4.8.2.1 _ ^^g^ 
2.1.8.2.1.4.3.2.1 

The general expression for the number of permutations that can 
be formed of m things, p being of one sort, and q of another, is — 

« 1 . 2 . 8 . &c. m. 



(1 .2.&c.^.) (1.2.&C. g.) 
Examples. 



(in.) 



(1) How many distinct permutations can be formed with the 
letters in the word degree ? (B, A. 1846.) 

^.lAiA^ljLijJ: = 120. Ans. 
8.2.1 

*2) How many different arrangements can be formed of the 
etters in the word engine ? {B» A. 1861.) 

6.6.4.8.2.1 ^ ^QQ ^^ 
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(3) From a company of 60 men, four are chosen every night to 
guard. (1) On how many different nights can a different guard he 
posted ; and (2) on how many of these will any particular man he 
engaged ? {B. A. 1860.) 

(l)^^^VIf'f ' = ^80300; (3)??^ = 4606. 
4 • 3 • S • 1 50 

(4) In how many ways may seven halls he arranged, in two 
divisions, so that the first division may contain three of t^e halls, 
the second four ? {B. A. 1862.) 

7.6.6.4.8.3.1. ott A 

— 3.3.1.4.3.3.1 = ^^- ^"^^ 

(6) How many words of four consonants and one vowel can he 
formed from seven consonants and three vowels, the vowel heing 
always in the middle place. (B, A, 1863.) 

P4 = 7 . 6 . 5 . 4 = 840 for the consonants, and with one vowel 
always central, 

= 840 X 3 = 3630. Anu 



GOMBINATIODS. 

166. The comhinations of m things taken two and two together. 
Every combination taken two and two together, as a b, may be 
permuted 3 . 1 different ways ; 



•*• <« Of ^— Xf .*. I'f ^s 



Pj m . w — 1 



3.1 3.1 • 

Comhinations of m things taken three together. 
Every such combination, as a be, may he peimuted 3.3.1 dif- 
ferent ways. 

Similarly we find — 



p P4 m , m — 1 . wi — 3 . »n "^ 8 , 

* — 4.3.3. 1*^ 4 . .; . TTl ' 

r 

and generally, Cr *" 



=2r.r — l.r— .3....8.3.I 



m ,m -^ 1 .m — 3...m — r + 3.m — r +JL ,j^ 

r . r— 1 . r — 3 ... .3.3.1 

m . m — l.m — 2.w — 3.m — 4 3.3.1 

" ~" wi . m — 1 . m — 3 . w — 3 . m— 4 3.3.1' 
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Ex. — How many combinations of 6 can be made ont of 8 
tbings? 

Am. ^''^'^'^'^'^ = 38. 
6.6.4.3.2.1 

To show that the number of combinations of m things, taken r 
and r together, is equal to the number of combinations of m things, 
taken m — r and m — r together. 

If in the expression above, for C^ we substitute m -^ r for r, we 
shall have — 

^ _ m (m — 1) (m — 2) &c. (r + 1) 
■^ "" 1 . 2 . 3 <fec. (w — r) 

_ w (m — 1) (m — 2) &c. (r + 1) . r . &c. 3 . 2 . 1 
1 . 2 . 3 &c. r . 1 . 2 . 8 <fec. (m — r) 

^ m (m ^ 1) (m — 2) &c. (m ^ r + 1) (m — r) &c. 3 . 2 . 1 
^ 1 . 2 . &c. r ' 1 . 2 . 3 &c. (w — r) 

__ m (w — 1) (m — 2) (fee, (m -^ r + 1) _. n /ttt x 

"■ 1 . 2 . 3 &c. r r- • • • V •; 

Another method of proving this proposition is as follows : — 
Whenever r of the m quantities are taken to form a combination, 
w — r are necessarily omitted, and these may be supposed to be 
formed into a combination which may be called, with reference to 
the former, a complementary combination. Hence each combination 
of r quantities has its complementary combination of m — r, and 
therefore the number of the two sets of combinations is equal. 

Ex. — The number of combinations of five (w) things, as a, 6, c, 
dy e taken three (r) and three (r) together, is equal to the number of 
combinations of five things taken two (jn — r) and two together. 

Taken three and three, we have C, = — ' ^ "" ' ^ ^ — 
5 4 3 1.2.3 

= ^ * ' s=s 10 combinations, viz. : — 
1.2.3 

1 9 S 4 f 67 89 10 

a be, abd, a be, acd, ace, ad'e, bed, bee, bde, cde. 



Taken two and two, we have Ci = ^ ' ^ "" ^ = Ll^ = 10 
combinations, viz. : — 

10 98 7604Stl 

a b, a c, ad, a e, be, b d, be, e d, c e, d e. 

The numbers point out the combinations that are comple- 
mentary to each other. Thus cde has a b for its complementary 
combination. 
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COMPOUND INTEREST. 

167. In compound interest the amount at the end of the first 
period is put to interest, and at the end of the second period the 
interest on this amount is added to it, and the interest on this 
second amount is then taken, and so on, till the numher of periods 
required is completed. 

Hence the rule : Find the amount of the given principal for the 
time of the first period hy simple interest, then consider this amount 
as the principal for the second period, and find its amount as before 
Proceed thus through all the periods, always considering the last 
amount as the principal for the next period ; then, if the given 
principal be deducted from the last amount, the remainder will be 
the interest required. 

Ex. — Required the compound interest on £1000 for 6 years, at 
2]^ per cent, per annum. 

1000 • . .1st year's principal 
25 • • • 19 interest 



1026 . 
26 12 


6 . 2nd 


99 
>9 


amount 
int. 

amt 
int. 


»2nd 
r=3rd 


year's prin. 


1050 12 
26 6 


6 . 
3|. 3rd 


1» 99 


1076 17 
26 18 


9i. 
6J. 4th 


99 
99 


amt 
int. 


= 4th 


I* » 


1103 16 
27 11 


3 . 

lOf. 5th 


99 


amt. 
int. 


=:5th 


55 55 


1131 8 
1000 


If. 



f9 


amt 







131 8 If = whole interest : which is JB6 8». Ifi. more 
than simple interest of the same sum. 

This process is the same that would be employed in finding the 
compound interest on £1000 for 2J years, at 6 per cent, per annum, 
payable half-yearly. 

But taking the expression for the simple interest for one 
year (Art. 159), we see that the amount for the 1st year is 

p + p --^x, or jp ( 1 + -— j where — - is the interest of one pound 

R 
for one year ; and, therefore, 1 + -— is the amount of one pound 
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for one year. Hence to obtain tlie amount of any given snm at 
interest for one year, we may multiply the principal by the amount 
of one pound for one year at the given rate. The amount, at com- 
pound interest, of the second year, may be found in precisely the 
same manner ; so that if A^ mean the amount at the end of the 
nth year, 

-'■-'■(•+4) 

Hence the following rule : — 

To find the amount of any sum at componnd interest for any 
aumber of periods : 

• Involve the amount of £1, at the given rate, for the first period, 
to the power expressed by the number of periods, and multiply the 
result by the given principal. 

Examples. 

(1) £1000 for 6 years, at ^\ per cent, per annnm, compound 
interest. 

Amount of £1 for one year, at %\ per cent. 1 025. 

(l-026)« = 1131408 

1000 



1131-408 Bs £1131 8«. M. Am. 



(2) What will £650 amount to in 5 years, at 6 per cent, com- 
pound interest ? (B. A. 1846.) 

Amount of £1 for one year, at 5 per cent. = 1*05. 

(l-05)« = 1-2762816 

650 



829-58304 = £829 lis. 7|d. 

(3) In what time will a sum of money double itself, at 3J per 
cent, per annum compound interest ? (B, A.l 841.) 

Log. 2 = -3010300 
Log. 1-035 = -0149403 
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R 



(R \" 
1 -J 1 = 2|) by the question. 



V ^ 100/ 

But 1 + A = 1.035. 

.-. (1-036)" = 2. 

n . log. 1-035 = log. 2. 

■wn. log. 2 -3010300 nniAootffxrf 

Whence n = , — ^-7^-^ = ^,,,,,^^ = 20-1488597 years. 

loff. 1-035 -0149403 ^ 



ANNUITIES. 



168. An annuity is a sum of money receivable at certain fixed 
periods. 

Annuities arc either immediate or deferred. The first payment 
of an immediate annuity is to be made a year hence. The first 
payment of an annuity deferred, say for 10 years, is to be made 11 
years hence. 

169. The present value of an annuity is of course the sum of 
the present values of each of the payments. Thus the present 
value of an immediate annuity of £100 for 5 years is 

The present value of £100 due 1 year hence 
+ Do. do. 2 years hence 

+ Do. do. 8 „ 

+ Do. do. 4 „ 

+ Do. do. 6 „ 

Now the present value of ;6l00 due 1 year hence is (Art. 163) 

^10 ^ ^R * ^' ^^ ^^^^^^ ^® interest of £1 for 1 year) = r 
100 X 100 100 



100 + 22 1 + r 

And this sum deferred one year (which is the same as £100 

deferred for 2 years) = x = or - - — . And so on, 

•" ' 1 + r 1 + r (1 + r)« 

for the remaining payments. The value of the annuity will 

therefore be 

100 100 100 100 100 

1 + r ■*■ (1 + r)« ■*■ (1 + r)» ■*■ (1 + r)* (1 + rf 

which is evidently a geometrical series of which the first term is 
, the ratio , and the number of terijis 5 ; the sum (Art 



1 -h r 1 4- r 

117) is 
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100 (rVr)*-i 

1 -t- r 



1 +»• 
Multiplying the two denominators together, we have 

100 \lJtA , or 100 ll+£. 

— r r 

Or taking any number of years n, we have the general expression 

for the present value of an immediate annuity of p pounds, 

r 
which is the algebraic form of the following rule : — 

170. Find the present value of £1 due at the end of the first 
period : involve it to the power indicated by the number of periods. 
Subtract this result from unity ; divide the remainder by the interest 
of £1 for one of the periods ; and multiply the quotient by the 
periodical payment. This last product is the present value of the 
annuity. 

Ex. — The present value of an immediate annuity of £200 for 
10 years, at 5 per cent. 

Present value of £1 due 1 year hence is 



jT 1 yo^ 1 - _ /_J_V°= — 

Vl-06/ 1-028896' U06/ 1-6; 



1-05 
628896 



6-^8896 ' 



which 



12'6779 
"^ ^^ ^ i.ftOftftQ^ ^ present value of an annuity of £1 for 10 years. 

171. If the annuity be deferred, this value must be multiplied 
by the present value of £1, due at the expiration of the term of 
deferment. 

Thus, if the above annuity instead of being immediate were 
deferred for 20 years 

Value of £1 due at the end of 20 years is -3768896, 

And 1644-3428 x -3768896 = 682-0467, 

Or the present value of the deferred annuity = £582 Os. lid. Am. 

172. To find the annuity which a given sum will purchase for 
a given time at a given rate per cent. 

From the rules just given, we see that the quotient of the given 
sum divided by the value of an annuity of £1 for the given time, is 
the annuity required. 

Examples. 

(1) What immediate annuity for 10 years will £1600 purchase, 
interest being; reckoned at 6 per cent ? 



ANNUITIES. 101 

Present value of an annuity of £1 for 10 years at 6 per cent ih 

as above, i?l^ZH or 7-721787, 

1-628895 

andi^^^^ = 194-25681 = JB194 5». IM Anr. 
7-721737 * 

(2) What annuity for 10 years deferred for 20 years will £600 
purchase, interest being reckoned at 5 per cent. ? 

Value of immediate annuity of £1 for 10 years, at 5 per cent., 
is 7-721787. 

Value of ditto deferred for 20 years is 7-721737 x -3768895, 
or 2-910231. 

Then ^ ^^^L, = 206-1692, or £206 3«. 4M Am. 
2-910231 ^ 

In practice, these calculations are greatly abridged by the use of 
Tables, which show the value of £1 under different forms of accu- 
mulation, at different rates per cent. — See Jones' Annuities, L.U.K. 



CHAPTER IX. 



QUADRATIC EQUATIONS, AND QUESTIONS 

PRODUCING THEM. 



i 



178. A QUADRATio equation, or an equation of the second de- 
gree, is one which contains the square, but no higher power of the 
unknown quantity. 

174. A quadratic equation to one unknown quantity may con- 
sist of two terms only, the one involving the square of the unknown 
quantity, ««, the other composed of quantities which are known. 
Or it may consist of three terms, the first involving the square of 
the unknown quantity a^, the second involving the first power of the 
unknown quantity a?, and the third composed of quantities which 
are known. Thus ic* = ^ is a pure quadratic equation ; x'^ + b x 
s= c is an adfected quadratic equation. The former is also called 
an incomplete, and the latter a complete quadratic. 

PURE QUADRATIO EQUATIONS. 

175. These are of the form ac^ = p. Taking the square root 
of both sides, we have at once, 

a? = + V^ 

The signs + ^i^ -" ^^ hoih prefixed to the root, because the 
square root of a quantity may be either positive or negative. 

If the height, through which a heavy body falls in different 
periods of time be proportioned to the squares of those times, in 
how many seconds will a body fall through 1000 feet, the space it 
falls through in one second being 16*1 feet? 

Let a e= the number of seconds required : — 

Then 16-1 : 1000 : : (1")* : (aO, 

whence 16-1 «« = 1000, 

4 1000 «^.- 

a? = + 7*9 nearly. 

The negative value implies, that a heavy body throvm upwards 
with such a velocity as would make it ascend 1000 feet, would take 
7 '9 seconds to reach that height 
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Examples. 

(1) Given 61 «• — 96 = 39 a?« + 96, to find m. 

Here 61 aj« — 39 »« = 192 
That is, 12 «« = 192 
»« = 16 
» = + 4. 



to find X and y. {M. 1888.) 



(2) Given? + ? = 6/ 

X y 

a; + ^ =5 2. - 

From (1) a; -f- t/ s 2 a; y, 
(2) a? + y = 2 ; 
.-. 2 a; y = 2 and a; y = 1. 
Squaring (2), a;<4-2a;y + y<a=:4 

4 X y =s 4 

a:« — 2a;y + y« = 

« — y = 0, and x -f y =^ ^^^ 
.-. a? = 1, y = 1. 

(3) Givena. +y = 36| ^^ ^ 

a;« + y2 = 660J "*^ •'^ "^^ y- 

Squaring the first equation we have a?« + 2ayy + y«=:1296 

Subtracting, second ofi + y* = ^50 

- 

We have 2 a; y = 646 

Subtracting this from the 2nd, we have «« — 2 » y + y* =s 4 ; 

.'. a — y == + 2. 

But X + y = 36 ; 

A a? s=: 19 or 17 ; and y = 17 or 19. 

(4) Given t^ ^ xy ^s. 401 . /; , j 
^' T^ :f ^> to find a; and y. 

a;y+y« = 60j 
Adding the two equations together — 

«* + 2 a; y + y« = 100 ; 

Whence x -Y V = it ^^* 
But in the first equation » (a; + y) = 40. 
Substituting .•. + 10 x = 40 and a; = + 4, 
And y = + 10— aj = + 6. 

(6) Given a: +y = « 1 to find a: and y. 

Squaring the first equation a5« + 2a;y+y* = il' 

But «« + y« = 6 



By subtraction 2 a y = a« — 6 
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.•. «« — 2 a: y + y« = 2 6 — a<; 

Whence a; — y = + \/3 6 — a« (1) 

But X + y =i a (2) 

Add (1) and (2) .-. x = ^±^^^^^ 
Subtract (1) from (2) .•. y » ^+^^^""i', 

(6) ^i^«^^ + y =-^ i;|tofinda:andy. (Jf. 1838.) 

sc» + y« = 4914) ^ ^ ' 

Dividing the second equation by the first — 

«' — xy + y*=: 278 
Squaring the first x* + 2 a; y + y* = 324 

By subtraction Sxy = 51 and a; y = 17; 

.'. a;' — 2 aj y + y =5 266 ; 
Whence a? — y = + 16. 
But a? + y = 18 ; 

...« = ll±je = 17orl. 
y = ll±i8 = lorl7. 

(7) Given^y»-a^s^ = 216K fi^4^^4 

ary— «y=6j ^ 

Dividing the first equation by the second — 

aj* y* = 36 and a; y = + 6. 
The second equation is a; y (a; — y) := 6, 

.'. 6 (a — y) = 6, 
Whence a? — y = 1. 

Squaring »« — 2a;y + y«s= 1 
+ 4 a? y =24 



Adding 


(a. 


+ yr 


ss, 


25 




• • a? 


+ y 


ss 


6 


But 


X 


— y 


z= 


1 



.-.• a; = 3 y = 2 

(8) GiveiiVi-+^:i/5--V7::ll:6|^g^4 ^^ 

a? + y = 78) ^ 

In the first equation multiplying extremes and means — 

8 v^ = 8 \/y and 9 a; =s 64 y. 



• • 



64 
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Snbstitate this value of x in 3nd equation — 

Whence ^ y + y = 78, 

And y = 9 ; 
A a; = 73 — y = 73 — 9 = 64. 

(9) Find two numbers in the ratio of 5 : 3, the difference of 
whose squares shall be 144. 

Let X and y = the numbers — 

From the first equation — 

8 a? = 5 y and 05 = - y. 

3 

Substituting in the second equation — 

•y i^' - ^•= 144 or ^y«= 144, 

_„ 4 

Whence - y = 12, 

y = 9, 

And x='^i/ =i 16. 

Or assume 5 x and 8 a; to be the numbers, then 25 x* — 9 a;* ss 144, 
^c, produce the same answer as before. 

(10) Divide 89 into two such parts that the sum of their square 
roots may be 13. 

Let «* and y* = the two parts — 
••• «' + 3^' = 89 

X 

Squaring the second equation — 

a?' + 2 a; y + y' = 169 
Buta:« +y*= 89 



"J" ^ 1 Q i^y *^® question. 



2xy =80 

Whence x* ~~ fi x i/ + y* = 9, 
And X — y = 3 ; 
But a; + y = 13, 
.*. a; = 8 and x* = 64, 
y = 6 and y* = 25. 

Or suppose x, and 13 — x, the roots, then 169 — 26 a; -f 2 o^ = 89, 
&c., give 64 ari 25, as before. 



I 
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ADFECTED QUADRATIC EQUATIONS. 

176. Of these the general form is — 

To disengage x* from its coefficient, divide all the terms of the 
equation by a ; then 

X* + -x + -^0. 
a a 

If the term in x* has the sign — , the signs of all the terms 
must be changed, so that x* may always have the sign + ; 

Let - ^ p; and ^ ss q; 
a a 

then X* + p X + q = Oy the general form to which equations of the 
second degree are reduced. 

177. In order to solve the equation x* + p x +q ■= 0,we shall 
further reduce it to the form (x + m)* = n. 

For this purpose let q be transposed to the second member of 
the equation, then 

X* + p x = — q I. 

Now, since the square of a binomial is composed of (Art. 27) 
the square of the first term, + twice the product of the first and 
second terms, + the square of the second term, it follows that 
X* +p X maybe regarded as the first and second terms of (x + ip)*- 
The first member of the above equation can therefore be made the 
square of (x + J p), by adding to it the square of J p, that is J p*. 
Adding this quantity to both sides of I., we have — 

X* + p X + —2?' = 7 />* — 9 n. 

4 4 

orix + ^p] ^-p*^q. 



Taking the sqoare root — 



4 




A « = - i p ± \/^ I.' - ? III. 

178. From the equations marked I., II., and III., the process 
most generally used for the solution of a quadratic is derived. 

I. presents the form to which every equation must be reduced, 
previous to applying the rule. 

II. and III. give the algebraic explanation of the following rule : 
Add the square of half the coefficient of the second term to both 8ide$ 
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of the liquation, Eostract the square root of each side, and from the ra- 
suiting simple equation determine the value of x. 

*^^* The following principles are important in the application 
of the above rule to the actual solution of questions. 

179. From the values just found, viz, : — 

2 4 

180. If g be greater than - p^, then a/^ t i'* "" 3 ^^^ ^® impos- 

4 4 

sible, being the square root of a negative quantity ; so that, if one 
value be impossible, the other will be impossible also : from which it 
appears that imaginary roots enter quadratic equations in pairs. 

Ex.— Divide 20 into two such parts, that their product may 
be 101. 

Let X and (20 — x) be the parts, 

Then x (20 — «) = 101 by the question. 

20 ay — a« = 101, 

a;« — 20 a; = — 101, 

aJ« — 20 a + 100 = 100 — 101 = — 1, 

aj — 10 = + V^^, 

a? = 10 + vcn; 

which shows that it is impossible to comply with the conditions ot 
the question, or that 20 cannot be divided into two such parts that 
their product shall be 101 : indeed, the greatest product that can be 
made of the parts of a number, is obtained when they are equal to 
each other. 

181. Also if g be equal to - p^, the values of x will be equal. 

4 

Ex. — Let it be required to divide the number 20 into two such 
parts, that their product shall be 100. 

Here we have x (20 — ») = 100, 
a;« — 20 a? = — 100 ; 

Whence a; = 10 + VlOO — 100, 
JB = 10 + 0, 

and the values of x are equal. 

182. To show the formation of equations from given roots, we 
take the following example : — 

Given »« — 10 a; + 24 = to find the values of x. 
Here we have a?* — 10 x == — 24. 



• 



» 



t 



r 
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Completing the square by adding to both members 25, the square of 
half the coefficient of the second term, we obtain — 

a^ — 10 a; + 26 = 1. 
Extracting the square roots of both sides, we have— 

a; — 6 = + 1, 
And a; s=s 6 and 4. 
Now if we wish to form the equation of which the roots are 6 and 
4, we shall have a; — 6 = 0, and x — 4 =s ; 

.•. (a? — 6) (a: — 4) = 0, 
Or a:* — 10 a? + 24 = 0, the original equation. 

Again, if we denote roots of a quadratic equation by a and /3, 

we have. 

Since a; — o = 0, and a? — j8 = 0, 

(x - a) (a: - iS) = 0, 

Or x« — (a + iS) aj + a$ = 0. 

Whence it appears that the coefficient of the second term, with its 
sign changed, is equal to the sum of the roots, and the third term 
is equal to their product. 

188* Every equation of the form, 

a*" -{• p x^ =z q; 

in which the index of a; in the first term is double of its index in 
the second, may be solved by completing the square, m being either 
positive or negative, integral or fractional; thus, completing the 
square, 

af^+px"^ + -p^ = q + -p% 



05* = — -i? + V ^ + - i)«. 



Examples 

(1) Given a?* + «« = 90, to find x. 

Completing the square, »♦ + »«+-« — -, 

^2 2 * 

a;« = 9 or — 10, 

aj s= + 3 or + V— 10. 



ADFECTED QUADRATIC EQUATIONS. 109 

(2) Given aj« + 10 a* = 144, to find x. 

.'. 0^ + 10 a?» + 26 = 169. 
«5 + 5 = + 13, 
.-. a;8 = 8 or — 18. 
Each of the equations, a:* = 8, or a?* = — 18, will have^ three 
roots. Taking first a^ = 8, or x' -i- 8 = 0, we have plainly one 
value, re = 3, or re — 2 = 0. Dividing x' — 8 = 0, by a; — 2=0, 
we get the q uadr atic x'^ -i- 2 x + 4, ^ 0, of which the roots are 
a = — 1 + \^ — 3 ; therefore, the roots of the equation »» = 8 are, 

a? = 2, 
a; = — 1 + \^^^, 

aj = — 1 — ^/^^Ts; 

Of a^ = — 18 or a?» + 18 = 0, one root is a; = — 2-62074, or 
X + 2-62074 = 0. Dividing a;» + 18 = by this last equation, 
we obtain the quadratic, a^ — 2 -62074 x + 6-86826 = 0; of which 
the roots are, x = 1-31037 + V"— 6-16120 ; therefore, the roots of 
the equation x^ = — 18 are, 

X = — 2-62074, 

X = 1-31037 + \/— 6-15120, 

X = 1-31037 — \/— 6-16120. 

(3) Given «* + «* = 756, to find x. 

6 ^1 3025 

Completing the square, a;^ + a?^ + - = — — -. 

4 4 

Extracting the root, «* + ^ = + -s"- 

.\ x^ «= 27 or — 28, 

Whence a;* = 3 or V— 28, 

x = 243 or (— 28)^. 

(4) Oiven 8 a? » — 4 a: »= 4, to find x. 

1? 4 *— 4 
Dividing by 8, » » — - « » = -. 

^ ^ . , ii! 4 ?Li! 4 16 

Completing the square, a;» — ^»» +n~*^* 

Extracting the root, «» — _ = + * 

3 S 

III Q 

Whence a;» = 2 or — 1, 

8 

«»» = 82 or - il, 

243^ 

32 v-- 



• =(S3)r.or(-^yj. 
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(5) Given ar* — 9 or* = 8, to find x. 

Completing the square, ar"* — 2 a?"* + 1 = 9, 
; .-. aj-* — 1 = + 3, 

ar* = 4 or — 9, 

i Or ± = 4 or — 9, 

X 

.rm 11 

Wnence a; = - or — -. 

4 9 

(6) Given a* = 91 + (aj« — 9)», to find x. 
Transposing, (aj* — 9) — (a;" — 9)* = 12, a quadratic, 

Completing, Ac., (a^ — 9) — (a* — 9)» + - = ^ ; 

4 4 

Whence (a:« — 9)« — 1 = + 2, 

{a^ _ 9)* = 4 or — 8, 
a:« — 9 = 16 or 9, 
a;* = 25 or 18, _ 
a; = + 6 or + 3 ^9. 

(7) Given a^ — 9 a? + 6 («• — 9 a; + 6)* = 11, to find a;. 
Adding 6 to both sides, (x« — 9 a? + 6) + 6 (a;* — 2 a; + 5)*= 16, 
Completing, &c., (a;* — 2 a? + 5) + 6 (a;« — 2 a? + 5)* + 9 = 26 ; 

Whence (aj« — 2 a; + 5)* = 2 or — 8, 
Squaring both sides, a^ — 2 a; + 6 = 4 or 64, 

And ar« — 2 ar = — 1 (1) 

Also ar* — 2 ar = 59 (2) 

Solving (1), we get ar = 1, both values being equal. 
Solving (2), „ a- = 1 + 2 ^/u. 

(8) Given ««-ar + 6 (2 ar» — 6x + 6)*=l (3 ar + 33). 

Transposmg, ar« — |ar — ^ + 6(2a*— 6ar + 6)* = 0, 

Multiplying by 2, and adding 39 to both sides, we have — 

(2 a^ — 6 ar + 6) + 10 (2 ar» — 6 ar + 6)* = 8d. 
Completing and extracting the root — 

.-. (2 ar« — 6 ar + 6)* + 6 = + 8, 

(9 ar» ^ 6 ar + 6)* = 3 or — 13, 

Squaring, 2ar*— 6x + 6 = 9or 169, 

^-o^=o (1) 



2 2 

> 16; 

- a? = — 

2 9 



--1-=^ » 



Solving (1), * »= 8 or — ?. 

Solving (8), * = J ± V^^ = J (5 ± V1329). 
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184. That a quadratic can have only two roots may be shown 
directly thjis : 

If possible, let m, n, p, be three differei^t roots of the equation 

a;' + a » + 6 = 0. 

.•. m« + a m + fe = (1.) 

nt + an + b = (2.) 

ptj^ap + b = (3.) 

Subtracting (2.) from (1.), we have, 

(wi« — nS) + a (m — n) = 0» 
or dividing every term by (m — n), 

ii» + n + a = 0. 
Again subtracting jfS.) from (1.), we have, 

(m« — 1)«) + a (m — ;>) ass 0, 

or dividing every term by {m — p), 

m + p + a^=0; 
.•. n = 2), which is impossible. 

Therefore a quadratic cannot have more than two roots. 

185. The two roots of every proper quadratic equation are 
equally real and significant, though the meaning of the negative 
quantity is not always apparent In questions producing equations, 
the negative value of the aiiswer is not generally even required 
according to the conditions proposed; but some modification of 
them is necessary to make it intelligible. 

Ex. 1. — Several persons have to receive amongst them £800, 
but three of them being struck oflf the number before the money 
was paid, the rest receive £60 each additional. How many persons 
were concerned? 

Let X ss the number of persons — 

Then = the share each had to receive at first, 

X 

s= „ „ actually received. 

35 — 3 

800 800 



. • 



+ 60 by the question. 

X ~~ O X 

When a:« — 3 a; =: 40 and a; = I + 3^, 



X 



= 8 and — 6. 



— 5 is a solution of a modification of the question, which may 
be thus enunciated. 

Several persons have to pay amongst them £800, but three 



> 
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being added to them, each of the original number has £60 less to 
pay. What number of persons were concerned ? 

Ex. d. — ^A person sold a number of horses for £240, and if he 
had sold 4 less for the same money, the price would have been £2 
more for each. How many did he sell t 

Let X = the number of horses — 

Then = the price at which he sold each. 

And = the price at which he would hare sold each ; 

X — 4 

had he sold four less for the same money, 

d40 240 



+ 2 by the question. 



« — 4 

Whence a?« — 4 a? = 480, 

a? = 2 + >v/484, 
Bs 2 + 22 = 24 and — 20. 

— 20 is the answer of the following modification of the question. 

A person bought a number of horses for £240, and if he had 
bought 4 more for the same money, the price would have been £2 
Uu for each. How many did he buy f 

EXAHPLES. 

(1) Given 2 «» + 10 « + 24 = 124 to find x. 

By transposition 2 »« + 10 a; = 100, 
Dividing by 2, »« + 6 a; = 60, 

Completing the square a5« + 6« + ^ = 60 + ^ = ^, 

4 4 4 

6 15 

Extracting the root a? + - ss + •^. 

.*. a; ss 6 or — 10. 

(2) Given4« + ?-^:=ll = 8« + ^l^^tofindaj. 
^ a; — 2 2 

Clearing the fractions, 

8x< — 16a; + 4a;-2s6a;<*12a; + 7a^ — 19a; + 10, 

by transposition — 6 »■ + 19 as = 12. 

Changing the signs and dividing by 6, 

^ 1« 12 



19 361 19 

) Completing Hie square, «• — T * + Too " "* T **" 

. i 



6 

861 _ 121 

100 *" 100* 
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(8) Given -^{i + x) (10 — x) = 8 « — 18, to find ». 
SqnaFing both sides, SO + 6 x — x* i= 9 x> — 106 x + 
by transposition, — 10 *« + 116 ib =■ 804. 

- .g _ 116 , ^ _ S04 
10 ™ 10' 
Completing the square, 

10 ^ bo^ ^ 10 ^ Uo./ 100 

Extracting the root, « — |? = + j 




(4) Given y 

Squaring both sides, —5— + 3 + ?^ll = 151 

Clearii^ tfae fractions and transposing, — 8i x* — 613 m b — (76, 

Whence a;* + 8 * =■ ft. 

Completing the square, x* + 8 a + 1ft = S5. 

Extracting the root, x + i a + 6. 

.-. a! = 1 or - 9. ~ 

(B) Given x + *^^J5 = 8, to find x. 

Clearing the fractions, 2 x + v^a: — 8 = 19. 

Transposing, *^fl! — 3 = 16 — Si ai. 

Squaring both Bidea, a; — 3 = 26t> — 64 a; + 4 Jt», 

■Whence=^-^x=-B|?. 
Oonpletiiig the square, 

L^-«. + (»)■ = _«% («)-.g. 
T«kill(t th« root, » _ 1' _ + 2. 



V 



.l" 



f 



> ■* 
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(6) 7\/2»« — 10 a? + 3 = 79 + 6 « — aj». 

2 OJ* - 10 a? — 144 + 14^2 ««— 10 x + 3 = 0. 

(2 aj» — 10 a? + 3) + 14 V2 a:* — 10 a? + 3 = 147, 
a quadratic ; solving we obtain, 

^2~a? — 10 a? + 3 = — 7 + v^49 + 147, 

= 7 and — 21. 

V2 a:« — 10 a? + 3 = 7 ^2 a?' — 10 a? + 3 = — 21 

2a;» — 10a? + 3 = 49 2a:« — 10a? + 3 = 441 

flP« _ 6 a? = 23 aj» — 6 « = 219 



^ flf — 6 a? = »3 aj" — 5 « = 319 

I; a, = i + \/??T^ • = « + -v/^ + ^ 

i 2-4T4 2-4^4 

= i + v^ g X 13 = ? + \/^^ 

2- 4 2-4 

6 + 3 \/i3 6 + v'goi 

"" T ^ ^ 

(7) 2 a: v'a;* + aj — 1 = 2 «« — 5 a? + 2. (B.A. 1863.) 
Squaring, 4aj'(a^ + a;— l) = 4a^ — 20a?» + 33a;« — 20aj + 4. 

Or 4 a:* + 4 a?« — 4 «« = 4 a:* — 20 a:* + 33 a;' — 20 a? + 4. 
Omit 4 a^ on both sides, and transpose, 

... 24 a?« — 37 a:« + 20 aj - 4 » 0. 

Anda:»-ga:« + |a:-l = 0. 
Separate this into its component factors, 

■ * From this we have, 

^-\^^ (1) 

And «« — I a + ^ = (2) 



8 ' 4 



From (1), 35 = 5. 

And the three values of x are, 

2 

x = -. 

h I 16 

7— v<:zri5 

*- 16 



/ 
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Second Method of Solution, 
186. Assuming the general form as given above (Art. 176), 

,'. a ic* + 6 05 := — c. 

If, in order to avoid fractions, we multiply every term of the 
latter equation by four times the coefiBcient of the first term, and 
add to both sides the square of the coefQcient of the second term, 
we shall have, 

4a*a5* + 4a6a?-f-fc':=6« — 4oc, 

of which the left side forms, a complete square. Extracting the 
root of both sides, 

^ax + b := + V'ft* — 4 a c. 

— 6 + \/6" — 4 a c , .V 

••••=' -8^ (^) 

Examples. 

(1) Given 3 «« + 7 a: = 48, to find x. 
(x 19) SQx* + 84 a; = 676. 

Completing the square, 36 a;« + 84 a; + 7' = 625, 
(V^) 6 aj + 7 = + 26. 

= 3 or — 5i. 



. • 



, 6 

(2) Given \/a: + 3 = . ^ , to find x. 

Squaring, a: + 3 = j-^» 

Whence ar* + a: = 42. 
(X 4) 4a:« + 4x = 168. 

Completing the square, 4:s^ + 4cX + lss 169. 
(vO 2 a: + 1 = + 13. 

.*. a; = 6 or -^ 7. 

(3) Given ^iLTL^ + i^^^ = 10, to find ». 

Clearing the fractions and transposing, we get, 

3 a:« — 13 a? = 10. 

(X 12) .-. 36 a:« — 166 a: = 120. 

Completing the square, 36 a? — 166 a; -f 13* s 289. 

(y^ 6 a: — 13 = + 17. 

2 
••• « as 5 or « ^ 

ft 



'l 



1 y 



\, 



I 

\ I 

1 
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187. Hence the most expeditions method of solving quadratic 
equations with one unknown quantity, is by substitution of the 
numerical coefficients of a? in the preceding formula {A), as shown 
in the following examples. 

EZAMFLBS. 



t (1) GiTon 8 «» — 19 a? + 28 = 0. 

[; (o = 8, — 6=19, c=>28.) 

:; 19 + V^361 — 386 _ 19 + 5 

i ! "^ 6 6 ' 

• ^ = 4 or SJ. 

(8) 7 a* + 18 a: — 102 = 0. 

I i (o = 7, — 6 = — 18, c = — 109.) 

' ■ ' _ — 18 + V ^169 + 9866 _ —18 + 66 

* 14 14 • 

= 8 or — 4f . 

(8) 11 x« — 18 a: — 210 = 0. 

18 + V^169 + 9240 _ 18 + 97 
*" 22 22 ' 

= 6 or — 8 A- 

(i) _ 5 a? + 19 a? — 12 = 0. 

(a = - 6, - 6 = - 19, c = - 12.) 
— 19 + \/861 — 240 _ —19 + 11 

* " ~ :^^rio ^ — 10 ' 

= 8 or f 

(5) — 10 a:* + 116 a: — 804 = 0. 
4- (— 2) 6 a" — 68 a: + 162 = 0. 

68 + \/8864 — 8040 __ 68 + 18 
* ** ""^ 10 10 ' 

= 7f or 4. 

(6) 8 aj - ^^^ "" ^ "^ = 29. {B. A. 1859.) 

X 

8 aj» — 26 a; — 169 = 0. 
26 + V^676 + 2028 

3«±^«18or-4t. 
6 ^ 
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(7) {x - a) ix — fc) = (c — a) (c — b). {B.A. 1869.) 
a^ — (a-f-^)^ + ^^^=<^ — (a + 6)c + o6. 

5C* — (a + b) X + (a + b — c) c ST. 0. 

_a + b + s/a + 6« — 4 (a + fc — c) g 

(8) 2 a:« + 11 a? + 16 = 0. (B.J. 1861.) 
^^-ll±Vm-120^^3^^^ 

4 ^ 

(9) 6a;« + 3 aa: + 6 — a = aa:« + 3 6aj + a — fc. (B.J. 1862.) 

<r^ a;« — 3 (a - fc) a; + 2 (a - fc) = 0, 
... a;« — 3 a? + 2 = 0. 

a. = ?-±:^!^^H? = 2orl. 
2 

(10) 7 a;* + 6 a; — 38 = 0. 

_ — 6 + \/ 25 + 1064 

14 ^ 

(11) 13 a;« — 11 a? — 270 = 0. 

11 + A/121 4- 14040 

X S= =58 ! 

26 
11 + 119 . ^^ . a 

^ ^t: s=: or — 4 A-. 

26 ^ 

(12) 6 a;2 + 43 a; + 24 = 0. 

_ — 43 + Vl849 — 480 
^ - 10 

10 ^. 

Let the reader notice that in the last example, where there is no 
change of sign, hoth the roots are negative : in (1) (4) and (6), where 
the signs change at every term, both roots are positive : in (2) (3) (6) 
(10) and (11), where two consecutive terms have the same sign, one 
root is positive and the other negative ; and, finally, when the two con- 
secutive terms that have the same sign stand first, as in (2) and (7), 
the negative root is the larger ; but when the two consecutive terms 
that have the same sign stand second and third, as in (3) (6) and 
(11), the positive root is the larger. 

B 






I 



i 



i 

d 
I 

-»■ 
• -I 

4 
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Signs of the terms. Boots are — 

a^ m Independent. 

+ + 



"*" [ both negative, 

" > both positive. 

4- J than the positive. 

— 1 Positive root numerically larger 

^ j than the negative. 



- + 

+ - 

+ + — I Negative root numerically larger 



l\ QUADRATIC EQUATIONS CONTAINING TWO UNKNOWN 

QUANTITIES. 



188. When there are two equations and two unknown quan- 
tities, they cannot always be solved by the preceding methods, for 
their solution will, in some cases, depend on an equation of the 
fourth degree, containing the two unknown quantities. There are 
several kinds of such equations, however, the solution of which 
depends ultimately on that of a quadratic containing only one 
unknown quantity. 

Examples. 

(1) Given x + y + xy — ll (1) 

a?y + xy'=^SO (2) 

Eq. (2) is{x + y)xy = 30. 
From (1) X + y = 11 — OP y, 

(2) « + y = — . 

X y 

80 
Equating 11 — » y = — , 

xy 
Whence 11 » y — 05* y» = 30, 
And OP* y* — 11 a? y = — 30. 



Solvmg 05 y = — jh \r — — — 



120 



ii 2-2 

= 6 and 6. 
Taking a? y s= 6, and substituting this value in either (1) or (2), we 
have, 

« + y = 6. 
and OP s= 5 — y, substituting in (1), we have, 

6 — y + y + (6 — y) y = 11, 

and V* — 6 y = — 6. 
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Whence y = U V^fT^ 

2 4 4 

= 6 + l = 8aiid2. 

Again, taking O! y = 6^ the other, yalue, and substituting in (1) or (2) 

•'• » + y = 6 
X = 6 — y. 

Substituting this value of x in (1), 

6 - y + y + (6 - y) y = 11. 

y = 3 + \^9, -^ 5 
= 3 + 2 = 6 and 1. 
Therefore, the four values of t/ are 3, 2, 6, 1, 

And of X 9, 3, 1, 6. 

(2) Given a^ + x y = a* (1) 

y« - jr y = 6* (3) 

From (1) » y = a^ — jp*, 
(2J 05 y = y« — 6«. 
Equating a* — ob* = y* — 6% 
... y8 = a « — (x* — fc«), 
y =V^a« — aj« + 6». 
Substituting this value of y in (1), 

«« + v'flt*^* — ac* + fc« j:« = a«, 

^as a;« — a;* + 6« a?« = a« — ««. 

Squaring a« a;« — a* + fc« a;« = a* — 2 a« jc« + «*, 

Whence X* - ^-?l+i! a:« =- ?-. 

2 2 



Solving «^ = 1^!-+^ + x/^-^^tJ ^ ^L±^ « ?^^ 

4 "" 16 16 

, 3 a« + 6« , 1 ,,-- . 

«• = J-- ± J \/a* + 6* + 6 a« b% 

_i_ f 3 a« + 6* , 1 , ) * 

• = ± I ^^^— ± ^ /o:* + fc* + 6 a« 6«|, 

= + 1 {3 a« + 6« + \/a* + 6* — 6 a^ 6«}*. 

PROBLEMS PRODUCING QUADRATIC EQUATIONS. 

(1) Divide the number 60 into two such parts, that their pro^ 
duct shall be to the sum of their squares in the ratio of 2 to 5* 
(B.A. 1867.) 

Let X and (60 ^ x) be the parts. 
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Then m (CO — ar) : a:« + (60 — a?)« : : 3 : 6 by the question ; 

whence 6 a: (60 — a?) = 2 ir« + 2 (60 — a:)«. 
Bedncing, we get 

a:« — 60 05 e= — 800 ; 
aj« — 60 aj 4- (3 0)« = 900 — 800 ; 
X — 80 = + V'OOO — 800 ; 
ar = 80 + ^900 — 800 ; 
X = 30 + 10 ; 
X s= 40 and 20. 
Therefore the parts are 40 and 20. 

(2) A and B distribute £60 each among a certain number of 
persons : A relieves 40 persons more than B does, and B gives to 
each 5 shillings more than A. How many persons did A and B 
respectively relieve ? 

Suppose A relieved x + 40, 
B ditto X, 

Then — — = the number of shillings A gave to each, 

X + 40 

1?^ a ditto B ditto, 

X 

A . 1200 1200 , I. 1. .1. 

And = — + 6 by the question. 

^ a; 05 + 40 

Whence a;« + 40 a; = 9600, 

X = 80 or — 120. 

.•. A relieved 120, and B 80 persons. 

(8) It is required to find four numbers in arithmetical pro- 
gression, such that their common difference shall be 4, and their 
continued product 176986. 

Let X — 6, a; — 2, a: + 2, x + 6, be the numbers. 
Then {x — 6) (a; + 6) {x — 2) (a; + 2) = 176985 = a, 

or (a;« — 6«) (a:« — 2«) .= a. 
Whence a* — 40 aj« == a — 144 = 176841, 
a;8= 20+v'l77241 

= 441 or -- 401, 
a; = 21 orV^— 401. 
••. 16, 19, 28, 27, are the numbers. 

(4) A detachment from an army was marching in regular 
column, with 6 men more in depth than in front ; but upon the 
enemy coming in sight, the front was increased by 846 men ; and 
by this movement the detachment was drawn up in 6 lines. Be- 
qoired the number of men. 

Let X = number of men in front, 
.*. a; + 6 =s ditto in depth. 

And a; (a? + 6) = whole number of men. 
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But when the front is increased hy 846, we will have, 

X 4- 845 = men in front, 

5 = men in depth by the question, 
And 6 (a; + 846) = whole number of men. 
Equating a:(aj + 6) = 6(aj + 846), 
x'^ + ^x^&x + 4225. 
Whence x := 66, 
And 4560 = the whole number of men. 

(6) A vintner sold 7 doz. of sherry and 12 doz. of claret for 
£50. He sold of sherry 3 doz. more for £10 than he did of claret 
for £6. Kequired the price of each. 

Let X =s the price in pounds of the sherry per doz. 
y ss ditto claret ditto. 

Then 7 a; + 12 y = 60 by the question (1). 

Also — ^ the number of dozens of sherry sold for £10, 

X 
a 

. ss ditto claret ditto £6, 

y 

in (\ 
And — =s - + 8 by the question. 
X y 

Whence 10 y = (8 y + 6) a. 

50 — 12 w 
But from (1) X =s i., substitute this in the line above, 

... 10 y = (8 y + 6) (S^JIlii-y). 

Whence y* — _ y = —_, 
y 9 ^ 8 ' 

y s= 8 and a; = 2. 

(6) It is required to find three numbers in geometrical pro- 
gression, such, that their sum shall be 7, and the sum of their 
squares 21. 

Let -, X, and rp y be the numbers 

y 

Then ? + a? + ay = 7 m 

y 

~ + a:« + a;«y« = 21 (2) 

From (1) 5 + a? y = 7 — a?. 

y 

■ Squaring ?^ + 2 «« + a.« y« == 49 — 14 x + a;«. 

^ + a:* + a;« y« = 49 — 14 aj (3) 



It 



> 
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Equating (3) and (3), we have, 31 = 49 — 14 x, 

o 
Substitnting for x in (1), we have, - + 2 + 2^ = 7. 

Whence y* y = — 1. 

^ 4 - ^ I6 ^ 
= 2 or J. 

Taking x s 2 and y = 2, the numbers are 1, 2, 4. 
Ditto a; s 2 and y = ^, ditto 4, 2, 1. 

(7) The sum of 4 numbers in arithmetical progression is 20, 
and the sum of their squares 120 : find them. 

Let the numbers be {« — 3 y), (x — y), (a? + y), {x + S y); 

Then (« — 3 y) + (» — y) + (a + y) + (a + 8 y) = 4 aj = 20 

by the question, 

/. X s= 6 ; 

Also the sum of their squares as 4 oc* 4- 20 y< == 120, 

.-. «« + 6 y? = 80, 

Substituting the value of x, we have 26 + 6 y* = 30. 

y = 1. .'.2, 4, 6, 8, are the numbers. 

(8) A person bought a quantity of cloth of two sorts for 
£7 18«. For every yard of the better sort he gave as many 
shillings as he had yards in all : and for every yard of the worse 
as many shillings as there were yards of the better sort more than 
of the worse. And the whole price of the better sort was to the 
whole price of the worse, as 72 : 7. How many yards had he of 
each? 

Let X = the number of yards of the better, 
y = ditto worse. 

Then* a: + y = the price in shillings of a yard of the better 
X — y = ditto worse. 

Hence, by the question, we have, 

x(x -^ y) + y(x — y) = 168 (1) 

a: (a: + y) : y (05,— y) : : 72 : 7 (2) 

Putting y = m 05 in (1) and (2), we have, 

X (x -j- m x) ^ m X (x ^^ m x) = 168, 
35 (a; + m a;) : m a; (05 — m a:) : : 72 : 7, 

Multipljdng out, we have. 

For (1), a;« -f. m x* -f- m aj« — m« a;« = 168 (3) 

(2), a;« H- m aj« : m a;^ — m« a;« : : 72 : 7, 
Or (2), (1 -f w)a;« : (m — w«) a;« : : 72 : 7. 
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Whence iL+- '")*!. or 
(m — mr) x 



1 '\- m _ 73 



m — m 
And 79 m — 72 m' = 7 + 7 m, 

From which w' — — - w = — — , 



m 



66 ^ -v//J!iV _ Z 
144 - V144/ 73 



= - and - 
9 8 



Taking w « -, we have from (3), 



168 



«• = 168. 



81 

Whence or = 9, 
.*. i^ = 7. 



wi = —, 
8' 

I? «« = 168. 
64 



Whence x = S V% 

(9) Two lights, A and B, situated at a distance from each 
other of 6 feet, are to each other in intensity as 4 to 1 : required a 
point on the straight line joining them, which is equally illuminated 
by both. 



I 

A 



X 



I 
B 



Let us call the intensity of B, at the distance of one foot, unity 
or 1 ; then the intensity of A at the same distance will be 4 ; also, 
since the intensities of the same light at different distances are 
inversely as the squares of these distances, we have 



^ • 1--4 
ii' X*' 



--, the intensity of A at the distance x, ue., at C, 
x^ 

i- : rTT-^ — r^ ; : 1 : r- , the intensity of B at the distance 

1« (6 — x)* (6 — a?)« -^ 

(6 — x), i,e., at C ; 

and these intensities ai'e equal by the question ; 

Or i = ^ . 

Whence, a; = 13 or 4. 
The value 4 refers to the point C lying between A and B, and 
the value 13 to the point C lying beyond B, and at either of these 
points the intensities are equal. 
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Verification, 
The light A is 4, and A C 4: feet. .*. intensity is as - = -, 

„ B is 1, and B C ^ feet .*• „ is as -- s -. 

4 1 

Again, -4 is 4, and -4 C 12 feet .•. intensity is as -^ := — , 

B is 1, and B (? 6 feet. .% „ is as -. s —. 

6* 86 

(10) A person drops a stone into a well, and after 6 seconds 
hears it strike the water; find the depth to the surface of the 
water, supposing that a heavy body falls 16*1 feet in the first second 
of time ; that the spaces through which the body falls are proportional 
to the squares of the times of falling; that the velocity of sound is 
1127 feet in a second ; and that the resistance of the air is neglected. 

Let X ^ the depth required. 



Then 161 :x:: {ly : 



X 



16-1 
/, -^ is the square of the time of falling through x ; 

And \/^=-^ is the time of (the stone's) falling, &c. 
16*1 

For brevity, let 1127 s n. 

.*. ^ is the time of the sound's passage, 
ft 

And \/^ JL. + ? 5=: 6" by the question ; 
lo 1 n 

Squaring ^-£^ = «6 - 12j^ + J 

Whence «« _ { 10 n + -^) x s=s — 25 n«. 

\ lo-l'' 

= 6686 + 89446 + V2000458176 

= 863-58 feet nearly. 
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The negative sign must be taken, because 6", the whole time, is 
greater than the time of the sound's motion, which is 

n ^ 82-9 - ^ 32-2 ^ (82-2)« 
But 5 is not greater than 

First, for the time in which the stone would reach the surface of 
the water, we have, since 

Space = 16-1 (time)' 



... time - y^ = y^-^ = 4'-6863. 

Again, for the time in which the sound would reach the top of 
the well, we have 

feet feet 

1127 : 363-68 :: 1" : C-SIST 
And 4'-6863 + 0''-3137 = 6'. 



CHAPTER X. 



THE NATURE AND USE OF LOGARITHMS. 



LOGARITHMa 

189. If the powers of any number be written down in succes- 
sion, and their respective indices affixed to them, there will be two 
progressions formed : the firsts geometrical ; and the second, arith- 
metical ; as for instance, the successive powers of 2 and 3 are, 

2°, or 10, 21, 4«, 8», 16*, 39*, 64«, 128T, 2668, 6129, 1024w Suc. 
3°, or 10, 31, 9«, 27», 81*, 243«, 729«, 21877, 66618, 196839, &c. 

In either of the above series, the product of any two num- 
bers naj be obtained bj making use of the sum of their 
indices, and the number attached to the new index is the required 
product. The multiplication of any of the above numbers is thus 
reduced to the addition of their indices, and similarly the quotient 
of any two numbers is obtained by the subtraction of their indices. 
The powers or roots of any of these numbers are also obtained by 
the multiplication or division of their indices by the number of 
their required power or root 

In either series the exponents are the logarithms of the num- 
bers to which they are attached, and the number, whose powers 
are thus made use of, is the base of these logarithms : thus, in the 

equation 

64 = 20, 

6 is the logarithm of 64, and 2 is the base. Or substituting the 
letters iV = fc', ^ is the log. N to the base h, and the logarithm of N 
to the base b is thus expressed, log.j N :=p. 

The logarithm of a number, therefore, may be defined to be the 
index of the power to which the base must be raised, that the result 
may be eqaal to that number. 

190. In Briggs's tables the base chosen is 10. In this system 
the log. 10 = 1, log. 100 = 2, log. 1000 = 3 ; and the log. of 
•1 = — . 1, log. -01 = — 2, log. -001 = — 3, &c., and all the results 
that have been stated above respecting whole numbers, are true of 
negative logarithms. 

191. The logarithms of 10, 100, -1, '01, Src, are integer num- 
bers, and are called characteristics, which are either positive or tiegative, 
as the sign 4- or — is prefixed to them. 
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192. This constitutes one of, th^ adv^jb^ges of having the hase 
of the system of logarithms coincident with the system of arith- 
metical notation. In Napier's system, and indeed whenever auy 
other hase is taken, every logarithm of a fraction is found hy 
suhtracting the logarithm of the denominaitor from that of the 
numerator. 

In Briggs*s system the logarithm of every decimal fraction is 
found in the tahle, and (mly requires the proper <;hai:acteHstic to 
he prefixed. 

193. The charaoterj^tic is never inserted in modem tables of 
logarithms. 

When positive, it is always one less than the numher of digits in 
the numher whose logarithm is sought, and 

When negative, it is the numher of places from the decimal 
point to the first significant figure. 

Since the logarithm of a numher between 1 and 10 must be less 
than 1, it will be a fractional quantity ; and the logarithm of any 
number between 10 and 100, being between 1 and 2, will also be 
fractional. It is thus very obvious that the logarithms of most num- 
bers will be fractional. The fractional part is ccdled the mantissa. 

194. Suppose 'X to be the log. of 8, or 8 = W; then because 
80 = 8 X 10, log. 80 = log. S + log. 10 r= 1 + -x. Similarly, 
log. 800 = 2 'X, log. 8000 = 3 x, log. -8 = — 1 x, log. '08 
s= — 2 -a?, &c. 

From this it appears that any change in the decimal point at- 
tached to a number only changes the characteristic of its logarithm. 
An example will make this plain. 
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IiOaABTTHMS. 


S661- 


8-42341X) 


2661 


2-423410 


26-51 


1-423410 


2-661 


0^423410 


•2651 


-^ l^4-23410 


•02651 


— 2-423410 


•002651 


-- 3-423410 



Note. — The negative sign is usuillj written over the characteristic instead of 
before it; thus, 1-423410. 

195. The following resume of the properties of logarithms is 
important (Kefer to Art. 82.) 

1°. Since a = a\ where a may be the base of any system, it is 
plain that the logarithm of the base is always = 1. 

2°. Also since 1 = a^, we have = the logarithp^ of 1 in every 
system of logarithms. 
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3^. Again, since (Art 68) e=: _^ s a~", it appears that the 

a 

logarithm of is an infinite negative quantity. 

4P, The logarithm of the product of two numbers is the. sum, 
and the logarithm of the quotient is the difiference of the logarithms 
of the numbers. 

For let a^= N,a^^= N\ where N, N' are any two numbers, and 
p q their logarithms to the base a, then — 

but by definition^ + 9 is the logarithm of N.N* to the base a, or 
as it is usually written — 

p + q^log.,N.N'; 
/. log.. Nir =z log.. N + log N'. 

In like manner — 

N' ' 

N 
and .-. log.. — ^ = log.. N — log.. N". 

Hence the logarithm of a fraction is the difiference between the 
logarithms of the numerator and denominator. 

5®. The logarithm of —- and N, are the same with difiPerent 

N 

signs. By what precedes — 

log.. ^ = log.. 1 — log.. N, 

= - log.. N, 
= — log.. N. 

6®. The logarithm of any power of a number, is the logarithm 
of the number multiplied by the index which expresses the powen 

Suppose €^ s=s N, 

then «• ' = N% 

or vp = log.. N" by definition ; 

but p := log.. N, 

.*. log.. N* ss V . log.. N. 

In like manner — 

1 1 
log.. JV^ = - log.. N. 

196. The principal use of logarithms is to facilitate the per- 
formance of the arithmetical operations of Multiplication, Division, 
Involution, and Evolution: more particularly in cases where the 
quantities employed consist of several figures, and near approxi- 
mations to the true results are considered sufi&cient for the practical 
purposes to which they are applied. 
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197. To find a r%de for ascertaining the characteristie of the loga- 
rithm of any number. 

We have log.jo 10« = 2, and log.io 10' = ^ J hence the logarithm 
of any number between 100 and 1000 (i.e. of any number consisting 
of three digits), is between 2 and 3, and, therefore, the characteristic 
is 2 ; similarly for numbers of four digits, the characteristic is 3 ; 
and in the same way it appears that the characteristic is always one 
less than the number of digits. 

If the number be decimal, we must have a negative charac- 
teristic, for — 

logio 1 = 0. 

logio -1 == logio Yo = ^®^>o io"i "^ ^^^*« -^^""^ = — 1. 

logio -01 = logio ^ = logio jj-^ = logio 10-« = - 9. 

Hence the logarithm of a number between 1 and '1, is less than 
and greater than — 1, and may therefore be represented by — 1 + 
a mantissa ; in like manner, the logarithm of a number between *1 
and '01 will be — 2 + a mantissa ; and, generally, the characteristic 
will be one greater than the number of ciphers which precede the 
first significant figure. 

The above rule is sufficient whenever the mantissa is positive, 
which is here assumed to be the case. 

♦#* As is explained in most tables of trigonometrical loga- 
rithms, the tahtUar logarithm is made greater than the true loga- 
rithm by 10 ; an arrangement adopted merely for convenience, to 
avoid the confusion of introducing negative signs. 

In practice it is as easy to use the real, as the tabular logarithm, 
and by doing so the trouble of afterwards correcting, and the 
liability to error in doing it, are diminished. 

The rule which we have adopted in the examples given of the 
solution of triangles, is as follows: — Always write down the real, 
never the tabular logarithm. 

When looking for any angle corresponding to a logarithm, add 
10 to it mentally, and when looking for the logarithm of a given 
augle, subtract 10 msntaUy from the number found in the table. 
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FLAM TRIGONOMETRY, AND THE MEASUREMENT OF 

HEIGHTS AND DISTANCES. 



I PLANE TRIGONOMETRY. 

* 

! 198. Trioonometry, as the word indicates, was originally re- 

I stricted 4e ihe measurement of triaagles ; in its largest modem 

sense, however, it is much more extensively applied. 

199. An angle in trigonometry is any opening made by two 
right lines ^ich meet» and consequently a trigonometrical angle 
may be two right angles or greater than two right angles. 

^00. There are two independent methods of measuring angles. 
In trigonometry considered as a science, a unit of measurement is 
employed entirely distinct from the unit employed in trigonometry 
considered as an art. 

201. The first, which is called the analytical or theoretical unit, 
is that angle of a circle which is subtended by an arc equal to its 
I radius. This unit is to be remembered as an angle, and is the same 

i for circles of all sizes. 

f 202. The second, which in this country is invariably used in 

i practice, is that angle which is subtended by the 360th part of the 

I whole circumference. This angle is called a degree, marked 1*^ ; 

i its 60th part a minute, marked thus, 1' ; the 60th part of a minute 

i a second, marked thus, I''. The angle subtended hj the fourth 

part of the circumference, or the right angle, is therefore 90° ; two 
right angles 180°, and so on. 

203. This second unit, with its subdivisions, is also made use 

of for measuring the arc of a circle : and it is then a linear imit, and 

! varies in length as the circle varies in size. Cai*e should be taken to 

distinguish between the cases in which it is employed as an angular 
and those in which it is used as a linear unit ; where it is employed 
to denote the length of an arc, and where to measure the magnitude 
of an angle. 

This caution is principally necessary, in order to avoid a con- 
fusion of the two ideas, as no incorrect results would follow from an 
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indiscriminate use of the terms arc and angU, All the fonnulsB that 
will be given respecting angular magnitude, will be found equally 
true for the corresponding functions of subtending arcs. 

204. The English division of the circle into 360 degrees is 
called the sexagesimal, or (in reference to a right angle) the nonagesimal 
scale of division. 

In the French or centesimal scale, the circle is divided into 100 
degrees called grades, marked 1', each grade into 100 minutes, each 
minute into 100 seconds, marked as in the English scale. 

205. The rule for changing the degrees, minutes, &c., of one 
scale, into corresponding degrees, minutes, &c., of the other, is thus 
obtained : 



First, 


F 


100 
90' 


orl^; 


••. F = 


= 1^ 


E Ti: 


E + ^E, 


Again, 


9 
E 


90 
lUO' 


^ 9 

9 
^10' 


\E :=. 


' F 

10 


= F 


- 1 F 




10 



II. 



I. To reduce English degreei*, Ac, to French grades, <fec., reduce 
the given seconds and minutes to the decimal of a degree, prefix the 
degrees and add l-9th of the whole. 

Example. — How many degrees, minutes, Ac, in the centesimal 
division of the quadrant correspond to 101° 2' 34" in the nonagesimal 
system? (B.A. 1843.) 

60)34- 



60)2-66a 



101-04278 = E 

11-22697 = ^ 

9 



112-26975 



Ans. 112^ 26' 97-6^ 

n. To reduce French grades, &c., to English degrees, Ac, write 
down the given grades, minutes, &c., as a decimal number, and re- 
moving the decimal place one to the left, repeat the same in a second 
line. Subtract the lower from the upper line, and reduce the 
decimal part of the remainder. 



I 
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.1 

Example.— Ej^ress 112' 26' 97-5'' in the English scale. 

112-36975 F 

11-22697 K 
10 



1 1 

i 

■ / 



101-04278 
60 



2-56680 
60 



^r 34-008 



I Am. 101° 2' 84-008^ 

:\ 206. In order to ascertain how many degrees of the sexagesi- 

; f mal scale, the theoretical unit, referred to in Art. 201, contains, we 

f * must assume two propositions proved elseu here. 

I I 1st. The circumference and diameter of a circle are incommen- 

surable quantities, but they have a constant ratio to each other, the 

^ same for all circles. This ratio has been calculated to many decimal 

places, the first five of which are all that are generally used, viz., 
3'14159 ; this number is represented by the letter ir : therefore, 
using r for radim, and C for circumference, we have : 

C C 

-J-, — -, or -— = ir; .-. C = 2 ir . r. 

diameter 2 r 



2nd. It is proved in Euclid, book VI , prop. 33, that the angle 
of a circle varies as its arc, or in other words, that the angle is a 
measure of the arc, and vice versd. 

Now, let B bo the angle of a circle subtended by an arc equal to 
the radius ; then 

e : 360° : : r : 2 IT r, 

•\ e . 2 IT r = 360° r, 

.-. ^ . 2 IT = 360°, 

... e = ^ = 57-2957795% 
2ir 

which is the number of ordinary English degrees in what is called 
the analytical or theoretical unit of angular measurement, 

207. ^^^ , contracted into — , is the analytical measure of any 
i radius r 

\ &ngl6, and very slight consideration will suffice to show that this 

fraction, multiplied into the number just found, gives the number 

of degrees in the sexagesimal or English scale, in any angle of a 

circle; thus — 

Any given angle = - . 67-2967796^ 



; , ^^^ arc J. X.J '-^^ « 
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208. The following six ratios, the alphabet of trigonometry, 
are functions of the angle to which they relate, L e., they vary as 
it varies. 

Fu^t, let 5 (Fig. I.) be any angle A ; draw B C perpen- 
dicular to C, then 




^=r-^ is called the sine of -4, which is written, «tn. A. 



B 


AOtA UIJ.«^ 9%llti%f VX AX 9 Vf 


CO 
BO • 


cosine of A^ 


BC 
CO • 


• tangent of il» 


CO 
BC • 


• cotcmgent of il. 


BO 
CO • 


• si0cant of Af 


BO 


• C0s^can^ of il. 



B C 



cos, A. 



tan. A. 



cot, A. 



$09, A. 



cosec. A. 



Note. — ^To these are added, for the sake of completeness rather 
than for their utility, the versed-sine, and the coversed-sine ; written 
vers. J. ar 1 — COS. A, and covers. -4 = 1 — sin. A. 

0091 We have before stated that the theoretical uiiit of angular 

measurement, in trigonometry, is that angle which has an arc equal 

to its radius. Now the line 5 is the radius, and therefore, the 

unit of measurement for the angle BOO; and if B Ghe called the 

arc, then as ^ G >, =, or <, B 0, so is the angle BO C greater 

than, equal to, or less than unity ; and the proper measurement of 

B G 
the angle B O C, cpn^equently, is -=-7^. 

JD O 

210. In old works on trigonometry, the radius was 1, and the 
line B C itself represented the sine, ^ the line C the cosine, 
and in the same way all the functions were represented by lines, as 
follows : — 



I 
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sin. 


A 


= 


B a 


COS. 


A 


s 


C 0. 


tan. 


A 


= 


T a. 


cot. 


A 


ss 


D r. 


sec. 


A 


= 


T. 


cosec. 


A 


= 


r. 


vers. 


A 


S5 


GO. 



covers. A ^sDM^. 

As by this method a new sine was required for even the same 
angle, for every change in the size of the circle, it has been aban- 
doned, and the sine and other functions of an angle are no longer 
lines, but ratios, or numbers. 

dll. The expression ^— - represents the number of linear 

units 'm B C, divided by the number of linear units in B 0, and the 
quotient of this fraction is the number which is called the sin. A. 

Again, ^---, before reduction, whether it stands for the lines 
B O 

themselves, or the number of linear units they contain, is the ratio 
which is called the sin. A. The same remarks apply to all the 
other functions. 

Q12. The derivation of the term sine, from sinusy the translation 
of an Arabic word, has reference to a bow-string which the double 
sine {B B^, fig. I.) represents. Cosine is a contraction of '* comple- 
mentary sine," or " sine of the complement," where by complement 
is meant the excess of a right angle over the angle in question, 
did. So cos. A = sin. of the complement of A, 
cot A = tan. ditto ditto 

cosec. A =s sec. ditto ditto 

coversed sine A = versed sine do. ditto 

214. To prove this, let the two triangles (Fig I.) B OC, OKL,he 
equal in all respects ; namely, K L to G 0, L O to B C, and K Oto 
B ; then, the angles B C and K L are equal to a right angle, 
and the angle K Lis the complement of the angle BOG, and 

cos. KOLiB~mdBm.BOGiB^; 

K O .BO 

cotZOLis ^, andtan. BOCis^; 
cosec. KOh\& =-=r, and sec. B Gib -^— . 

^""^ rs' FL' r?" "' "«p«««^«iy ^""^ *^ !!• 1%- m- 

and therefore, sin. BO G ^ cos. KOL ss cos. of the complement 
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A 



of B C. Similarly, tan. B C, and sec. BO C, respectively 
equal the cot. and cosec. of the complement of B C. 

Generally, therefore, any function of an angle is also the co- 
fimction of .it^ complement, and vice versa, 

215. Tfie following results are necessary consequences of the 
previous definitions : 

a- A J, B C B 

Sm. A X cosec. A = — -- x 



Cos. A X sec. A = 
Tan. A x cot. A = 



BO BG 

C BO 

B ^ G 

BG GO 

GO ^ BG 



= 1, .*. sin. and cosec.'^ 


'3 


=s ly .*. cos and sec. 
= 1, .*. tan. and cot. 


o 

2 
> f^ 

r « 

2 
2 



+ BG + CO + B C + ^0 + B + 
+ ^0' +i^0' +(7 0' -^ B(f +0 0' + 



. 216. The signs + aiid — are used to point out opposition in 
direction. Hence all lines in a horizontal direction, measured from 
a given point O, to the right hand, are positive, and those to the 
left are negative ; similarly, all perpendicular lines measured up- 
wards are positive, downwards negative. The lines B O, B^ 0, &c., 
which have no definite direction in space, are always positive. 

217. If we now suppose the line B to revolve in the 
same plane round the centre 0, and successively assume the posi- 
tions, B 0, Bi 0, Ac, and let fall the perpendiculars B^ Ci, ^s C2, 
B^ C; then, when the angle is less than a right angle, as in ^ C, all 
the six following functions are positive, hecause the lines B C and 
(7 are positive, and ^ 0, as has heen stated, is positive. 

BO 

+ sin. + cos. + tan, + cot. + sec. + cosec. 

When the angle is in the second right angle, or hetween one 
and two right angles, as in J5, O Ci, then the lines B^ C^, B2 0, are 
positive, and (7, is negative, and the six functions have the follow- 
ing signs : 

+ BaCjt ^ C^O -f B^C^ -^ CgO + B^O + B^ O 

+ B,o' + B, o' - c, 0' -h B, ci - c^ o' +B2 c; 

+ sin. T- cos. — tan. — cot. — sec. + cosec. 

When the angle is in the third right angle, or hetween two and 
three right angles, B^ 0, and G^ are negative, and B^ positive ; 
and the six functions have the following signs : 

^ --B^G^ -- G^O — B^G^ — CjO + B^O + B^O 
+ B^0' +BsO' — C^O' ^B^a --• C^O' ^ Bs C^ 
— sin. — cos. + tan. + cot — sec. — cosec. 

When the angle is in the fourth right angle, or hetween three 
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and four right angles, B^ C is negative, C and B^ are positive, 
and the six functions have the following signs : 

^ B^C + CO --^ B^C + CO +B,0 +JUP 

+ B^O' +B,0' + CO' ^B,C' +C0' ^ B,C 

— sin. + cos. — tan. — cot. + sec. — cosec. 

218. These results should be committed to memory ; and for 
this purpose the following tables have been formed, in which it is 
notable, that those functions which are reciprocals have the same 
signs throughout the four right angles. 

Sin. and cosec. Tan. and cot Sec. a2id cos. 



The numerals indicate the place of the first, second, &c., right 
angles. 

219. The following will be readily understood : 



Value of Angle. 


GorreBponding values of 1 


sin. 


COS. 


tan. 


• 

cot. 


sec. 


cosec. 


v.sin. 


0**, symbolized thus, — 





1 





oc 


1 


oc 





90°, or ^, or ... L 


1 





oc 





oc 


1 


1 


180°, or w, or ... ± 





-1 





— oc 


-1 


— a 


2 


270°, or ^^, or ... r- 


— 1 





— a 





— a 


— 1 


1 



220. In art. 213, we proved that the sine of an angle was equal 
to the cosine of its complement, and vice versd. We will now prove 
that the sine of an angle is equal to the sine of its supplement, 
where by supplement is meant, the excess of two right angles over 
the angle in question. 

Observe in these cases that the angle -4, whatever be its 
value, is always subtracted from 90° or 180° ; thus the complement 
of 136° is — 46°, because 90° — 136° = — 46° ; the supplement 
of 212° is — 32°, because 180° — 212° = — 32°. 

Similarly the complement of(-4— ^J = ir — A. 

Ditto supplement of (^ + -4J = ? — il. 

Refer to Fig. I., and let the angle B2O Cq== angle B C or A, 
and make Bf 0=^ B 0, and draw B^ C^ perpendicular to (7s O. 
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Then ^ C O B^^ w ^ A, ue.^ the supplement of A, 
and sin. («■ — ^) = ^» ^« = :?_?= sin. A, 

also COS. (ir — il = -~-^ = ^ = — COS. -4. 

B^ O B (J 

ddl. It therefore follows. 

Because ^ ~ il is the supplement of ~ -|- ^» 

A sin. (| + ^) == sin. (l — ^) = cos. A (918.) 

and COS. ^^ + ^ ) = — cos. (^ — -4 ) = — sin. A. 

i%%. Again, because — ^ is the supplement of ir + ^, 
.% sin. (w + -4) =s sin. (— -4) = — sin. A, (220.) 
and cos. (ir + -4) = — cos. ( — -4) = — cos. A. 
293. K in Fig. I. we suppose the line J5 O to coincide with the 
iine C 0, and thence to revolve round as a centre, in the direction 
of B 0, Bt 0, and B^ 0, till it arrive at B^ 0, leaving the angle 
B^O C equal to the angle A^ the angle thus described by the re- 
volving line will be, 9 «■ ^ -4 ; and hence. 

In conclusion, since after each complete revolution of the line 
O 5 it again comes to its original position, and the lines B C, C 0, 
are of the same magnitude and in the same direction, therefore the 
sines, cosines, and other functions undergo no change, either in 
sign or value, by the addition or subtraction of fpur right angles, or 
multiples of four right angles. 

994. The following results of the preceding sections will be 
constantly assumed, with or without reference : 

The complement of ^-4 — ^) = tt — -4 

The supplement of ^3!^ + -4^ = | — A 

Sin, («■ — -4) = sin. A,, and cos. {ir -^ ^) ;= — cos. A. 

Sin. (f + ^) = sin. (? — ^) = cos. A. 

Cos. Q + A^^ -^ cos. (5 — ^) = — sin. 4. 
Sin. (v + A) =z sin. (— -4) = — sin. X 
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Cos. («• + -4) ass — COS. (— il) 8= — COS. A. 

Sin. (9 IT — -4) =s — sin. A, and cos. (d ir — ^) s= cos. A. 

225. (1) Befer to Fig. L, and by Euclid I., 47, we obtain the 
following results : 

.% sin.« -4 = 1 — cos.« A, and cos.« -4 = 1 — sin.' A ; 
.". sin. A = V^l — COS.* -4, and cos. -4 = ^1 — sin.« -4. 

(2) Tan. il as ---, and dividing both terms of the fraction 

B C CO 

by J? 0, we obtain — -- or sin. A for the numerator^ and -^-rr or 

COS. A for the denominator ; therefore, 

Tan. .1 = ?!?i4. 
COS. A 

<») «- (IDf + O' - 1. - 1." 1 + (§^' 

= \Q^) or 1 + tan.' A = sec* A, .% sec. A = v 1 + tan.« A. 

(4) Smularly,l + (J^y=(^*,orl + coUM = cosec«il; 

A cosec. A = ^1 + cot* A. 

(5) Similarly, cot. A = ^P^' , and dividing both terms of the 

sin. ui 

fraction by cos. -4, we obtain, 

Cot A =s — A— 

tan. A 

226. Collecting these results, and such as are readily deducible 
from them, we have : — 

Sin. -4 = Vl — COS.* A = ititt-^ (o) 

cosec. A ^ ' 

Cos. A = \/l — sin.« A = ^^^—^ 08) 

ffi A _^ sm. A ^^ JL ^ / V 

" cos. il "" cot A •••v/ 

Cot ^ = S2t4 = 1 (8) 

sm. -4 tan. -4 

Sec A =^l + tan.«^ = ^3^-j (c) 

1 

Cosec, -4 = ^1 + cot* A = .^ a • . .^ . • . (0 

And in a similar manner may any of the trigonometrical func- 
tions of an angle be e2[pr6ssed in terms of any other function. 
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NUMEKICAL VALUE OF TKIGONOMETKICAL 

FUNCTIONS. 

3S7. We can find the numerical valne of the sine of an angle 
of 80^ by constructing an equilateral triangle A B C^ 




and letting fall a perpendicular, C D, ix) the base, from C; then 
the angle B A C, by Euclid I., 32, corollary 1, is an angle of 60°, 
and the angle A C I) bh angle of 30°. 



Again, cos. 30° = ^1 — sin.« 30° 



Also ta^. 30° = ?^5i|0! ^ i ^ 1 

COS. 30° -^ ^3 

Sec. 30° = " 



COS. 30° 



-^ '^ ^/S 



46°. 

228. Since the sine of an angle is equal to the cosine of its 
complement, therefore 

Sin. 46° = COS. (90° — 46°) = cos. 46°. 
And as sin.« 46° + cos.' 46° = 1, 



.-. 9 sin.* 46° = 1, and sin. 46° = -^ = cos. 46°. 

V2 

sm. 46° 

cos. 46° 



Tan. 46° = ",_' T^^s = 1. Sec. 46° = rrr^o = ^i- = \^2. 



cos. 46° 



1^ 



60°. 



229. Sm. 60° = cos. (90° — 60°) = cos. 30° = 



Again, cos. 60° = sin. (90° — 60°) = sin. 30° = h 
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AlBO. tan. 60° = ?^: = ^ == •». 

COS. 60° J 



Sec. 60*^ = 



COS. 60-^ i 



230. By Art. 220, sin. 120° = sin. (180° — 120°) = sin. 60°, 
and COS. 120° = — cos. (180° — 120°) = — cos. 60°; 

.-. Sin. 120° = ^. 

2 

Cos, 120° = — i 

Tan. 120° = ?iB:i?2! = ^ = -^J. 

cos. 120° — J 

1 1 



Sec. 120° = 



== — 2. 



CQ3. 120° — i 

In a similar way, and by means of the formula to be hereafter 
given, the numerical values of all angles are found. 

DEDUCTION OF EORMULiE RESPECTING THE SUM 
AND DIFFERENCE OF TWO ANGLES. 

281. Sin. {A + B)= sin. A . cos. B + cos. A . sin. B. 
Firstlet-^u4 (>5 = ^^, ^ BO C =^ ^B =^ ^ B OD, 
then ^AO 6'= ^ (A + B), ^ A D= ^ (A ^ B). 




Draw C BD perpendicular to B Oy wA B M, C N, vxA B 11, 
perpendicular to -4, also BK, DL, perpendicular to the parallels 
B M and C N; then the triangles B C K and D B L are equal in 
every respect, by Euclid, I., 26. 

By Euclid, I., 29, the -^ JT i? = ^ ^ B; 

and ^CBK=^ CBO^^KBOsz(^^A), 
•% sin. C B K =■ cos. A, and cos. C B K= sin. A. 
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(1) Sin.(.l + ^)--_ ^__ = -^_ + ^^ 

_BM ^ BO , CK B^ 
'^'WO 'U~0 '^ B~G GO* 

= sin. A , COS. B •{■ cos. A . sin. B. 
/o^ c- fA m DR BM-^ BL_BM B L 



jBif BO _BL' B D 
B 0^ DO B^ DO 



^> 



= sin. J. . COS. 5 — COS. J. . sin. ^. 

.*. sin. (w4 + B) = sin. -4 . cos. B + cos. A . sin. 5. 

(3) Sin. A =s sin. (i ^ + J ^) 

s sin. ^ ui . cos. \A-\' COS. } ^ . sin. \ A, 
= 2 sin. I J. . COS. \ A. 
Similarly sin. 2-4 = 2 sin. A . cos. A. 

232. Cos. (i4 + jB) = COS. A cos. J9 If sin. A sin. JS. 

n\ p.a/>l_l.R^ NO_MO^MN_MO BK 

(1) Cos.(^ + B)=^-g= ^-^ =__-_^, 

^M0_ BO _BK BC 
BO VO ~B~V CO' 

= cos. A . COS. B — sin. -4 . sin. B. 

/o\ Pno /J R\ ^0 MO + MR MO.DL 

(2) Cos.(^-B)=:_« ^t^ = ^_+_, 

BO DO ^ DB D 0^ 
=s cos. il . COS. B + sin. A . sin. B. 
.*. COS. {A + B) = COS. il . COS. B Ip sin. -4 . sin. B. 

(3) Cos. A = COS. (J il H- i A)= cos. J J. . cos. ^ A ^ sin. 
J -4 . sin. i A = COS.* J -4 — sin.' J -4. 

Cos. 2 -4 = cos. (-4 + -4) = cos.' .4 — sin.* J. = (1 — sin.«-4) 
— sin.* ^ = 1 — 2 sin.' -4. 

Also, cos. 2 -4 . = COS.* A — sin.' .4 = cos.' -4 — (1 — cos.« A) 
= 2 COS.' ^ — 1. 

233. Tan.U + B)= tan. ^ + tan. B 

"• 1 4- tan. A tan. B 

Qv Tan fj4-t-B^ — ^"^'^^ +B) ^ sin.ii.cos. B + cos..4.sin.B 

"" COS. (A + B)"^ COS. A . COS. B — sin.-4 . sin.B* 

Dividing both terms of the last fraction by cos. A . cos. S, we 
obtain, 

Tan. lA + B)^ tan. ^ + ten. B ^ 
^ ' 1 — tan. -4 . tan. B 



{ 
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/rt\ rrr M — R^ — Bm.(A^B) _ sjii. A . COS . B — COS. A .jin. B 
*^ ^""cos.(-4 — jB)""cos.^.cos.5 + sin.-4.sin. JB* 

Dividing both terms of the last fraction by cos. A . cos. Bj we 
obtain. 

Tan. (^ - 5) = tan.^-tan. B 

1 + **"!• -4 . tan. -B 

.% Tan. (4 + 5) = te°- ^ tJ^^^l^. 
"" * 1 + tan. il . tan. B 

(8) Tan.9^ = tan.(^ + A)rJ^' ^ + ^- ^=, ^ ^^^' ^ , 
^^ \ • / l-.tan..il.tan.-4 1 — tan.» ^ 

(4) Sin. 3-4 = sin. (2-4 + -4)= sin. 2-4. . cos. A + cos. 2-4. sin. -4. 

= 2 sin. il COS. A . cos. il + (1 — 2 sin." A) sin. -4 . 
= 2 sin. -4 . COS.* A + sin. -4 — 2 sin.' A . 
= 2 sin. A{1 ^ sin.' -4) + sin. A — 2 sin.' A . 
= 2 sin. -4^2 sin.* A + sin. il — 2 sin.' -4 
= 3 sin. -4 — 4 sin.' -4 . 

(5) CoB.d-4.=cos.(2-4 4--4)=:cos.2-4.co8-4— sin.2w4.sin.-4 

= (2 cos.'-4 — 1) COS. -4 — 2 sin. A . cos. A . sin. A 
= 2 COS.' A — COS. -4 — 2 cos. A . sin.' A 
«= 2 cos.' A — COS. -4 — 2 cos. -4 (1 — cos.* ^1) 
= 2 COS.' il — COS. il — 2 COS. ^ + 2 cos.' A 
= 4 COS.' -4 — 3 COS. -4. 

Additional Examples. 

(1) Show that 1 - 2 sin.' (46° — J ^) = sin. A. 

Sin. (46*^ — J J) = sin. 46° . cos. i ^ — cos. 46° . sin. J -4 

= sin. 46° (cos. J -4 — sin. J A) 

= -^ (cos. i -4 — sin. J -4). Square both sides. 

.-. Sin.» (46° — J j1) = J (cos.8 J il — 2 sin. J il . cos. ^A-\- sin.' J il) 
= ^ (1 — 2 sin. J il . COS. J il) •.• COS.* J il + sin.' J il = 1 . 
2 sin.' (46® — ^ ^) = 1 — 2 sin. Jil . cos. J A . Transpose, &c. 
.'.1 — 2 sin.' (46 — i il) = 2 sin. J A . cos. J il = sin. A. 

(2) Show that ^' ^^^° + i ^) - tan. (46° - t ^) ^ 
V ; ouuw m ^ ^^go + i il) + tan. (46° - i il) 

tan ^6° 4. 4 4^ = tan. 46° + tan. ^ il ^ 1 + tan. ^ il . 
^ ^ ^ ^ 1 — tan. 46° tan. J il 1 - tan. J il ' 

'^ * ^ ~~ 1 + tan. 46° tan. J il 1 + tan. ^' 

VVhencetan.(46°+^il)-tan.(46-;|il)= ^+^^^'t^ - !""^^'t^ 
\ -r^ } \ 2 / 1— tan.Jil 1 + tan.Jil 

^ (1 + tan. I Af — (1 — tan, j AY _ 4 tan. ^ il 

1 — tan.' J -4 1 — tan.'Jil 

= the numerator of the given fraction. 
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Also t«n.(450+i^)+tan.(450-J^)=l±^|4+;-^^ 

^ (1 + tan. ^ A)^ + (1 — tan. ^ Af _ 2 (1 + tan.g \ A). 
™ 1 — tan.« \A 1 — tan.« ^ -4 

= the denominator of the given fraction. 
. tan.(45° + ^^) — tan.(45Q — ^ ^)_ 4tan.^^ ^ 2(l + tan.g|ii ) 
" tan. (45° + i -4) + tan. (46° — i -4) 1— tan.«i^ ' 1 — tan.«J^ 

as ^*-^i— ;• Divide every term by tan. i A, and it becomes, 

1 + tan.« ^A J J ^ > 

" cot.^^ + tan.i^ cos^4J.^sm^i4 cos.^ ^ + sia.H ^ 

sin. i jil cos. J A sin. J -4. cos. J -4 

s= d sin. ^ ^ . cos. ^ ^ = sin. A. 

(8) Show that ]— ^i?54i4 = cos. A 
^ ' 1 + tan." J ^ 

1 — sJD'* i ^ COS.* \ A ^ sin.* ^ j1 

1 — tan.* ^ ^ COS.' ^ J . ___ COS.* ^ A 

1 + tan.* J -4 "" , , sin.* J -4 "" cos.' ^ ^ + sin.* ^ J. 

COS.* J J. COS.* J J. 

COS.* i A ^ sin.« i A ^ cos.« J ^1 — sin.* J w4 . 

" COS.* i A + sin.« j~Z i 

a= COS. i A , COS. J -4 — sin. J -4 . sin. ^As= cos. ( J il + J u4) =s cos. A . 

(4) Prove £2t44^^iE44 = COS. ^ . 
^ ' cot. iA+ tan. J A 

COS. i A ^ sin. ^ ^ COS.* ^ ii — sin.* ^ A 
cot J -4 — tan. i -4 _ sin. ^ J^ cos, j ^ A ^ sin. ^ il . cos. ^ .4 
cot J -4 + tan. i -4 ~ COS. i A , sin. ^ J. "" cos.* i -4 + sin.* f3 

sin. J A COS. J -4 sin. ^ ^ . cos. ^ A 

cos.*i J[ — sin.«i -4 . 1 «^„ti J ' ti A 

as . \ . f ^ _ — -- COS.* J -4 — Bin.**^ 

sin. J -4 . COS. J 4 sin. J J. . cos. J -4 * '^ 

s= COS. J, as in the question preceding. 

1 

(6) Prove — — -^—- j— j = cos. A. 

^ 1 + tan. A . tan. J A 

We first get tan. A in terms of tan J A, as followB, 

tan.A = tan.(iA + iA) = ?5J_^+^ 

\2 12/ 1 — tan. i J., tan. J J. 1 — tan.«iA 

Substituting for this, we have 

1 1 ^ 1 

• 2 tan. ^ 1 ^ x jL J 1 . a tan.* ^ A * l + tan.»^A 

■^l-tan.»JA *^ ^l-tan.*Jil 1 — tan.*JJ. 

= J.-^-*f4- Same as Example 8. 
1 + tan.* i A *^ 
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<®> ^""^ tan. (45° + iA) + cot. (45° + 1 ^) = '^'- ^- 
For tan. (46° + J A) - 1 + tan. | A ^^ Question 2. 

And cot. (45° + M) =^ taxu (45° + M) ^'''^^- 

'"' tan. (46° + J J.) + cot. (45° + J -4) "" 1 + tan.^A , 1— taji.| A 

1 — tan.^A l+taiL^A 
_ 2 ^ 2 

(1 + tan. I ^)g + (1 — tan. I A)^ 2(1 + tan.g j A ) 

(1 — tan. i A) (I + tan. J A) 1 — tan.« | J. 

2(l-tan.'^A) ^ l^tan.>| ^ Then as Example 3. 
2(l+tan.«|^) l + tan.»i-4 ^ 

(7) Prove 2 cos. (46° + i ^) cos. (45° — J A) = cos. JL. 
Expanding, we have 

2cos.(45° + J-l)cos.(46°— iA)=2(cos.46°cos.|J. — sin.46°sin.JA) 

(cos. 46° cos. i A + sin. 46° sin. J A) ; 
the right side of this equation is of the form, 

2 (a — i) (a + h), which is equal to 2 (a* — b*). 
Applying this principle to it, it becomes 

2 (cos.« 46° cos.« i A — sin.' 46° sin.' i A) 

= 2 COS.* 46° (cos.« J -4 — sin.* i A) = cos.* iA^ sin.* J A. 

(since 2 cos.* 46° = 1). Then as at the end of Ex. 3, or 232 (3). 

(8) Prove =— — ? =--. = tan. A. 

cot i A — tan. J A 

2 2 2 

cot ^ A — tan. J A cos. J A sin. ^ A cos.* ^ A — sin." ^ A 

sin. -J -4 COS. J -4 sin. J A . cos. ^ J. 
_ 2 sin. \ A . COS. ^ A __ sin. A _ . . 
~~ COS.* J -4 — sin.« i -4 "" COS. -4 

(9) Prove cot -4—2 cot 2 -4 = tan. A, 

First, cot. 2 A = — \— = i^^?'*- ( 233 (3) ). Substituting, 

tan. ^ A /« tan. A, 

^ ^ A n 4. n A 1 2(1 — tan.2 A) 

we get cot. A — 2 cot. 2 A = — — — -' 

° tan. A 2 tan. A 

^ 1 __ 1 — tan.g A _ 1 — (1 — tan.g ^) _ . 

tan. A tan. ^ tan. ^ 

(10) Prove i tan. (45° + J ^) — J tan. (45° — J ^) = tan ^. 

itan.(45° +M)-*tan.(45°-i^)=^|^±^^ - J^I^ti-^ 

^8(l+tan.M)'-8a-tan.i)i g^^^e and cancel. 
4 (1 — tan.« J A) ^ 

- _A*^- i ^ _ 2 tan. ^ A - tan f^ A 4- i 4^ - tan ^ 
•••-4(r:-tan.«i^)-l-tan.«iA""^-^*^ + *'*^-^^-^- 
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(11) Prove cot.« A . cos.« A = cot.« A — cos.« A. 

cot.« A . COS.* A = cot« ^ (1 — sin « A) = cot.« A — cot.« A . sin.* A 

ss cot .« ^ — ^P^' ^ X sin.« A = cot.' -4 — cos.« A. 

sin.s J. 

(12) Prove sec.« A . cosec*« A = sec* -4 + cosec.^ A . 

sec « ^ . cosec.« -4 = (1 + tan.* ^) cosec.« A (226 8). 

1 sin ^ -^ 

ass cosec* A + cosec.« A . tan.* A = cosec.« -4 . + -. — -— j x — - — , 

sm^A COS.* J 

= cosec* A + — —-7 = cosec* A + sec.« A, 

COS.* J 

(13) Prove cos. A = cos.* ^ A — sin.* ^ A, 

COS. -4 = COS.* J -4 — sin.* J -4. 
But 1 = COS.* i A + sin.* J -4. Multiplying these equations, 
1 X COS. A s=s (cos.* J -4 — sin.* J ^) (cos.* i -4 + sin.* J -4) 
= COS.* J -4 — sin.* J A. 

(14) Prove ^^BiA^t:^! = tan. ^ . tan. ^ . 
^ ' cot A + cot B 

sin. A , sin. 5 sin. A . cos. jB + cos. A . sin. B 

tan. -4 + tan. B cos. A cos. B cos. -4 . cos. B . 

cot ^ + cot B COS. -4 , COS. B ^ sin. -4 . cos. B + cos. A . sin..B 

sin. -4 sin. B sin. A . sin. B 

sin. (A + B) ^ sin. (A + B) ^ sin. A , sin. 5 

" COS. A . cos. ^ * sin. A . sin. B "" cos. -4 . cos. B 

=: tan. J[ . tan. B, 

/iK\ Ti X t% A sin. ^ + sin. 3 A 
(16) Prove tan. 2 A ^ j— f ---^. 

' COS. -4 + COS. 3 A 

tfllL 2 ^ — ®"^* ^ ^ = ^ 8^^' -^ - COS. A 
~~ COS. 2 A COS.* -4 — sin.* A' 

Multiplying every term by 2 cos. A, 

_ 4 sin. A . COS.* J. _ 4 sin. A (1 — sin.* -4) 

"" 2 COS.' -4 — 2 COS. -4 sin.* -4 ~ 2 cos.' -4 — 2 cos. J. (1 — cos.* -4) 

4 sin. -4 — 4 sin.' A 4 sin. -4 — 4 sin.' A 

~~ 2 COS.' w4 — 2 cos. -4 + 2 cos.' A 4 cos.' J. — 2 cos. A 

sin. -4 + 3 sin. -4^4 sin.' A sin. A + sin. 3 A 

"^ cos. J. + 4 COS.' A — 8 COS. A cos. A + cos. 3 -4* 

(16) Prove sec. 3 ^ = £2*^4±J^. 
^ cot. A — tan. A 

g o J _. 1 1 _ COS.* A + sin.* -4 

"" COS. 2 -4 COS.* A — sin.* -4 "" cos.* -4 — sin.* -4' 

Divide every term by cos. A . sin. -4, and it becomes 

COS.* A . sin.* A cos. -4 , sin. A 



cos. -4 . sin. A cos. -4 . sin. A sin. -4 cos.J^^cot-4 n-4. 

COS.* A sin.* A cos. -4 sin. -4 cot. -4 — tun. -4 

cos. A . sin. A cos. -4 . sin. A sin. A cos. -4 
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(17) ProyetaiL8 4= sin. ^ + sin. 3 ^ + sin. 5 ^ 
^ COS. A + COS. S A + COS. 6 
We must first find sin. 5 A and cos. 5 A, 

sin. (A + B) ^s sin. A . cos. B + cos. A . sin. ^ 

sin. (-4 — -B) as sin. -4 . cos. B — cos. A . sin. B, adding we get 

sin. {A + B) + sin. (^ — jB) = 2 sin. A . cos. 5 (P) 

Again, cos. (^ + ^) s= cos. A . cos. J? -r sin. A . sin. B 
COS. (A ^ B) = COS. ^ . COS. B + sin. ^4 . sin. B, 

.% COS. (A + B) + COS. (^ — -S) = 2 COS. A . cos. ^ (Q) 

Now in the equations (P) and (Q), for A write 3 ^, and for B 
write 3 ^ ; 

Then (P) hecomes sin. 5 ^ + sui -4=2 sin. 3 A . cos. 2 -4 . (i?) 
{Q) ,, COS. 5 J[ + <^os. J[ s= 2 COS. 3 J. . cos. 2 A . (S) 
Add sin. 3 J. to hoth sides of (R), 
•% sin. A 4- sin. 3 A + sin. 5 J. a= 2 sin. 3 ^ . cos 2 j1 + sin. 3 A 

= sin. 3 J[ (2 COS. 2^ + 1); 
Add COS. 3 .4 to hoth sides of (8), 
m\ eoB. A + COS. 3 -4 + cos. 5-4 = 2 cos. 3 A . cos. 2 -4 -f cos. 3 A 

= COS. 8 .4 (2 cos. 2 J[ + 1), 

whence *^^* ^ "^ ^^ 3 -4 + sin. 5 A ^ sin. 3 -4 (2 cos. 2 JL + 1) 
COS. A + cos. 3 -4 + COS. 6 -4 cos. 3 -4 (2 cos. 2 J. + 1) 

s=s tan. 3 A. 

(18) Prove sec. -4 = 1 + tan. A . tan. i A. 

First tan. ^ = J^ ^' M /gee Example 6.) 

1 — tan.« i -4 ^ 1' / 

A 1 + tan. ^ . tan. J ^ = 1 + /^ ^^' ^ ^ x tan. J ^ 

X ^^ xan. 2" ^* 

^ - , 2 tan.« i A _ 1 + tan.« ^ J[ _ sec^ j A 

^ ■*■ 1 — tan.8 J -4 1 — tan.« J -4 1 — tan.« J ^ 

1 1 

COS.* J -4 COS.* J A 1 

"" , ^^ sin.« J -4 "" COS.* 1^ -4 — sin.* j^^ "" cos.* J -4 — sin.* J A 

COS.* § -4 COS.* J -4 

^ (232 (3)) = —L-j. = sec. A 



COS. {^ A + i A) ' COS. -4 

(19) Prove sin. {A + B) . sin. ( J[ — 5) = sin.* u4 — sin.* B 
= COS.* 5 — COS.* -4. 

sin. (-4 + B) . sin. (-4 — -B) = (sin. -4 . cos. B + cos. -4 . sin. B) 

(sin. -4 . COS. B — cos. -4 . sin. B), 
the right side is of the form (a + h) {a — h) = a* — i* ; 
•. sin. (J[ + B) sin. (^ — B) = sin.* A . cos.* JB — cos.* A . sin.* -B. 
= sin.* J[ (1 — sin.* B) — (1 — sin.* A) sin.* 5 . 
= sin.* A — sin.* A . sin.* B — sin.' B + sin.* -4 . sin.* B. 
B sin * A — sin.* B. 
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Again sin. {A + B). sin. (-4 — jB) = sin.» A . cos.« B — cos.* A . sin.« B, 
= (1 — COS.* A) cos.« B — cos:« J[ (1 — cos.* B). 
B= COS.* B — COS.* A COS.* B — cos.* A + cos.* . -4 cos.* B. 
=s COS.* B — COS.* A. 

(20) Prove tail.' ^ - tan.» B = 8^- (^ + ^ • sm> (-^ - -B). 
^ ' COS.* A . COS.* B 

tan.* A — tan.* B = (tan. A + tan. B) (tan. J. — tan. B) 

(sin. -4 .sin. B\ /sin. -4 sin. B\ /sin. -4 . cos. B+cos.-4 . sin.B\ 
COS. J. COS. B/ NCOS. -4 co3.B/\ COS. A . cos. B J 

(sin. A . COS. B — cos. A . sin. B\ _ sin. (-4 + B) . sin. (-4 — B) 
, COS. .4 . COS. B / COS.* A . cos.* B ' 



THE SINES, COSINES, AND AKEA OF A TRIANGLE 
FOUND IN TERMS OF THE SIDES. 

234. The sides of every triangle are proportional to the sines of the 
opposite angles. 

In the triangle ABC, figs. IV. and V. let -4, B, C, mark the 
angles, and a, b, c, the sides respectively opposite to them, and from 



Fia. Y. 




A draw A D perpendicular to the hase in fig. IV. and to the base 
produced in fig. V. 

Then in both figures, 

sin. B = (because in V, sin. B s= sin. w — B 5= sin. ASD) 



sin. C = 



AD 



AD 
sin._B ^ e 
smTC A D 



Similarly, by drawing a perpendicular firom B upon A C, 



sin. A «_ * a. d ^^^' '^ ^ 

sin. C c sin. B h* 
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Otherwise expressed. 

Sin. A : sin. B : : a : b. 

Sin. A : sin. C : : a : c. 

Sin. B : sin. A : : h : a. 

Sin. B : sin. C : : b : e, 

dd5. The cosme of any angle of a triangle in terms of its sides, may 
pe thns obtained : 

In fig. IV. J[ C« = ^ ^ + ^ O^ fiB C . B D,hy EucUd, 
book II., prop. 13. 

Jn ^g.Y. A C* :az A B* + S C^ + 2 B C . BD,hy Euclid, 
book U. prop. 12. 

Now — — j^ = COS. B, 
B A 

.% BD = B A. COS. B, in fig. IV. 

=i B A . COS. J. 5 D, in fig. V. 
= — JB J[ COS. B (220). 

It therefore follows, that in both cases, 

62=fcc« + fl« — 2ac. cos, B. 



.% COS. B = 



a« + c2 — 6« 



cos. A = 
COS. C = 



2 a c 
h* ^ f» ^c^ 



; and similarly. 



26c 

_ a « + 6» — c » 
2a6 



236. 7^ sine of any angle of a triangle in terms of the sides. We 
have, in art. 226, 

Sin.« ^ == (1 - COS.' A) 

= (1 + COS. A) (1 — COS. A.) 
Now, by the last article. 



1 + cos. -4 = 1 + 



b^+ <? ^a^ 



2bc 

_ 6'-f26cH-c'--a» 
26c 

"" 26c 

(a + 6 + c) (6 + c — a) 



1 i. COS. -4 = 1 — 



26c 



26c 

gg — (fe» — 2 6 c + c^ 
26c 
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^ a« ^ (6 - cy 

_ (a + <? — 6)(a + 6-c) 
"" flbc 

Let ^"^^ "^ ^ = iS, i. €., let S be the semi-perimeter ; 
Thea^ + p^^a-g, 

Bat tecanse flf . (S - «) == ^±i±^^5J:^^L^. 

and becanse (5 - 5) . (g - c) = <^ + ° ~ ^>^<'' "*" * " '>, 
... 1 _ COS. A = g(g-».(3-c). 

and since sin.' J. — (1 .+ cos. -4) (1 — cos. -4), 

.% gin.» ^ = JL . S . (5 - «) . (S - 6> . (i8 - c)^ 

sin. ^ = ^i/5. (i^ — a) . (S — 6) . (S - c). 
By similar deductions. 

Bin. 5 = — V^^ . (S - a) . (>Sf - 6) . (5 - c) 

sin. C ^ ^^/S .{8 ^ a) . (S ^ h) .(S ^ c). 

237. The area of a triangle in terms of its sides. 
Beferring to figs. IV. and V. we find, by Euclid I. 41» 

Area of triangle ABC=^ ^^'^^ ; 

But AD=:AB.&m.By 

•'. Area of triangle A B C ^ — g =* -^ . sin. B, 

But sin. B = ^^S .{S -^ a) .{S -^ h) .{S -^ c), 
.-. Area of triangle il B C=^V8 . (8 ^a). {S-^ b) ;(<S-^)f. 

X 
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A A 

988. To find, in tenns of the sides, the sin. ~, cos. ^ , and 
tan.- 

r 

We have found above, that 

1 + COS. ^ = H^l^ZlA). and 1 _ COS. ^ - ?i?^=#(?^^ 

be be 

By 232 (3) we have, cos. 2 -4 = 9 cos.* -4 — 1 c= 1 — 2 sin.*-4. 

A A 

cos. -4 = 2 COS.* — — 1, or S5= 1 — 2 sin.' -^ ; 

A A 

.*. 1 4- COS. J. s 2 COS.* ^, and 1 — cos. .i. = 2 sin.* — . 

.V 8 COS.. ^ ^M^Sllf ). «.d a sin.' # =-M^:=M^i^ 

U be 2 be 

2 V^ be »«™VUD. ^ V^ ^^ 

In the same way we obtain, 

|^^(^-a).(gHJ; COS. ? = V^AJ?ZF) 



. B 

sin. 



2 -V^ 51 ' COS. --.-^ — 

Andtan.4=gl2l|=:y(g^^)>(^-^); 
2 COS. ^ ^ S . (5 — a) 

2 ^ S . (S - d) '2 ^ 8.(8-^0) • 

SOLUTION OF TRIANGLES, 

2%tf |)art# of a triangle are six, the three sides and the three angles, 
any three of which {except the three angles) being given, we can find the 
rest by means of the rules deduced in the preceding chapters. 

Formulaic Solution of IHangUs. 
SiOBT Amolbd Tuanolbs. 

239. By the previous definitions, the following equations are 
obviously true : — ^ 
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FiQ. YL 




sin. J. = - = COS. jB .-. a = c . sin. A = o . cos. B 



COS. J. = - = sin. 5 .*. 6 = c . COS. J. = <? . sin. B 
e 

tan. J. = ^ = cot -B .*. a = 6 . tan. J. = 6 . cot B 
b 

and a = V'c — 6 • i/fc + c. 



Obuqub Anoled Tbunglbs. 



First Case, 

340. The solution of a triangle, when tLs three sides a, b, o, 
are given (figs. lY. and Y.). 



Let ?L±Mi c _ 
2 



SB i9, as before, 



and first obtain M = . >^ (^ — a) . (^ - 6) . (^ - (?) . 

then find the three angles by means of the following formulsB, 
which are very obvious deductions from the values of the same 
functions found in section 238. 

tan.i = _^,tan.^=-^,tan.£ ^. 

The above formula is very convenient when the three angles are 
required ; but for fin ling the value of one angle, any of the for- 
mulae of the angle and the sine above deduced may be employed. 
For the sine, cosine, or tangent of half the angle, it must be here 
and also generally remembered, that when the angle is near 90^, 
the sine, tangent, or secant should not be used ; nor the cosine, 
cotangent, or cosecant, when the angle is very small; because in 
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each case the functions named vary with the angle less than their 

cofonctions. 

Second Case. 

241. Given one side a, and two angles, A and B, to find the rest. 
The third angle C = 180° — angles {A + B), and it has been 

proved that^ = fj^L:? ; also that ^ = ?|5l?; 
'^ a sin. A a sin. A 

. fc — ^ sin. B ^^ , ^ sin. C 
^\o ^ a —, 7, and c ^^ a —, ,, 

sin. A sin. A 

Third Case. 

34d. Given two sides a b, and an angle B not included, to find 
the rest. This is usually called the ambiguous case, 

Fio. vn. 
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If jB be acute, and 5 < a, we have two triangles indicated, ABC 
and A^B C, and therefore two angles, A and J.,, supplemental to 
each other ; and since sin. B = sin. (180 » B), we have two solutions, 
and no means oi determining which of these angles is meant. 

K ^ be acute^ aad b = a, osia A^ B C, then A^ B, and if 
h > a,dAmA^BCy then A < B. Lastly, if 5 be obtuse, as in 
A^ B C, A ia acute, and in none of these cases, is there any 
ambiguify. 

When the ambiguous case is given for solution, the ratio of the 

required angle to a right angle is generally given also ; where this 

is not done, both angles should be found as follows : 

•El* A. sin. A a . jt • n a 

First V -; — ^ = -r .*. sm. A as sin. B ^ ; 
sin. B b b 

C=18(fi^(A + B). 

And by the second case o^a. ?^^,. 

sm. A 
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Fourth Ca80n 

243. Given two sides, a b, and the included angle C to find the 
other two angles and remaining side. 

We have found that - = -r-^„, 

b sin. B 

Firsts s= :i+L^ + 4^-A (Q) 

B^±+l-±:zB (^j 

Then ^ = sia. ^ + '^B ^ ^^g ^^ ^^j ^pj 

a — 6 sin. A — sin. 5 ^ 

„ . A + B A-^ B 

3 sin. — ^ COS. — - — 

= T-T— n A D ' dividmg num. and 

2 COS. — -T — . Bm. — jr — 

denom. by d cos. —J — . cos "^^ — 



tan. 



A + B 

2 



tan.:^-^ 



2 
Now C = 180^ - ^ + B /.-^=90°- ^ + ^ 

••• cot. — tss tan. — -^ — 

cot. -jr- 



a — 6 tan. A ^ B 

2 

•% tan. — - — = . cot. — . 

2 a + b 2 

By the last formula, having two sides, a b, and an angle C given, 

the other two angles and remaining side may be easily found. 

Ymi ^ t ^ = ^0° - ?, 
2 2 

A '^ B 

and — -^^ — can be found by the above formula. 

TheD A and B can be found from {Q) and (R), and as before shown, 

sin. C 
e = a- — J. 

sm. J. 
244. But in order to obtain e without finding the angles, A or 
B, the two following methods are usually given. 

First Method, 

c = Va* + 6* — 2 a 6 cos. C 

and cos. C = 2 cos.« ^ — 1. (288.) 
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/.«ps3i^ + 6^^4a5. COS.* I" + d a 6 
= (a + 6)« — 4 a 6 . COS.* ^ 

I (a + by i 

Q 

4 a 5 . COS.* -^ 

Suppose — 7 — , .^ = sin.* tf , 
(a + 6)« 

then c» = (a + 6)* (1 — sin.' tf) = (a + fc)» cos.« tf, 
and c = (a + () cos. 0. 

Second Method, 
Ascos. C=l-asin.«|' (338) 

«» = i^ + 6t — 9a6 + 4a6 sin.* ^ 

CB (a - 6)» + 4 a 6 . sin « ^ 

[^ + (a - by ) 

4 a 6 . sin' ^ . 
Suppose — ^ y>\t ~ *"^-' ^• 

Then c»= (a — by (1 + tan." tf) 
= (a — 6)« sec.* ft 
And e = {a ^ b) . sec. ft 

Numerical Solution of Triangles. 

BiOHT Angled Tbiangles. 

The cases which may be proposed for solutiony in right-angled 
triangles, axe the following :— - 

First Case, 

246. Given c and a orb; required the rest. 

By 239, sin. A =-; or (if b be given) cos. A =-^ 

c c 

and b = e cos. A; or (if b be given) a = c . sin. A 

.'. log.< sin. -4 . = 10 + log. a — log. c 

and log. b = log. c + log.^ cos. A — 10. 



NUMBRIGAL SOLUTIONS. 165 

K 6 be given, log.< cos. ^ = 10 + log. h — log. e 

and log. a = log. o + log., sin. -4 — 10. 

In both cases, the remaining ^ =3 00° — ^ found. 

Example. Given c = 4184 

h = 3633 to find the rest. 

Here, log., cos. ^ = 10 + log, h — log. e . 
log. b = 8-4202869 
„ = 8-6215917 



1-7986942 log. cos. 61° V 8^' 

The logarithmic formula for deducing a, as given above, is, log. 
a = log. c + log.< sin. A — 10 ; but as any of the formula given 
in article 339 may be used, we take this one, a = b tan. A, 

••. log. a = log. h + log.< tan. A — 10 
= log. tan. 61° 1/ = -0918891 

ej*' = 369 



•0919260 
log. h = 3-4202869 



8*6122109 = log. of 3262-462 
A = 61° 1' Sy' 
B = 38° 68' 611*' 
a => 3262-462 

246. The above solutions give a by means of the angle which 
is first found ; but the side a or 6 may be found without knowing 
the angles. 

For h = ^c^H^* ^/c + aoT (if 6 be given) a = 

V'c — 6 • ^c + b. 

.•. log. of remaining side = J (log. e +aoTb + log. o — aorb) 

Ex. Given = 128-4327 
a = 110-0961 

.-. c + a = 238-6278 — a » 18*8876 

log. (c + a) = 2-3776390 
log. (c — a) = 1'2633426 

2)3-6408816 

1*8204408 =log. of 66-186U 
/. b = 66-13644. 
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Second Case. 
1247. Giv«ii 0, and ^ or B ; required the rest 

First, the remainmg z. = 90° — given ^ ; 

and \' a = e . sin. A ; and 6 = c . cos. A ; 
.*. log. a = log. c H- log.| sin. A — 10, 
log. h = log. c + log-t COS. A — 10. 

Ex. Given (J =• 170-326, 
^=44°1'10'. 
Log. c = 2-2312783 
log. COS. -4=1-8667918 



2-0880701 = log. of 122-4814. 

Log. e = 2-2312788 
log. sin. A = 1-8419289 



2-0732022 = log. of 118-8692 

.-. B = 90° — 44° 1' 10" = 460 68' 60^ 
a = 118087, h = 122-4814. 

Third Case. 

248. Given a or h, and Aor B; required the rest. 
Bemaining ^ = 90o — given jC ; 

and •.• sin. -4 = -, tan. -4 = -, and tan. B =• -; 

CO a 

.-. = .^ ^, 6 = r-^^> and (i^ * ^® given) a = 
sulJI tan. J. 

... log. c = P^g' « - 1<^^-' sin. ^ + 
\log. h — log.j sin. B + 



6 



tiui. B 
10 
10 

log. 6 = log. a — log.4 tan. -4 + 10 
log. a =: log. 6 — log.| tan. B + 10. 

Ex. Given h ^ 469*34 

^ = 61° 26* 17' 

First, B = 90° — 61° 26' 17' =s 88° 88' 48' ; 

log. h = 2;^6714876 
log. tan. B :s 1-9016688 



2-7699188 as log. of 688-7886 
•*. a 8 688-7886. 
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Log. tan. ^ =: -0984313 
log. b = 2-6714876 



log. a == 2^7699188 = log. of R88-7335, 
log. sin. A = 1-8931706 

log. c = 2-8767483 = log. of 762-919. 

Fourth Case. 
249. Given a and b, to find the rest. 

•.• tan. J. = -., 
. . ^ 

A log.i tan. -4 =5s 10 + log. a — log. 6, 
and -^ B = 90° — j1 ; 

also, sin. Jl = -, and cos. ^ = - 

e ^ 

a b 

.% i 



sin. A* sin. B ' 



• loff c =z P^- ^ "" ^^^-^ sin. J[— 10 
' ^* I log. 6 - log., sin. 5 — 10 



Ex. .Given a = 101, 
5 m: 103. 
Log. a = 2-0043214 
log. b = 2-0128372 



1-9914842 = log. of tan. 44° 26' 18* 
.-. A = 44° 26' 18' 



5 = 90° — 44° 26' 18" = 46° 33' 42' 
log. a =^-0043214 
log. sin. A = 1-8451866 



2-1691368 = log of 144-267 
.-. c = 144-267. 



^ OAiiTQUE Angled Tbiangues. 

First Case. 

260. Given a, b, and o ; required the angles. 
The formulfle proved in art. 240 are, 

2 • ^ s ' 

.^ A M . B M ^ C M 
tan. — = , tan. _ ob _ , tan. - = 



.) 



then 



2 ^^ - a' 2 S .-. 6' --*• 2 S _ c* 
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Example. Given a = 786-8 

h = 720-8 
9 = W8-« 



2)2149-8 

1074-9 ac 8 
289-1 = flf — a 
364-1 = 5 - * 
431-7 = 5 — c 
251. In working from the above formulsB, the student should 
perform the subtractions, as has been done above, without writing 
out the quantities twice. 

To find M, and hence A^ B, and C. 

First, log 3f- ^^'^^~^) + ^^g- (5 ~ 6) + log. (/Sf -- c) - log. ^ 

A 

then, log.| tan. — = 10 + log. M — log. {S — a), 
log., tan. :? = 10 + log. M — log. (S - 6), 

log.< tan. ~ « 10 + log. M — log. (8 — c). 

Log.{iS— a) = 2-4610481 
log. (5 — 6) = 2-6491269 
log.(5—c) = 2-6361820 

7-6463660 
log. 8 = 3-0313681 



2)4-6139879 



2-3069939 s log. M: 



Log. M » 2-3069939 
log. (5 — a) = 2-4610481 



1-8469468 = log. tan. 86® S' 40*5' 

•8467644 



1814 
60 

2688)108840(40* 
10762 

1320 
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Log. M =: 2-3069939 
log. (iS — 6) 8 2-5491259 



1-7578680 = log. tan. 29° 47' 47' 
7576383 



2297 
60 



298,0)13782,0(47' 
1172 



2062 
2051 



11 

Log. M = 2-3069939 
log. {S -c) = 2-6351820 



1-6718119 = log. tan. 26° 9' 82-6' 
6716345 



1774 
60 

8283)106440(32 
9849 



7950 
6566 



1384 



/. A = 36° 2' 40-5' A = 70° 6' 21' 

:? = 29° 47' 47' B = 69° 85' 84' 

2 

£ s=s 25° 9' 32-5' O = 50° 19' 5' 
2 

90° 180° 

Second Case. 
262. Given one side a, and two angles A and B, to find the rest. 

First, C = 180° — (^ + J?), 

then6=a.?^,andc = a.?i5lj5 
sin. A sin. J. 

/. log. b = log. a + log. sin. B — log. sin. A, 

log. c = log. a + log. sin. — log. sin. -4. 



'-^k. 
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Ex. Given a = 16-236 

^ == 89° 9' 23-54" 
B = 64° 38' 2512" 
Birst, O = 180° — (^ + if) = 36° 17' 11-84". 

Log. a = 1-1828710 
log. sin. B a 1-9109937 

r0938647 
log. sin. A = 1-9999530 



1-0939117 = log. of 12-414 = b 
Log. a = 1-1828710 
log. sin. (7=1-7721918 



J9660628 
1-9999630 



•9551098 = log. of 9-01799 = e 
.-. 5 = 12-414 and c = 9018. 



Third Case. 



268. Given two sides a, b, and an angle, B not included, to 
find the rest. 

On referring to fig. YIl. and art 242, we find 

• A • i>a C=180° ^ A + B 
Bin. A = sm. B -: ^ „ — ; — - — ^ 

b' C^= 180° — 4,+ 5 

sin. G sin. (7, 

sm. A sm. j1| 

Here by c and c, the sides B A and J? ji, ^^ meant ; and by C 
and (7s, their opposite angles. 

First, log. sin. A = log. a + log. sin. B — log. 6, 

and log. e = log, a + log. sin. C — log. sin. A, 
log. 02= log. a + log. sin. d^ log. sin. jIj. 

Ex. Given a ^ 234 
6=169 

J5 = 27^ 18'. 

Log. sin. B = r-6602660 
log. a = 2-8692169 

2-0294709 
log. 5 = 2-2013971 

18280738 = log. of sin. 42° 18' 21-91" 



NUMERICAL SOLUTIONS. 161 

.-. A = 42° 18' 21-9r : ^= 137° 41' 38-()9' 
C= 180° — (43° 18' 21-9r + 37° 13') = 110° 38' 38-09" 
Ci= 180° — (137° 41' 38-09" + 37° 18') = 16° 6' 31-91" 

log. = 3-3692169 
log. sin. (7=1-9716630 



3-3408679 
log. sin. A = 1-8380738 



3-6137951 = log. of 336-688 = e 
log. a = 3-3693169 
log. sin. Ci= 1-4166471 



1-7848630 
log. sin. A^ = 1-8380738 



1-9667903 = log. of 90-6394 = c, 
••• if the solution of the triangle 2^ -4 C be required, 
A = 43° 18' 31-91"; (7= 110° 38' 38-09" 

c = 336-6830. 
But if the triangle B A^ 6', be given for solution, 

4i = 137° 41' 38-09" ; C, = 15° 6' 31-91" 

Ct = 90-5394. 



Fourik Case. 

364. Given two sides a, b, and the included angle G, to find the 
other two angles and remaining side. 

tan. ij;^ = il=4 . cot. ?; and ^4^ = 90» - f . 
a a + b 3 3 3 

3^3' 3 3 

sin. C 
c = a— — -. 

sm»A 
The above wriden for logarithmic computation is 

log. tan. — =s log. a » 6 + log. cot. -x — log. a + b 

log. c = log. sin. G + log. a — log. sin. A. 

Ex. Given a = 86-63 
b = 78 31 
C = 48° 34' 
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First A + B=^ 180° — 48© -24' = 13lo 36' 
/. ^ t ^ = 66® 48' and ^ = 24© 13- 

a — 6= 7-43 ^=240 13' 

a + 6 = 163'84: ^ ^ ^ = 65° 48' 

log. (a — 6)= -8704089 

log. cot $ = -8473497 
^ 2 

1-2177636 
log. (a + 6) = 2-2144199 



10083887 = log. of tan. ^ "" ^ = 6° 46' 16-6'' 

^ 2 

.-. i (^ + J?) = 66° 48' 

and 5 (J. — J9) = 6° 46' le^" 

71° 83' 16-6" = A. 



60° 2' 44-5" = B. 
Log. a =J/9326269 
log. sin. C = 1-8737844 



r8064103 
log. sin. A t= 1-9770941 



1-8293162 = log. of 67-50194 
... e = 67-60194. 

When the Me **e** is required without making use of an angle. 



First Method. 

O ,— 
2 COS. Q va h 

Sin. ea ^ , , 

and c = (a + 6) cos. 0. 

Q 

.\ log.i sin. d = J (log. a + log. b) + log., cos. - + log. 2 — log. (a + b) 

id 

and log. c = log. a + 6 -(- log.| cos. 6 ^ 10. 
Ex. As before let a = 85-63 

b = 78-21 
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log. a = 1-9326269 
log. b = 1-8932623 

2)3-8258882 

1*9129441 

log. cos.^=T9600620 

log. 2= -3010300 

2-1740261 
log. (a + 6) = 2-2144199 



T-9696062 = log. sin. 66® 40' 10-3' 

... e = 66° 40' 10-3^ 

log. {a + b) =^-2144199 
log. COS. e = 1-6148962 

1-8293161 = log. of 67-50194. 
,«, = 67-50194 as before. 

Second Method. 

2 sin. -R '/ab 
Tan. B = r — and c^='(a ^}>\ sec ft 

.-. log.| tan. ^ = i (log. a + log. b) + log. 2 + log., sin. - — log. (a — 6), 

and log. c = log. (a — 6) — 10 + log., sec. 0. 

log. a = 1-9326259 
log. b = 1-8932623 

2)3-8258882 

1-9129441 

log. 2= -3010300 

O — 
log. sin. g-= 1-6127023 

1-8266764 



log. a - 6 = -8704039 

log. tan. e = 0-9562726 = log. tan. 83® 41' 30-87' 

log. o — 6 = -8704039 
log. sec. e= -9589123 

log. c = 1-8293162 = log. of 67-60194 
c = 67-50194 as before. 
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ON THE MEASUKEMENT OF HEIGHTS AND 

DISTANCES. 

S65. In the operations necessary for this purpose, the length 
of at least one line must be ascertained by actual admeasurement, 
and the magnitude of certain angles by observation. 

The former may be effected without difficulty when no great 
accuracy is required, by means of a string, chain, or pole, of a 
given length; when extreme nicety is essential, as in extensive 
trigonometrical surveys, many precautions must be taken, which, 
however, it is not our object particularly td point out 

We shall proceed to show generally how the angular distance of 
two points may be observed. 

Fio. vin. 




-s 



^ 



Let AB CDhes, circle divided into 360 degrees, and connected 
with its centre by spokes or rays firmly united to its circumference 
or linib. At the centre let a circular hole be pierced, in which 
shall move a pivot exactly fitting it, carrying a tube whose axis, E F, 
is exactly parallel to the plane of the circle ; and also the two arms, 
H I, at right angles to it, ai^d forming one piece with the tube and 
the axis, so that the motion of the axis on the centre shall carry the 
tube and arms smoothly round the circle to be arrested and fixed at 
any point we please, by a contrivance called a clamp. Suppose now 
we would measure the angular interval between two fixed objects, 
8 T, The plane of the circle must first be adjusted so as to pass 
through ^hem both. This done, let the axis, E F, of the tube be 
directed to one of them, 8, and clamped. Then will a mark on the 
arm, H, point either exactly to some one of the divisions on the 
limb, or between two of them adjacent. 

In the fbrmar case, the division must be noted as the reading of 
the arm, H, 
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In the latter, the fractional part of one whole interval between 
the consecutiye divisions, by which the mark on H surpasses the 
last inferior division, must be estimated or measured by some 
mechanical or optical means. 

The division and fractional part thus noted, and reduced into 
degrees, minutes, and seconds, is to be set down as the reading of 
the limb, corresponding to that position of the tube, E F, where it 
points to the object 8, The same must then be done for the ob- 
ject T. Then if the less of the readings be subtr9£ted from the 
greater, their difference will be th© angular interval between 8 and T, 
as seen from the centre of the circle. 

256. The most common instruments for measuring angles in 
terrestrial observation, are the quadrant, Repeating circle, and theo- 
dolite, in all of which the perfect circularity and exact grjoduation of 
the rim are most essential ; and though the graduating is executed 
in the present day with wonderful precision, it is a matter of too 
much practical difficulty not to admit of some correction by methods, 
the principles of which are independent of mere mechanical skill. 

The most important is the principle of repetition, by which any 
error in the graduation and in the reading off of the number of 
degrees, &c., to which a single observation is liable, is divided 
among many repeated observations, so that by a sufficient number of 
repetitions, the required angle, as far as it depends on the above 
circumstances, can be obtained to any assignable degree of accu- 
racy. This is easily explained. 

When the axis of the tube has been directed first to 8 and then 
to T, as above described, let it be fixed to the rim, and then be 
made to move by the motion of the rim about its axis, till it comes 
again into the direction P 8. Let ^ F be then unfastened from the 
rim, and brought again into the direction P T; the graduati(m cor- 
responding to this position of E F, will denote twice the required 
angle 8 P T; and if «" be the error arising from the graduation, or 
reading off after the second observation, and A denote the angle 
read off in degrees, nodnutes, &c., then, 

a iS p r = J. -I- «*, 

8PTt=z^ + ^, 

or the error in the observed value of 8 P T will be — . For three 

observations the error would have been -5 ; for n observations — * 

o n 

The reading off is only once necessary, viz., after the last observa- 
tion. It is in the application of this principle that the peculiarity 
of the repeating circle consists. 

z 
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Another principle of correction for erroneous graduation and 
reading off, consists in taking the mean of several readings off on 
different parts of the rim as the true reading. 

357. A quadrant is simply a quarter of such a circle as that 
above described, graduated from 0° to 90^. It has the disadvantage 
jf offering no practical facility for the application of the above prin- 
ciples of correction. 

In the theodolite the graduated circle is horizontal when pro- 
perly adjusted, the instrument being intended for the observation of 
horizontal angles only. 

To ascertain the height of an object, it is most convenient to 
observe its angular altitude, or the angle which a line from the 
object to the observer's eye makes with a horizontal line. The 
horizontal line being seldom exactly known, it is usual to make use 
of a plumb-line, which determines the position of a line perpen- 
dicular to the horizon. 

r 

Fig. IX. 




Thus, if P be the object, let the edge of the quadraut be directed 
to P; then if (7 Z> be the plumb-line, the graduation of B K will 
give the angle PC G,C G being horizontal. 

268. To find the height and distance of an inaccessible object 
on a horizontal plane. 

Let the angle ACD (Fig. X.) observed at the station G = a. 
Measure C J5 in the direction of the object, and let it = o ; then 
observe the angle ABD = p. Let the height A D = y, and the 
distance B D = x. 

A B sm. AC B _ sin. a 



Now -=r-r, = 



= sm. a 



cosec. (P — o). 



FZ? smrFXO sin. 08 — a) 

.*. A B =^a . sin. a . cosec. (p — a). 
y=z A B . sin. j8 . = a . sin. a . sin. ft . cosec. (fi — a). 
x=^AB. COS. j8 . = a . sin. a . co3^ p . cosec. (fi — a). 
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(2) Suppose that the object A F, whose height is required 

stands on a hill £7 F. 

FiQ. X. 




C B 

By the last example, 

AD = a . sin. a . sin. P . cosec. (fi — o). 
B D = a , sin. a . cos. p . cosec. (fi — o). 

Let the angle F B Dhe observed = y, 

F D 
then — -^ = tan. y. 

.-. F Z> = S Z> . tan. y 

=s a . sin. a . cos. P . tan. y . cosec. ()8 — o.) 

A D and F D being thus determined, ^ F is known ; 

being = AI)^FD. 
Example. Suppose a = 20° 36' 

p = 35° 43' 
y = 21° 63' 
a = 800 yards. 
Then AD = a . sin. a . sin. p . cosec. (P — o). 

log. a = 2-4771213 

log. sin. a = 1-6460110 

log. sin. p . = 1-6371484 

log. cosec. (j8 — a) = 10497129 

log. of 612-8638 = 2-7099936 
.'.AD = 612-8638. 

Again, F D = a . sin. a • cos. p . tan. y . cosec. (P — a). 

log. a = 2-4771213 

log. sin. a = 1-6460110 

log. COS. p = 1.-9547619 

log. tan. y = 1-6038681 

log. cosec. (j3 — a) = l-049712a 

log. of 428-0211 = 3-6314662 

.\FD = 428-0211 

and ^F=^Z> — FI> = 84-8327 yards. 



i 



168 



LONDON UNIVERSITY C0UB8B. 



359. If A = the height of the eye in feet above the level of the 
sea^ d the distance in miles of the visible horizon. 






h very nearly. 



Feo. XL 




Let AD = h feet = 



5380 
A B =^d miles, 

C Z> = 3 r = 7920 miles. 

Now CA.AD = AB^. Enc. III. 36., 



miles, 



or (a r + 



6280^ 6280 

+ 



d« 






6280 V6280 

7920 A .( h ' 
6280 "^ V6280> 



d^ 



Rejecting (--—) as very small. 




^6280 

Q 

we have ~h^=d^ 
2 

and d^=^ 

Hence if to the height of the eye in feet above the level of the sea 
we add its half and take the square root, we shall have the distance 
of the visible horizon in miles. 

Ex. Suppose the height of the eye above the level of the sea to 
be 24 feet, what will be the distance of the visible horizon? 

^24 + 12=4/16 = 6 
.*. the distance is 6 miles. 
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If both the eye and the object are above the level of the sea, then 
the distance of the object from the eye is equal to the sum of the 
distances answering to the two heights. 



Fia. xn. 





Ex. A lighthouse is 316 feet above the level of the sea, at what 
distance can it be seen by an eye 34 feet above the water? 

V 216 + i (316) = V^"33i = 18 miles, 

and ^/ 64 H- J (H) =VTl = 9 ditto. 
.'. the light can be seen at a distance of 27 miles. 

260. The angle which the earth's radius subtends at the sun 
being 8'''5776, find the distance of the sun &om the earth in terms 
of the earth's radius. 

Fia. xm. 




Let 9 represent the stth. 
E „ the earth. 
Now 8 PEistL right angle, 
PE 



BE 
Whence 8E = 



= sin. P S £? == sin. 8''-5776. 

P E earth's i^us 



sm.P8E sin. 8''-6776 

_ eteth's radius 
8'-6776 X sin. V. 

=> 24046-01 X earth's radius. 

261. In September 1864, a base, D C, being measured on Black- 
heath, of a mile in length, and the angles of elevation of Mr. Glaisher's 
balloon being taken, at the same time, by observers placed at its two 
extremities and in the middle ; the angle at C being 54^ SO'; that at 
P, 65^ 8'; and that at D, 46^ 10': required the height, B A, of the 
balloon. 



170 



LONDON UNIVBRSITT COURSB. 



Fio. XIV. 







\a\.AB=^x\ DP — d; 
^ B CA=za; BPA=^p: BD A = y 

Then AD = x . cot. y, 

AP = x cot. j8. 

A = X cot. a. 

^ ^ UCP.AF 



COS.AP D sz ^ COS. APC 



AP* + D P* ^ AD» 
^AP.DF. 



. CP' + AP^^AG^ AP*-^' DP'^AIfi 

CP P~D 

Snbstitatiiig and transposing, 

PP(<i< + a»,cot«i8— aj«.cot«d)=— CP(a;«.cot«i8+ d«—ic«.cot.»y). 
.•. aj«. cot« y + aj». cot.« a — 2 aJ« . cot« ^ == 2 d«. 
aj« (cot« y + cot« a - 2 cot* ^8) = 3 d' 

V cot.* y + cot.' a — 2 cot.' p 

d = 880 yards 
cot* y = cot.' 46° lO' = -9217692 
cot* a = cot' 64° 30' = -6087870 



1-4306462 
2 cot.« /S = a cot* 66° 8' t= -9709074 



.••85 = 



880 \/2 



'4696388 
880 



1/6^4696388 V'-2298194 
= 1836-648 yards. 

NoxB.— If the observations were made at unequal distances; or, if C P and 
P D were respectiyely d and e, the expression would become : 



->/ 



{d + e)de 



d . cot' 7 + « . cot* a — (d + «) cot.* p' 
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363. An object 12 feet high standing on the top of a tower, 
subtends an angle 1^ 54' 10'^ at a station which is 250 feet from the 
base of the tower; find the height of the tower. 

Fio. XV. 



\' 




Let B C= height of tower = x. 

A B =i „ object above = 13 feet 
^ AD C=^ A 
^BD 0=^ B 
By hyp. D (7 = 350 feet and -^ (^ — 5) = l"". 54' . 10'. 

Now tan. A = — i — , tan B = — ; 

350 350 



.% tan. (-4 — J9) = 



a; + 13 
350 



X 

350 



^ , x.(x + 13) 
■*■ 350« 



sstan. P.54/.10'. 



.*. takinq: from tables tan. 1°. 54\ 10' as -083333, and multiplying 
both terms of the fraction by 350', 

Whence ic* + 13 a? = 37801-6078. 

...« = — 6 + \/37887-6073 
= _ 6 + 166-846 
«s 160*846 feet, the height required. 



1 
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CHAPTER Xn. 



CONIC SECTIONS REFERRED TO RECTANGULAR 

COORDINATES. 




*i^* OoNio seetions, as the words indicate, are the carves 
formed hy the intersection of a plane with a cone. In their widest 
application, they descrihe the conrse of the planets, and the move- 
ment of projectiles through space generally. 

A plane may meet a cone in a point, in a straight line, or a 
circle, hut the curves which are more exclusively considered conic 
sections, are the eUipse, the parabola^and the hyperbola. 



ON THE POSITION OF A POINT. 

968. The position of a point, in a plane, is deteimined by re- 
ferring it to two straigjit lines, which intersect each other at a given 
angle, in the same plane. 

These straight lines are called rectangular or oblique co-ordinate 
axes, according as t)ie angle at which they intersect, is, or is not, a 
right angle. 

The point in which they intersect is called the origin of co- 
erdifiAteB. 

Let A (Fig. I.) be the origin of co-ordinates, Z -4 Z', T -4 P the 
rectangular co-ordinate axes, P any point and P M, P N ^e per- 
pendiculars let fall from it upon the co-ordinate axes, these perpen- 
diculars are called the rectangular co-ordinates of P. 

Instead of the perpendicular M P, its equal, A N, is commonly 
nsed to determine the position of the point P. 

For the sake of distinctness A N i^ called the abscissa and N P 
the ordinate. 

The line A X along which the abscisssB are measured is called 
the axis of a?, and the line AY in the direction of which the ordi- 
nates are measured, the axis of y. 

The position of the point P will be determined if we know the 
values of its two co-ordinates. 

When the co-ordinates are unknown, A Nis denoted by x, and 
N P by y. When they are supposed to be known they are repre- 
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sented by the first letters of the alphabet, a, b, &c., or by the 
accented letters a/, i/, or asf, y", aad the point is called the point 
{a, 6,) the point (a/, y^,) &c. 

The convention pointed out in Art. 216 is also adopted here. 

If the point (a/, y') be in the angle 

Y A X, both of and y' are positive ; 

if in Y AX^tjd is negative and y' positive ; 
X A F, both 05' and \( are negative ; 

Y A XfOf is positive and y* negative. 

When the point is situated upon the axis A X, then of is positive 
and y' = ; and when upon the axis A Y, then of =^0 and y' is 
positive. 

Por the origin a?' = and y != 0. 

264. To find the distance of a point from the origin in terms of its 
co-ordinates, 

Fio. I. 



» 



99 




Let P be the given point, A N = ay; JV P = y, its given co- 
ordinates. Join A P, and let A P = d; 

then ^ P = ^ 2^ + iV P», or <? = a?'« + y*, 

... d = v^a?'* + y'*. 
266. To ./?m? t^e distance between two points in terms of their 
co-ordinates. 




M 



Let P be a point whose co-ordinates are af and y', and P any 
other point whose co-ordinates are x and y. 

AA 
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Join P P and draw P Q parallel to A X, and meeting the 
ordinate of P in C and let P P = d. 

Then PP* = PO» + P(?» or d« = (« — a?')« + (y — yf 



« « 



ON THE STRAIGHT LINE. 
The equation to a straight line egresses the relation be- 



tween the co-ordinates of any point in the line. 
d66. To find the equation to a straight Une. 



Fia. in. 




Let A be the origin, AX, AY the axes of x and y respectively, 
R T the straight line whose equation it is proposed to find, P any 
point mit, AN = x; N P = y ; the co-ordinates of the point P, 
AB^=h; and tan. B L X= a. 

Draw B Q parallel to A X, meeting ^ P in Q. 



Then 



^ ^ = tan. P J5 = tan. B L Z, 



BQ 



or 2. = a. 



X 



Whence y = ax + h, the equation required (I.) 

In this equation a is the tangent of the angle which that part of 
the line which falls above the axis of x, makes with the axis of x 
produced, b is the distance between the origin and the point where 
the given line cuts the axis of y. a and b are the some for the same 
line, but differ for different lines and are called arbitrary constants. 

If 6 = the line passes through the origin, and its equation 
xsy = ax. 

In the equation y =: a x + b, 

a = tan.BL-X = 4? = ^if^L = c. 

A L c 



.'. y = ^ X + b. 



(H.) 
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and ^ — f c=: 1, another form of the equation, where c, b are the 
b e 

distances from the origin where the line cuts the axis of x and y 

respectiyely. 

d67. If the straight line cuts the positive parts of both the 

axes as i! T, then 

Fio. IV. 




a = tan. R L X 



-tan.BLji=-.:i^ = -^, 

A L c 



and the equation becomes |^ + -=1 (III.) 

b c 

Of these three forms, L is most frequently referred to. 

868. The locm of the indeterminate equation of the first degree 
wly+Bd;4-(7>=0, isa straight line ; for dividing by A and trans- 
posing, we obtain 

B C 

JB C 

and denoting — -^ by a, and — —. by 6, we have y ss ax + b, 

coinciding with the equation to a straight line just found. 

269. To construct the line whose equation is y as a a? -(- 6. 

It will be sufficient to find two points of the proposed line, 
since two points only are necessary to fix the position of a straight 
line. The two points most readily found are those in which the 
line cuts the axis of x and y, and which are determined by making 
X and y successively ss in the given equation. 

Ex. Construct the line whose equation is 

y = — a 0? + 6. 

Let a? = .•. y = 6. 

In ^ r, fig. IV., take A B ssh, the value of y when a; s= 0. 

Let y ss ,\ X sz -. 

a 
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In A X take ALss-, join B, L, by a straight line and pro- 



a 



dace it both ways, then the indefinite line R Tis that required. 

570. To find the equation to a straight line which passes through a 
given point {aif, y'.) 

The general equation to a straight line is 

y = a a? -h &, 
and (x\ }f) being a point in the line we must have 

^ =s a 0?' 4- 6. 
Subtracting this equation from the former we obtain 

y — y'=:fl(a? — a:^ (a.) 

the equation required. 

The co-efficient a is indeterminate because an infinite number 
of lines may be drawn all passing through the same point. 

If the line passes through two given points its position is fixed, 
and a, which is the tangent of the angle it makes with the axis of x, 
must admit of being expressed in terms of the given co-ordinates. 
Let the two given points be (ar, y'), {af, y^), 

.•. y' = a a?' + 6, 
yr=^accf'+h, 

whence a = ^ „ " ^ . 

of' -- of 

Substituting this value of a in (a) we have 

s'-y' = 5^(*-^ ('^^ 

the equation to a straight line passing through two given points. 

571. To draw through a given point a straight line perpendicular to 
a given straight line. 

Fig. V. 




Let H be the given point {xf, y'), D E the given line, y ^a x 
+ b its equation. 

Through H draw H F perpendicular to D E, cutting D E in C. 
Then since H F passes through a given point, its equation is of the 
form, 
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y — y' =r a (a? — 05^), 
where asrtan. HFZ=:— tan. HFP, 

= — cot C i) ^ ••• a D F is the complement of C F D, 

= " tm.CDF = "" ^ substitutmg, we have 

y ^ y- sz (x — x"), the equation required. 

Hence it appears that the equation to a straight line, perpendicular 
to the straight line whose equation is 

y ss ax + b, 

is y = 05 + 6'. 

a 

To find the length of the perpendicular H 0, we have 

HK szy^mdl K = ax' + h; 

.'. H I ^s y* — a a;' — 5, 
but fl (7 = H I . COS. IHC ^HI. cos. CDF 

_ HI HI y ^ ax' ^h 

"~ sec. CDF '^ ^\ + tanT«"azri^ *" v^a« ^H^ 



ON THE CIKCLE. 

♦^* If the relation between the co-ordinates of every point of a 
curve be expressed by an equation, the curve is called the locaz of 
the equation. 

272. To find, the equation to the circle. 

Pio. VI. 




Let C be the centre of the circle whose equation it is proposed 
to find. Assume the point A without the circle as the origin, and 
let P be any point in the circle, 
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AN^x; N P ss y; and the radios C P ss r. 
The co-ordinates of the centre are ^ 2) s a/; D C ^ }^; 

Now 02lf» + MP« = CP«, 
or{AN''AD)* + {NP^ C DY = CP«, 

.-. (a - aO* + (y - yO* = »* 

the equation required. 

273. Let the origin be at the extremity of any diameter. 

Fio. vn. 



(I.) 




In this case we have for the co-ordinates of the centre 7f i=i r^ 
^ s 0, and equation (L) becomes 

j/« = 3ra? — aj« (II.) 

Let the origin be at the centre, then x' s= 0, y' 8 0, and we have 

jc8 + j/« = r« (III.) 

Equation (I.)« when developed, becomes 

^ + aj8 — Syy'— Saa' + y^-fa;'* — r« = 0, 
but the general equation of the second degree between two varia- 
bles is 

ay* + ftay + caj« + iiy + 5a; + (7=0. 

Comparing the corresponding terms of these two equations, we have 

a = l; 6s=0; c=il; 

whence it appears that the general form of the equation to the circle, 
when referred to rectangular co-ordinates, is 

y^ + x^ + Ay + Bx + C^O. 

274. To find the equation to the tangent to a circle. 
The following is the method commonly used : — 
Take a point in the circle whose co-ordinates are x\ y, and a 
contiguous point {x", y"). 
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The equation to a strught line passing through two points (ar,y), 
{x', y') is by 370 (^3). 

5'-^ = ?^('"-'^ ("^ 

bat since these points are in the circle, we must have 

aj^ + j^ = r« (p) 

»"« + /« = r« (y) 

subtracting (j3) from (y) we obtain 

(/« - 2^) + {x"^ - «'«) = 0, 

or (^-^ + jO (y' - 20 + (aj" + «') (a" - »0 = 0. 

••«" — «' y'' + y* 

Substituting in (a) we have 

This line is a secant; but if we suppose the points to approach 
indefinitely near each other, ultimately it becomes a tangent. 
Hence, making a?* « a;', jf" = t/, we obtain 

a?' 
y — y'ss — -;(a5 — aO the equation required. 

y 
Multiplying both sides by y' and transposing we have, 

yy' + a?a^ ssy^ + ««; 
oryy + a7a^ssr<, a simpler form of the equation to the tangent. 

375. If a straight line be drawn from the point of contact at 
right angles to the tangent, it is called the normals 

Since y '^'i/ 'ssi — --; (a; — of) is the equation to the tangent, 

y 

.•• by (271) the equation to the normal will be y — y' =s 5 (a; — ar). 

do 

Multiplying by as', we have y as' = a? y'; 
whence y ss^y-x. 



ON THE PAKABOLA. 

*^* The parabola is the locus of a point whose distance from a 
given point is always equal to its perpendicular distance from a 
given fixed line. 
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d76. To find the equation to the parabola. 



Fio. vm. 




Let fif be the given point or focus, K K the given straight line or 
directrix, then if P be taken such that P 8 always equals P M, the 
locus of P is the parabola. 

Through 8 draw L 8 perpendicular to K K' and bisect it in A, 
then J. is a point in the curve. 

Since A S\b known let J. /S = a. 
Assume J. Z^, J. F as the rectangular axes, and let A or the 
vertex be the origin, AN =^ x; N P =i y. 

Now SF^^PM^.or SN* + FN^^LIf^ 

or (a? — a)' + y« ■■ (a + »)•, 

.*. y* ss 4, a X, the equation required. 

277. To trace the figure of the parabola from its equation. 

Since y* ss 4, a x .*. y = + 2 VaTx, 
let aj = .•. y = 0, and the curve passes through the origin. 

Let X have any positive value, then, for every value of x there 
will be two values of y with contrary signs ; therefore as x increases 
from zero to infinity, y also increases from to + a , so that the 
parabola has two infinite branches symmetrically situated with 
respect to the axis A X, 

278. Let X have any negative value, then y being in this case 
imaginary, no part of the curve can lie to the left of A, therefore 
the parabola can only have one focus and one directrix. 

279. The double ordinate B D passing through S is called the 
parameter or latus rectum. The same term is used for the ordinate 
drawn through the focus of the ellipse or hyperbola. 
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To find the value of the latus rectum, we have at the point S, 
a; = a .-. y* = 4 a* and y = 3 a = /S J5 .-. B 2> = 4 a. 
If 4 a = /), then the equation to the parahola becomes 

379*. To express the distance of any point in t?ie parahola from the 
focus, in terms of its abscissa. 

By definition SP = P M 

= NL==NA + AL. 
.\ S P = X -{- a. 

380. To find the equation to the tangent to the parahola. 
The equation to a straight line passing through the points 
(a', y'), {x\ /), is (370 ^. 

but these points being in the parabola, we have 

ys == 4 a iC (/J) 

y^^= ^aacf (y) 

Subtracting (/?) from (y), /« — y^ = 4 a (a* — a;'), 
or (y" + 2/0 (/ - 20 == ^ « («" - a^O- 

. y^ — y'^ ^« 

• • a" — a^ y" + / 
.-. (a) becomes by substitution 

4a/ _A 

Now let the point (a", y*) be supposed to coincide with (as', y^, 
then x' zs dd^y" sz %f, 

/. y — y' =3 — (05 — aj^ the equation to the tangent required. 

y' 

Again, multiplying both sides by y', we have 

yy — y^ = 3«(« — a^O, 

but y^ = 4 a aj' ; 
.•. y\f:=s.%ax — 3aa:' + 4aaj' 

z=i ^ a (x '\' x') the equation most commonly used. 

281. K P i? be drawn perpendicular to the tangent P T from 
the point P, it is called the normal, N T is the svbtangent, N Rthe 
subnormal, 

383. To find the equation to the normal. 

The equation to the tangent is 

2/-2/'= Y («-«^'); 

B B 
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bnt since P Ris perpendicular to P T, 

.-. by (271) tlie equation to the normal will be 

283. To find the value of the tubtangent. 

If in the equation y / s d a (2 + a;') we make y ^s.0, 

we have a ^ — • re, that is, J. iV = ^ T, 

or the subtangent is equal to twice the abscissa, a veiy useful and 
important property. 

284. To find the value of the mbnormal. 
In the equation to the normal, 

put y = .•. X — flCs=2a = ^i2— -4iV = iViJ, a eomtant. 
The length of the tangent is ViV^ 1> + N P*, 

= ^4aJ^ + y^ = 2 V'aj^ + ax'. 

The length of the normal is v^iV J2« + ^ P*» 

= ^4 a« + 1/^ = 2 v'a* + a «'. 

285. The locus of the foot of the perpendicular dropped from the 
focus upon the tangent to a parabola is in the line touxking the parabola 

at its vertex. 

Let P T, the tangent at P, meet -4 F in O, and join S C. 

Because the subtangent is equal to twice the abscissa we have 
TA = AN = x; 

.-. by similar triangles T C= CP. 
Also TS=^x +a=^S P, 
and the triangles 8 P C, 8 T C are equal ; 
.•. SC is perpendicular to P T. 

Hence the tangent at any point, and the perpendicular upon it from 
the focus, intersect in the line which touches the parabola at the 
Tertez. 



ON THE ELLIPSE. 

*^* The ellipse is the locus of a point whose distance from a 
given point is always less in a given ratio than its distance from a 
given fixed line. 



CONIC BS0TI0N8. 
S86. To find ihe equatiott to the OUpse. 
Fio. DC 



X 


Y 






^=-<o 




-- 


f 


f\ 


^^ 


X 


A 


\ 




'J/ 



Let S be the given point or focus, K K the given line or 
directrix, P any point in the ellipse. Through iS ' draw the in- 
definite line L S X perpendicular to EK; join S P. and draw P Id, 
P N, perpendicular to E K and L X respeetiTely. 

Let the given ratio of SP:PM]Me:l,e being < 1. 
Divide iS L in ^ so that SA:AL::e :'l, 
then die A point in the ellipse. 
Bince A Sis linown, let it ^ m .'. ^ Z< = — , and &om what precedes 
8P = e.P M. 

From A draw A Y perpendicular to .d X, then A X, A Y, will 
be the co-ordinate axes to which the figure is to be referred, and 
AN = x; NP=>s; 

&ea 8 P* = e' . P M* = 4^ {A L + ANf, 
orSN' + NP* = ,^(^ + xy, 

OT{x-w.r + y' = (m + exy. 
whence y» = 2 m (1 + *) a: — (1 — «") i^. 
Multiply and divide both terms of the right member of this equa- 
tion by (1 — «*) which will not alter its value ; 

T^T? TZTT "^; 



then J* = (1 — <*) j 



tile eqnatioa required. 



— is knemi, let it = a, 
= (1 — <^ (2 o » — >!•) 



4. 
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387. To determine the poinU where the curve cuts the axU 
of X. 

In the equation ^ = (1 — €«) (2 a a; — a;«) 

let y = o .\ X =s o, or X ss fl a; 
X = o, giYes the point A. 
X =s fi a, gives the point A\ 

288. To determine the points where the curve cuts the axis B B', 
Bisect A A' m Ct then at this point x = a , and we have 

j/« = a« (1 -_fij_ 
whence y ^ -^ a ^1 — ^, which is always real since ^ < 1. 
Hence if 5 B' be drawn throng h (7 perp endicular to A A; and C B, 
C Rhe each taken equsd to a \^ 1 — ^, the points B R wi ll be in 
the ellipse. If we denote B CRhj2b, then & = + a Vl — ^, 

b* 
and by squaring and transposing, 1 — ^ = ^. 

Substituting for (1 — ^) in the equation to the ellipse, we have 

^ = ^,(2ax^x^) (I.) 

A A is called the major axis. 
B B' „ „ minor „ 

A and A are the vertices and C the centre of the ellipse. 

289. If we make the centre the origin of co-ordinates, the axis 
major becomes the co-ordinate axis of x, and the axis minor the co- 
ordinate axis of y ; we must then change x into a -f- a^, and 

y« =^ J2 a{(» + a:') - (« + xf^ 

= g(at-a;^) (n.) 

Multiplying both sides by cfl and transposing, also suppressing 
the accent which was used only to distinguish the new from the old 
abscissa, we have 

«« y« + 6« a;« = a« 6« (ni.) 

Dividing each term by a< 6* we get 

S + S-i (IV.) 

290. If with the centre for the origin we make the axis minor 
the axis of a;, the axis major will become the axis of y. x and y 
interchanging, the equation becomes 

6«+^ ^ ^^-^ 

If we take the axis minor and the tangent at its extremity as 
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axes, X in the last equation must be changed into x — h; then we 
have 

or reducing 3/« = ~ (2 6 a: — aj«) (VI.) 

291. To trace the figure of the ellipse from its equation, 

Kesuming (II.), we have y = + — Va' — x\ 

Let X = .'.y=±b==CBoTCR. 

Suppose x to have any positive or negative value less than a ; 
then for every such value of x there will be two values of y with 
contrary signs. 

Let x= + a ,\ y = 0; that is, the curve cuts the axis in the 
points A and A\ 

Let x> + a. In this case the values of y are imaginary ; there- 
fore no part of the curve lies beyond A to the left, or J.' to the right 

It appears, therefore, that the ellipse is a continuous curve re- 
turning into itself, and divided by the axis major into two equal 
parts. 

292. Since ^ ^ or = a .•. w or -4 5 = a (1 — «), 

1 — e 1 — e ^ 

elsoAS:AL::e:l .% !5 = ^1 L = ?i?-li). 

e e 

The distance between the centre and the focus is C S, =s A G 

C S 
— A S^= a — a(l — e) = a e; and -^—^ = e, which quantity is 

G A 
called the eccentricity. 

293. To find the value of the ordinate passing through the focus. 
In this case x=i a e, 

••• ^' = -a (^* — a* ^ 
a 

== 6« (1 ^ ^f ) 

a 

294. To express the distance of any point in the ellipse from the 
focus in terms of the abscissa. 

By definition SF^e.FM=ze(CL^CN), 

hut CL=^CA + AL=. a + ^LiLrif) = !?, 

e e 

,\ S P =i e(^ — x\ ss a -^ e X. 



= '(*-*) = *- 
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In the same way, by drawing a new directrix on the right of A^ 
it may be shown that H P s= a + e x. 

Adding, we get /SP + lfP=s2a = the major axis. 

H P and S P are called the focal distances of the point P. 
Hence an easy mechanical method of describing an ellipse. 

Fix two pins in the foci S, H, to which attach a thread (the less 
extensible the better) eqnal in length to the major axis. Then 
placing a pen or pencil so as to keep the string constantly stretched, 
let it be carried quite round, and it will trace the curve with con- 
siderable accuracy. 

295. To describe an ellipse of which the semi-axes are a and h. 

Take a straight line, B C, divided in any point P, so that 
B P : P C : : a : b; and let A X, A Y he the axes of x and y. 

Move the line, B (7, between the axes A Y, A X, so that its ex- 
tremities are always on those axes ; the curve traced out by the point 
P, will be a quarter of the required ellipse. Proceed similarly in 
the other quadrants uintil the curve is completed. 



Fig. X. 





For iV P or ^ M : B P : : M C : P C, 

or, X : a : : V^fe* — y* : 6» 
.-. fe« »« = a« 6« — a» y« 
a« y« + fc« »« as a« 6« 

the equation III. to the ellipse already found. 

If a ladder be placed against a wdl, and its foot drawn along the 
ground at right angles to the wall, the middle step will trace out a 
quadrant of a circle, and any other step a quarter of an ellipse. 

396. To find the equation to the tangent to the elUpse, 
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The equation to the straight line passing through the points 
(»'. rn> («'. /) is (870 /S) 

But since these points are in the ellipse, we have 

at 

or (/ + 2/0 (/ - yO = - ^(^' + «^0 (a^^- a^O 

whence ^^j ^ =s = . — -. 

x^ -^af a' / + J/' 

Substituting, we have 

Let the point (x", y") coincide with (x', i/), 

.'. y - y' = — ^ . -7 (« - »0 

the equation required. 

Multiplying both sides hjc^^ and transposing, 
.-. «' y y' + . 2>* » oj' == a» j^" + ft' cc" ; 
or by substituting in III., Art. 389, 

o?yjf j^h^xod ^c?' 6«, 

the form most commonly employed. 

The equation to the normal will be (371) 

O X 

297. When the major axis is supposed to become indefinitely 
great, the ellipse passes into a parabola. 

Let C be the centre, and S the focus of an ellipse whose 
equation is 

y* = -5 (3 a a? — a') = x 5 ar. 

Letw = ^/g = -K7— 5C=a-. \/a« — 6« 

/. 6' = 2 a ?7i — m*. 
Substituting, we get 

Now if a be supposed to vary, this will be the equation to a series 
of ellipses, in which the distance A S i& the same for all, but the 
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wds major diflerent for each : thns ^ving to a any partionlar valae, 
we have a coirsBpondiiig ellipse. Now let a be infinite, then, since 
all die other terms vamsh, the equation becomea 

the equation to a parabola. 

If X is very small wben compared with a, the equation to the 
ellipse is veiy nearly that to a parabola ; this is the reason why the 
path of a comet, when near its perihelion, appears to be a portion 
of a parabola. 

ON THE HYPERBOLA. 

*,* The hyperbola is the locus of a point whose distance &om 
a given point is always greater in a given ratio than its distance 
irom a given fixed line. 

SOS. To find the equation to the ht/perbola. 
Fia. XI. 




Let S be the ^ven point or focus, E K the given line or direc- 
trix, P any point in the hyperbola. Through S draw the indefinite 
line i S X perpendicular to X" ff. Join S P and draw P M, P N 
perpendicular to K E' and L X respectively. 

Let the given ratio of S P to P Jlf be < : 1, « being > 1, 

Divide SLm Aeo that S A : A L :: e : 1, then J is a point in 
the hyperbola. 

Since A Sis known let it equal m, 

.: AL = '^,miSP«=e.PM. 
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From A draw A Y perpendicular to J X, and let -4 X, il F be the 
co-ordinate axes, AN ^s^ x; N P = y; 

then 5fP» = «>. P M' ^ t^ (A L + A Ny 
ot8N* + NP^ «««(!? + a?y 

or (x — m)* 4- y' = (»i + « a?)' 
whence y* ss 2 w (1 + «) a? + (^ — 1) i^ 

Let ^ a, 

« — 1 

/. y* as (^ — 1) (2 a ar + a?*) the equation required. 
299. To determine the points where the curve cuU the ams of x. 
In the equation just found, let y = 0, 

.-. a; s 0, or a -» 2 a ; 
a? *= gives the point -4, a? = — 2 a the point A'. 
Bisect A A' in 0, then at this point a; s — a, 

and y* = — a' (^ - 1), 
which is an impossible quantity, and thus the curve does not cut 
the axis of y. 

If, however, B B' be drawn through C perpendicular to A A\ 

and G B, G B\ be each taken equal to a Ve* — 1, we get the points 
B, R, which, though not in the hyperbola, are usually denoted by 
2 6, and found as follows, — 

6 = + a V<^ — 1, and «• - 1 = -, ; 
-L » or 

substituting for ^ — 1 in the equation to the hyperbola, we have, 

j^«^ (Hax + a*) (I.) 

A A IB the transverse or mi^or axis, B B' the conjugate or minor 
axis, although it does not meet the curve. A and A' are the vertices, 
and G the centre of the hyperbola. 

800. If we make the centre the origin, we must change » into 
of -- a, since A N a^ C N -^ G A; 

then2/« = ^|2a(a?' — a) + (af^af\ =^(a?*-a«) . (II.) 

301. Multiplying by a', transposing and suppressing the aceeiit 

which was used only to distinguish the new from the old abscissa, 

we have, 

a«y« — ft«a!^ = -a«fc« (III.) 

302. Dividing each term by a' 6*, 

•••^-5--i (IV-) 
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In the ellipse the square on the ordinate P N, is less than the 
rectangle under the parameter A! N and abscissa A N. 

In the hyperbola, the square of the ordinate exceeds this rectangle, 
and in the parabola these quantities are equal. From this deficiency,, 
excess, and equality or similarity, the names ellipse, lAAci^is, hyper- 
bola, vTr€pPo\rj, and parabola, TrapaPoXrj, were first given. 

*#♦ The hyperbola is of the least practical value of any of the 
conic sections. For the comparison of its properties with those of 
the ellipse, the following theorems have been chosen. The letters 
have reference to ^g, XI. : — 

1. The tangent P T bisects the angle made hy P 8 and H P. 

^. The normal being perpendicular to the tangent, is the 
external bisector of the angle between the fecial radii, or it bisects 
the angle made by P iS^ and the production of H P. 

8. If any number of hyperbolas be drawn having the same 
centre C, and the same major axis C A, and ordinates N P, N P, 
&c,, be drawn to the same abscissa C N, then the tangents at P, P^, 
Ac, will all meet the axis in the point T. 

4. Any two such ordinates will always be in proportion to the 
minor axes to which they belong. 

5. The perpendicular dropped from the focus upon a tangent 
P T meets Uie tangent in a point of the circle whose centre is C 
and radius C A. 

6. The parallelogram P C, F 12 is always equal to the rectangle 
CA,EB. 

C A \^ the major semi-axis of the hyperbola passing through 
A and il', and C B \t& minor semi-axis. Conversely C B v& the 
major semi-axis of the conjugate hyperbola passing through B and 
B^, and C A its minor semi-axis. 

C F being drawn parallel to the tangent BT, F \b called the 
conjugate to P, and C F is the conjugate semi-diameter to C P. 

The hyperbola is said to be equilateral when the major and 
minor axes are equal; the asymptotes are then at right angles to 
one another, and the hyperbola and its conjugate are similar and 
equal. 
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Similarly it may be shown that H P == e x + a. 
Subtracting, we have HP — 5P = 3a = the major axis. 

308. The equation to the tangent, found precisely in the same 
manner as that for the ellipse, is 

and therefore (see 271) the equation to the normal will be 

/ a?- xf , ^ 

0* X 

309. The latm rectum (D D, fig. IX.), or double ordinate 

passing through 8, is thus found, 

6« b ,— 

0? = m .'. y« = -^ (2 a m + m% and y = - v 3 am -^^ m*. 



*^* The most important of the conic sections is the ellipse, as 
it very closely resembles a planet's orbit. If the planets were only 
attracted by the sun, their orbits would be perfect ellipses. The 
theorems deducible from this curve are described as countless. 

Algebraical proofs of most of the following can be found in 
either Salmon's or Todhunter's Treatise on the Conic Sections. They 
have been selected for the purpose of comparison, and are such as 
are identical or similar for the ellipse and the hyperbola. The 
letters refer to fig. IX. 

1. The tangent P T bisects the angle made by 5 P and the 
continuation of H P. It is termed the external bisector of the 
angle between the fecial radii. 

2. The normal P R bisects the angle between the focial radii 
P 5 and ff P. 

3. If the figure of the ellipse be altered by changing the foci 
8f H, without moving A, A\ all the tangents drawn firom the line 
AT Q will meet in T. 

4. The perpendicular dropped from the focus upon the tangent 
P T, meets the tangent in a point of the circle A Q A\ 

5. The parallelogram, PEFB/x^ always equal to the rectangle 
B C, CA. 

If E P be parallel to the tangent at P, then P B wiU be also 
parallel to the tangent at F, 

P B\% the semidiameter of the point P, and B F drawn parallel 
to the tangent, is the conjugate semidiameter, or semiconjugate of P B. 

The circle, A Q A', is a form of the ellipse, which occurs whea 
the major and minor axes are equal ; the points 8 and H then meet 
in C, and every normal passes through C. 
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In the ellipse the square on the ordinate P N, is less than the 
rectangle under the parameter A' N and abscissa A N, 

In the hyperbola, the square of the ordinate eocceeds this rectangle, 
and in the parabola these quantities are equal. From this deficiency, 
excess, and equality or similarity, the names ellipse, SAAci^is, hyper- 
bola, vTrepPoXrj, and parabola, irapapoXTJ, were first given. 

*#* The hyperbola is of the least practical value of any of the 
conic sections. For the comparison of its properties with those of 
the ellipse, the following theorems have been chosen. The letters 
have reference to fig. XL : — 

1. The tangent P T bisects the angle made hy P 8 and H P. 

d. The normal being perpendicular to the tangent, is the 
external bisector of the angle between the focial radii, or it bisects 
the angle made hy P S and the production of H P. 

3. If any number of hyperbolas be drawn having the same 
centre C, and the same major axis C A, and ordinates N P, N P, 
Ac, be drawn to the same abscissa C N, then the tangents at P, P", 
Ac, will all meet the- axis in the point T, 

4. Any two such ordinates will always be in proportion to the 
minor axes to which they belong. 

5. The perpendicular dropped from the focus upon a tangent 
P T meets the tangent in a point of the circle whose centre is C 
and radius C A. 

6. The parallelogram P C, F 12 is always equal to the rectangle 
CA,EB. 

G A is the major semi-axis of the hyperbola passing through 
A and A', and C B its minor semi-axis. Conversely C B is the 
major semi-axis of the conjugate hyperbola passing through B and 
B*, and C A its minor semi-axis. 

C F being drawn parallel to the tangent 12 T, P is called the 
conjugate to P, and (7 P is the conjugate semi-diameter to C P. 

The hyperbola is said to be equilateral when the major and 
minor axes are equal ; the asymptotes are then at right angles to 
one another, and the hyperbola and its conjugate are similar and 
equal. 
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Monday, Nov. 6th. — Examiners, — Mr. Jbrrabd and Mr. Murphy. 

1. Give the definition of a fraction, and explain the method of 
reducing fractions to a common denominator. Of the fractions 

\ Add together the fractions ii, |i, |?J, ^> §^ ; «»* divide 
43f by 74. 

3. Keduce the fraction -— — to its lowest terms, and transform 

6306 

it to a decimal. 

4. Prove the rule for the multiplication of decimals. Multiply 
•576 by 83-4, and divide 222-027 by -0013. 

5. Extract the square root of 9,612,295,961. 

6. Find the simple interest on £207 12s. 6d. for 21^ years, at 
S per cent, per ann. 

7. Prove that ab =zb a. State and demonstrate the truth of 
the rule for the signs in algebraic multiplication and division. 

8. Multiply a^ '\'a^ — ax(x^ + a') by (x^ + «') + a a? (a? + a), 

9. Find the greatest common measure of a?* — y* and a^ — y« ; 

and reduce to its lowest terms the fraction — , 7"^ f ,» • 

aj» + 5 a?» + 6 

10. Solve the following equations : 

(3) 19« + l(7»-3) = 4a, + ^; 

(4) * . 7 87 



aj + 2 X + S x^ + 6x + d 
11. Give some account of the different methods employed for 
eliminating one of the unknown quantities in equations of the form 

ax + b y =^ e 

clx + Vy :ss^. 
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12. Find the values of x and y in the following systems of 
equations : 

8 4- ? = 6 

X y 



m {' + 



^ (aj« - t/«) = 8 
cc — y =1 

13. Explain when four quantities are said to be in proportion. 
Show that 

If a : 6 : : c : d 

then a + b : a^h : : c + d : c -^ d 

and a" : i» : : <f: d\ 

14. The sum of n terms of the arithmetic progression 1, 3, 6, 
7, &c., is n*. Prove this, and find the sums to infinity of the 

two geometric series, _ -f. -+-+_, &c. 

/O' 4 o lo 

1 1,1 1 . 

3 " J + 8 - 16' *'• 

15. At what tim» nekt before Id o'clock are the hour and 
minute hands of a watch together? 

1888. Wednesday, Nov. 7t^.— Examiners,— 'Mr. Jbbbabd and 

Mr. Murphy. 

9. What is the area of a rectangular^ court, of which thd length 
is 360 yds. 1 ft 6 in., and the width S^ yds. 3 in. ? 

10. Find the value of the circulating decinud •01760175 .... 

11. Prove that a!^ . a* = a*+*. 

13. If 8 vary as A when a quantity B is given, and vary as B 
when A is given, generally it must vary as their product A B. 

13. Prove the rule for finding the greatest common measure for 
arithmetic and algebraic quantities. 

14. How many terms of the natural numbers, cbimmencing 
with 4, give a sum 6350 ? 

15. Find a multiplier which will rationalize ^ a +^ h + ^ c, 

and giye the value of T. . — ij^ — as far as S decimal places. 

1 + V 45 

16. Of the external angles of a polygon, one-half are equal to 
those of a regular polygon of m sides, the others to th(^ of a 
regular polygon of n sides. Find the number of sides of such a 
polygon. 

1889. Monday, Oct. 7«^.-^Examiner,-^Mr. Jerrari). 
1. Find the difference between ^r + -7 + -5, and + - + -. 

340 o 5 7 
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3. What are decimal fractions ? How does the use of them 
facilitaie calculation ? l)6iermine the form of fraction)} Which may 
be converted into finite decimals. 

8. Extract the square root Of 16139, adid of '00018139 ; and 
give an explanation of the rule. 

4. Find ihe simple interest on £687 105. 6d. for 7^ years, at 8i 
per cent, per annum. 

5. Explain the r^e for the m^tipliciitk>n of algebraical 
quantities. 

6. Find the expansions of (a + b)^ [a — b)^, and divide »* — 
yt by St* — yK 

7. Keduce to th^ir most simple forms, 
(1) ??2, (3) «'-.6rrV+ll«-^J 



ilm,tm 



•428 ^ ' »« — 8 a; + 3 

8. Solve t&e folldving equations : 

(1) a = 8a-i(4-(B) + |, 
(3) (« + !)« ={6 -(!--*)}«*-. 8, 
(3) l+)=l, 

X z 

y'^ z 3 

9. Insert six arithmetic means between 1 and 39. 

10. If ^==|, prove that ^L±4=^^, or generally ^t"^^ 

ss f_jL^, for all values of m and n. 
c '^' n d 

11. Investigate the general expression for thd su^ of n t^rms 
of the geometric series a + ar + aif* + ...., and find the sum 

of the series ^ - ^ + ^^^ ^, &c. ad t»/i«ifi««. 

13. What are the criteria of the divisibility of a number by 
6, 9, and 11, respectively ? 

13. Find the least multiplier which will render 8384 a perfect 
square. 

1839. Wednesday, Oct. Qth. — ^Examiner, — ^Mr. Mubpht. 
11. Solve the following simple equaticms : 



.,v 3 aj + 6 . 40 — aj ^ 10 a — 437 

w -f3- + -^-8 nra — 

(3) ax + b t=:a'x + b\ 
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^ ^ a^a;« + fe'x + c "" a'a + &'* 
13. Find the values of the unknown quantities x, y, &c., in the 
following systems of equations : 

11 a? — 6 y __ S X -^ y 



^^^ 93 39 



S X — 6 y = 1, 

(2) 7«— 8y = l^ 
4:»— 7j/ = l 
11 « — 7 u « 1 
19 07 — 8 u = 1 J 



1 



(8) 1 + 1 = 1 

or e 

y + ^ = 1 



18. Show how the arithmetical rule for partnership may be 
deduced from simple equations. * 

1840. Monday, Oct. 6th. — Examiner, — Mr. Jebbabd. 

1. Explain fully the rule for the multiplication of fractions. 

d. Extract the square root of 103041, and of '0758329 ; and 
show on what principle the rule depends. 

8. Find the value of 275 cwt., 8 qrs., 25 lbs., at £3 78. 6|d. 
per cwt. 

4. In what time will £225 amount to £817 at 5 per cent, 
simple interest? 

5. Prove that a!^a* = a*+" for all values of m and n. 

6. What is the value of T_^^ % = to three decimal places ? 

^/^ + 3\/T4 

7. Explain the method of finding the greatest common measure 
of two algebraic quantities, and reduce 

X* — 8ya?» — 8t/*a;g + 18y»a? — Sy^ 
afl — yx« — 8y«a; + 6y» 
to its simplest form. 

8. Solve the equations, 

(1) 1+1=15. (2) ^42-^^ = 9 + ^^ 

(8) V^15 +» = 8 +V'^ 

9. Find the values of the unknown quantities in the equations^ 

(1) 8a;-2y= 7| (2) a? + y = 12^ 
7y— 5 a? = 116) aj + « = 20[ 

y + « = 22J 
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10. If two persons together can perform a piece of work in 
7^ hours, and one of them alone in 10 hours ; how long wiU the 
odier take to do it alone ? 

11. Define proportion, and prove that if four quantities are 
proportional the product of the extremes is equal to that of the 
means. 

12. How many terms of the series 1, 3, 5, . . . will amount to 
6041? 

18. Find the least whole numher which, when divided by 17, 
shall leave a remainder 7, but when divided by 26 the remainder 13. 



1840. Thursday, Oct. Sth, — ^Examiner, — Mr. Murphy. 

9. Find the greatest common measure of a;' — 76 a; 4- 260, and 
a:*-. 60a;« + 626. 

10. If two machines, working separately, perform a work 
respectively in a and in b hours, in what time wiU they perform it 
jointly, working with equal power as before ? 

11. Simple equations to be solved, 

(1) 405 + 3 = 13aj— 160. 

(9)l?? + 18 = ^-6. 
X so 

(8) i+ 6 " 



X 05 + 1 aj + 2' 

12. - Explain the nature of the following equations, and give 
the correct answers to them : 

/1\ ^^ _J_ A 16 05 — 1 

(1) -r + ^ = 



(3) 
(3) 



6 ' 26 

05 — 2 _ 3a?— 2 _ 1 
4 12 8* 

4 1 



(2aj — l)(2a?— 6)"" 2a; — 6 2o?-r 

18. Solve the following equations between two or more un- 
known quantities : 

(1) 8aj — y = 8, 9 a; — 6y« — 45. 

(2) a;y =: 42, x»^ 48, yz = 66. 

(3) 12a; — 16y+2;? = 13^ 

7a; + 4f/ — 8« = 



1 
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1841. Monday, Oct. ith, — Examiner, — Mr. Jerbabi>. 

1. What is a decimal fraction? Show how to multiply, and 
to divide, 6012 by 00345. 

2. Find the simple interest of £3757. for 5^ years, at 3^ per 
cent per annum. 

3. If seven oxen eat an acre of grass in six days, how long 
will it take seventeen oxen to eat thirty-four acres ? 

4. Extract the square root of 4498641, and that of -04498641. 

5. Multiply a; + y by X — y, and give an interpretation of the 
result. Also expand 

(^ + y)^> and (1 + a^) (1 — cc — 3 «* + 4 x^), 

6. Compare the process of division in arithmetic with that in 
algebra. Divide 

«♦ — 10 a:» + 85 x« — 50 a; + 24 by »« — 5 a? + 4, 
and 91 «» + »« y — 28 a:« « — 53 X y « — 10 a; i/« + 22 t/«« + 44y «« 

by 7 X* + 5 X y — 11 y z, 

7. Show that if ? = 1 then tjtl = ^.±4. Also show 

a a — c — a 

that if a be less than b, the fraction - will be less than ^Llt.^ 

' b b + cc 

when X is any positive quantity. 

8. Find the sum of n terms of the series a + ar + ar^ -{^a r»+ 
• . and insert eleven arithmetic means betweeh 7 and 151. 

9. Solve the equations, 

(1) 3 — (2 0? — 82) = 44 — <B. 

(2) |_| = 23 + |-|. 

,o\ x + 1 3x — 1 7r — 11 

(3) —^ ^— = J 

(4) 10 X + 14 y =i 19. 102 X — 66 y = 39. 
What is the ineaning of such equations as 

. S 1 1 « 



(5) 59 + X =: 25. (6) 




X*— 1 X — 1 x + 1 

10. A hare fifty leaps in advance of a greyhound, and taking 
three leaps for every two of the latter, is overtaken in 300 leaps 
of the greyhound : what is the proportion between the length of 
the leaps ? 

11. Every whole number may be reduced to the form, 

a« ^ + «i.-i ^"""^ + »«-***■' + + % ^* + «o' 

in which r may be any integer whatever, and a^ a^i, . • . • a^ are 
integers, including zero, less than r. 
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1841. Wednesday Morning, Oct. Qth. — Examineri— 'Bey. R Muepht. 
8. Solve the following simple equations : 
(1) 8|_99t = 0. 



(3) 



187 +x _ 8a; — 9 
a; — 37 "" 3 a? — -131' 



(4) 5 4- ^ + ^ 4. ^ + ^ -. 



3. 



/gx f a; + y = «, (Q^ f 3 a; + 5 y = 370, 

W \a; — y = c2. ^^ 15 a; + 3 y = 690. 

9. Problem, — ^Ten years since, the ages of A and B together 
exceeded four times C*s age by six years, but in ten years hence 
that sum will only exceed three times C*s age by three years ; when 
C was bom A was exactly three times the age of B, — ^what are 
their.present ages? 

1843. Monday, July ^th. — Examiner, — Mr. Jebbabd. 

1. Give an account of our method of numeration. Wherein 
consists the great advantage it possesses over the methods of the 
ancients ? 

2. Upon what principles does the rule for the division of one 
whole number by another depend ? What is meant by dividing one 
fraction by another ? 

3. Reduce 



3 + 



4 + 4 

to their most simple forms ; and divide -0079968 by 2'24. 

4. Investigate the rule for the extraction of the square root of 
a number. Take as an example the number 3393964. What is the 
square root of 3f to five places of decimals ? 

5. Define discount ; and find the present value of £793 due 
six months hence, interest being at 3^ per cent. 

6. State the rule for the signs in the multiplication of algebraic 
quantities. Expand 

(1) (x 4. a) (a; + h) (x + c), (3) (a; + «)» (x - a)»; 

and show that 

\fi = (^±-1)!+ (^ - 1)' - (10 cfi + ix). 

t4 



> 4 
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7. Divide (»» — 6 »« + 11 x — 6) (x — 4) by x — 1. Also in- 

vestigate the expression — =» a*^. What is the meaning of the 

a* 

result, when m is equal to n ? 

8. Show that if 

9. Solve the equations, 

(1) 6 X — 7 = 9 (x — 1) — 48. 

(2) % — ?_ni a 11. 

^ ^ 3 7 

(3) (2 a — x) (a + 6) = 6 a (6 + x) — 7 6 X. 

(6) X + y + 3 « = 38 



(4)5^-16 + ^=18-y 
8 5 

X 7y T o /i \ 

-^-l = 3(l-x)J 



2x 



3x — 2y ssSdh- 



1843. Wednesday, July Qth. — Examiner, — Rev. R Mubpht. 
9. Simple equations : — 

(1) ^JL±2 + 719 = 723 X. 



(3) 



x+ 3y + 3;8r = 14, 
3 y — 7 « = 16, 
60 « — 47 X 103 



"11 y — 3 36 * 

(3) 17 X — 30 y = 30 X + 18 y — 7. 
119 X — 139 y s= 310 a? + 136 y + 1. 

10. Problem, — What is the value of x, when £x and 18 shil- 
lings are twice the amount of £18 and x shillings precisely ? 

1843. Monday, July 3rd. — Examiner,: — Rev. Prof. Heaviside. 

1. Multiply 1766 by 304. Divide 43376 by 347. Explain the 
different steps of each operation. 

3. Define a fraction. When is a vulgar fraction greater than 

13 3 

unity? Find the value of the compound fraction - of - of -. 

■ ^ ^ 3 3 4 

3. Reduce the fractions -, -, - -, ~, — ^, to equivalent 
fractions having a common denominator. Explain the rule you 
employ. Divide — - by -. . 

144 14 




MATRICULATION^ JULY 1844. IX 

4. Add together | of £1000 16«. 8i., f of £9400 12». 4d., 
5 4 

J of £8724 14». 7d. What fraction of half a yard is 3 inches. 

6. Represent as vulgar fractions 1*26, '0004. How does it 
affect the value of a decimal to annex ciphers (1) after the decimal 
places, Qi) between the decimal places and the decimal point. Deci- 
mals may be multiplied and divided by 10, 100, 1000, &c., merely 
by shifting the decimal point ; show this. Divide -000131 by 1*1. 

6. Extract the square roots of (1) 119036, (2) 1-31, (3) 12-1. 

7. Find the simple interest on £2475 125. 44., at 3^ per cent, 
for five years. 

8. Add 1:=-? to ^L+i. Multiply**— 2aaj + a»by(aj+a). 

Divide x'^ -^ 7 x + Ifihj x ^ S, and (x — y) by a* — y*. 

9. Define proportion. If four quantities be proportional, the 
product of the extremes is equal to the product of the means. 
What well known rule in arithmet ic is fo unded on this property ? 
If a :h : : c : d, prove a + b : a : : c + d : c. 

10. Solve the following equations : 

(1) 3a:-7 = 4a:-10. (2) 5+f==13-J 

11. Two railroad trains start at the same time, one from Lon- 
don at the rate of 25 miles an hour, the other from Bristol at 30 
miles an hour ; the distance from London to Bristol is 120 miles ; 
at what distance from Bristol will the trains meet? 



1843. Wednesday, July fith. — Examiner,— -Mr. Jebbabd. 

9. Solve the equations, 

m a? + 2 a?-7 _. a>-10 .o. 5a? + 6y = 137|. 
^^^ ~11 —4 ■^ + ~2~* ^'^^18a^-4y= 23/' 

and find the sum of the series, 

a +-- — ....ton terms. 

r r« 

1844. Monday, July 1st. — ^Examiner, — Rev. Prof. Heaviside. 

1. Explain concisely our method of numeration. Multiply 4765 
by 205, and explain the successive steps of the process. 

2. The numerator and denominator of a vulgar fraction may be 



both multiplied or both divided by the same number without altering 

the value of the fraction : explain this. Reduce _ --— to its lowest 

8910 

terms. 

8. Which is the greatest, _ of a pound sterling, or — r of a 

guinea ? Express the difference between them. What fraction of 
£100 is £3 17a. Qd. ? 

4. If three-fourths of an estate be worth £535 lOs.^what is the 
value of the whole of it ? 

5. What are decimal fractions ? What are the advantages of 

representing fractions as decimals ? Express — — as a decimal. 
What are recurring decimals ? Show that if the fraction - be re- 
duced to a decimal, the digits mmt recur. 

6. Explain the rules for pointing in the extraction of the square 
roQts of .whol^ numbers and decimals. Extract the square roots of 
166-26, -0064, -064. 

7. A person has £5635 stock, the annual interest on which is 
reduced from 3^. to 3^ per cent. : what does he lose in income by the 
reduction, and what is hisrincome after it? 

4 7 

Reduce (7 .a? — 2 y) + (3 a? — 4 y) — (9 a? — S.jf). 
Multiply a^ + 3a?»a + 4««a« + 8a?a» + 16a*bya?-. 3 flt. 

Divide 16 a* — 49 6* by 4 a« + 7 6«, and a? + y by cc* — yi 

9. Solve the following equations : 

(1) 3a:-5 = 2x + 7. (3) ?^^-^+J = 5. 

(8) 17-8x ^ 4a: + 2 ^g^^^ 7a: + 14 
^ ^ 6 3 ^3 

(4) 6 a; + 4 y = 68, 
3 a? + 7 y = 67. 

10. When are four quantities said to be proportional ? 

If a :b :: c : d, prove a* : 6* : : c« : d*. Find a fourth propor- 
tional to -0004, 1-4, -002. 

11. At an election three candidates stood, and 1000 votes were 
polled. The second candidate on the poll had twenty votes more 
than the third ; but if the first had only polled the same number of 
votes as the second, and the same n.mnber of votes had been polled, 
the third candidate would have.b^en.at the head of the poll by 10 
m^tjority. How many voAes were, p.9Jle4j hy e^h ? 



I 
I 
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MATRICUtATION, JTUtY 1841^; » 

1846. Monday, July 7th. — ^Examin^r, — Rev. Prof. H!eavisidb. 

1. Multiply Jei364 17«. Q^d. by 1^. Divide 866 by 67, and 
explain the different steps of the operation. 

3. Explain the rule for reducing the fractions -, -, -, to equivalent 

3 5 7 

ones having a common denominator. What is the least common 

denominator of the fractions equivalelit respectively to 

336713 11 17^ 

3* 6' 7' 9' 16' 20' HI ' 

3. What fraction of a pound sterling is 7«. Cj^d. ? Find the 

value of - of £729 18a. 9(2. Express in seconds ^q of a year, taking 

the length of the year as 366 days, 6 hours. 

4. By the last census, the population of Great Britain was found 
to be about 18,844,000, the parts employed in agriculture, and trade 
and manufactures, were respectively 1,499,000 and 3,110,000. How 
much per cent, of the whole population was each of these classes ? 

6. What are the advantages of decimal fractions ? Express as 
a decimal, 17369 divided by one million. Divide '00126 by 2-6. 
If the number of decimal places in the divisor exceed the number 
in the dividend, how do you proceed? Explain this, by making 2*6 
the dividend and '00126 the divisor. 

6. A vulgar fraction may always be considered as expressing 
the division of the numerator by the denominator. Explain this, 
and hence show how to reduce such a fraction to a decimal. 

7. In applying the rule for extracting the square root to a 
number which is not a perfect square, how do you explain tha 
quantity obtained? Extract the square roots of 16876, '0121 
144 



169' 



and the fourth root of 2*0736. 

^ „ 3a — 26^, 2a— 36 

8. From j — take — -z . 

Beduce (1) a;' -f a? y — (2 x — a; y) — (as y — as*). 

a:*— 64 
(8) (a> ~ 8) (a; + 4) (» - 6). (8) ^^^^z^. 

(4) (xl+a!»y» + y«)(a^--y»). 

9. Solve thd following eqaations : 

(1) 1=150 -8a,. (4) f+|=±48 

(8) 16_?^ = ^_7. 



f 



Xii MATBICULATIONy JULY 184«. 

10. Show how to find the sum of n terms of an arithmetical 
progression. Find the sums of the following series : 

(1) The first fifty even numbers. 

(d) 19, 14, 9, &c. to 16 terms. 

4 6 
(8) -g, 1, g , &c., to 9 terms. 

11. Define "ratio" and "proportion." 1£ a : b : : h : e, 
prove a : c : : a* : 6*. U ax '*- by =z cy — dx, find the ratio of 
a; toy. 

1846. Monday, July 6th. — Examiner,— 'Rev. Prof. Heavisidb. 

1. From £184 17s. Sd. take £98 16s. lOd., and explain the 
successive steps of the operation. 

d. Define a vulgar fraction. How does it appear that the nume- 
rator and denominator of a fraction may be both multiplied or both 
divided by the same number, without altering the value of the 

A(\0 

fraction ? Reduce to its lowest terms ggg. 

8. Take any number consisting of six figures, and show, from 
the nature of our system of numeration, that it is or is not divisible 
by 9, according as the sum of its digits is or is not divisible by 9. 

4. Which would be most productive to the state, an income 
tax levied at 8 per cent, or at the rate of seven pence in the . 
pound? Calculate the tax at the latter rate on an income of 
£1766 10«. 

6. Explain the notation of decimal fractions. How does it 
affect the value of the decimal to shift the decimal point two 
figures, (1) to the right, (3) to the left? Express as vulgar 
fractions -76, -0006. 

6. What vulgar fractions always produce decimals that termi- 
nate? Show that in reducing a fraction to a decimal, if the 

decimal does not terminate the figures will recur. Reduce y to a 

decimal. 

7. Extract the square root of ld*8d01. Explain the rule for 
pointing the decimals. 

8. How are the following terms used in algebra: — Coefficient^ 
exponent, factor, like quantities ? 

From l±Aj=lli take ?^.=A+^ Reduce 1±| + 1=-J. 
8 4 a — 6 a-f-6 



MATRICULATION, JULY 1847. xiii 

Multiply a« — 3 a a? -f 4 i»« by a — 2 03. 
Divide 8 aj^ — 26 a:^ + 11 a; + 10 by (2 cc — 6), and a — t/ In 

^7 — Vs* 

9. Solve the following equations : 

(1) 30 a; — 600 = 340 — 40 a;. (2) ? -f ? = 17 — — . 
^ ^^68 10 

,Qx7a? + 6 16 + 4aj,^ 3a?+9 

(3) —3— g + 6 = — ^— . 

(4) 12 aj + 13 y = 87) 
17 a; — 19 y = 15)' 

10. Define the terms, ratioy duplicate ratio, proportion. When is 
one quantity said to vary inversely as another ? 

If a : 6 : : - : -y, prove -j = -> If a : b : : c : dy prove a^ : b^ : : 
o 10 c a a c 

11. A railroad 20 miles long is on a gentle slope ; a train can 
travel along it and return in 40 minutes, and it is found that the 
train performs 3 miles down the slope in the same time that it takes 
to perform 2 miles up it. Kequired the time it takes to go and to 
return, and the rate of travelling each way. 



1846. Wediiesday, July %th. — Examiner, — Mr. Jebbabd. 

9. Find the sums of the following series, having investigated 
the general formulae on which they depend : 

(1) The first ninety odd numbers. 

(2) The first ninety even numbers. 

(8) 1 + 2 + 4 + ..-.. to ten terms. 

A. 1 ft 

(4) 1 + « "f qT + • • • • <wJ infinitum. 

Show that the results in (1) and (2) are included under the 
forms n* and n* -f n. What is meant by the sum of an indefinite 
series ? 

1847. Monday, July 6th. — Examiner, — Rev. Prof. Heavisidb. 

1. Multiply 16 yards, 2 feet, 11 inches, by 17. Divide 861116 
by 346. Write down the true value of the remainder, after one 
figure has been obtained in the quotient and the first subtraction 
has been completed. 

2. If 30 guns in a battle kill 2100 men, how many men would 
210 guns kill at the same rate ? 

3. What is meant by the greatest common measure of two 
numbers ? Find the greatest common measure of 247 and 670, 

P 



jdy MATRICULATION, JULY 1847. 

and show that Hie meUiod yon employ must give the greatest com- 
mon measure. 

4. Explain the rules for the multiplication and division of 
vulgar fractions. If two proper fractions be multiplied together, 
the numerical value of the product is less than either of them: 
show this. 

6. Distinguish between discount and interest. Find the interest 
on J61466 10«., for 3 years, at 4J per cent, simple interest, and the 
discount on the same sum for the same time. 

6. Express as vulgar fractions the decimals, '6, *0d7. Explain 
why adding any number of ciphers to the right hand side of a 
decimal does not alter its value. How does it affect the value of 
the decimal to interpose a cipher between the decimal point and 
the first digit ? 

7. Explain the rule for pointing in the extraction of the square 
root of a whole number. If a decimal be a perfect square the 
number of decimal places must be even : show this. Extract the 
square roots of 190096, -0064, and -081. 

8. Add together, 

(1) (1 + 2 a? — 4 y) and (2 — 3 a; + 6 y). 

(2) (a + 6 — c)« and (a — 6 + c)«. 

(3) From 6 «« + 6 a; y + y« take (4.a;« — 8 a; y + iJ y«). 
Multiply (a« — 3 a 6 + 6«) by (a« + 2 a 6 + 6«). 

(a?-^ + a;"^ y~* + a;~* 2r* + y"^) by (a;"* — y-*). 
Divide aj« + 10 a; — 600 by {x + 30). 

"^ by ^ 



flj« _ -^ a? + 3 
0. Solve the following equations : 
(1) 18 jp — U = lla:+ 18. 

<«) 4.x + 7y s=63| 
3y — 3 « = 8)' 
If flp : flp + 3 : : 3 : 4, find x. 

10. Airailroad train travels at the rate of 24 miles «n hour; 
two hours after it has started, an express engine travelling at the 
rate of 40 miles an hour is sent to overtake it. After what time and 
what number of miles will the express come up with the train ? 

11. When are a series of numbers (1) in arithmetical progres- 
sion, (2) in geometrical progression ? 

Find the sum of 12 terms of the series, 19, 27, 86, &c., of 14 

7 6 3 
terms of the series - , -, - , &c. ; continue 6 terms both ways the 

««ri88:8,'8, 10, 






MATEIOULATION) JUXiT Idtt. XT 

1848. Tuaday, July 4ih. — Examiner, — Rer* Prof. Heatzsibe. 

1. Divide d^&16 1^. %d. into Id equal parts; Mnltiplj 64S08 
by 804, and explain the arrangement of the rows of figures you add 
together to obtain the complete product. 

2. What length of. carpet f yard wide, will cover a rectangular 
room 36 feet long, and 27 feet 9 inches wide, and what will be the 
cost of the carpet at 4s. M, a yard ? 

3. Show that any number will be divisible by 8, if its three last 
digits are divisible by 8, and only then. Find the greatest common 
measure of the two numbers, 78624 and 102232. 

4. Explain the principle upon which vulgar fractions are reduced 
to their equivalents, having a common denominator. When may 
the common denominator be less than the product of all the deno- 
minators ; and how is it then determined ? 

„ 8 5 7 6 11 
^''' 4' 6' 8' 9' 12* 

5. Find the interest on £13T4 10s., at 4^ per cent simple 
interest for 6 years. Find the present value of the same sum due 
3 years hence, at the same rate. 

18 19 -rm 

6. Express as decimal fractions. , — . What are re- 

^ ' 1000' 625 

curring decimals ? Show that if - be reduced to a decimal the 
digits recur. 

7. Extract the square roots of 15129 and of 5188*3209, and 
explain the rule for pointing both the whole numbers and the 
decimals. 

8. Add together 7aaj + 6 6y — 3c«and 6 ax — 36y + 2<r«. 
From 2a— 36 — a + 6 take 2 a — 3 6 — (a + h). 
Multiply a;8 — 8 a;8 + 4 aj — 7 by a; — 3, and a:-« + «~* y"* + 

1/-* by oj"^ — y^. 

Divide a* — 5 aj* — 10 «» + 17 » — (^ by «« — 7 » + 5. 

9. Solve the following equations : 

(1) 2cr-14 = ^ + 12. (2) <p + l£j=i = 12 - ^ ^^> ' 

(3) 5a? + 6y = 76| (4)2a?+ y+ ;? = 18 

4a;— ay = 14) a7 + 2y + 3« = 16 

8 x-^fiy + ^tz = 14j 

10. Show that if four magnitudes be proportional, the product 
of the extremes is equal to the product of the means. If the four 
magnitudes be four straight lines, how is this result interpreted? 

If a : 6 : : 6 : c prove that a : c : : a* : 6*. 
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XVI MATRICULATION, JULY 1849. 

11. Show how to find the sum of an arithmetic series of n 
terms. Find the sum of 18 terms of the series 12, 18, 24, <fec., and 

of 12 terms of the series -, -, -, (fee. Find a geometrical mean 

5 5 5 

between 8 and 128. 



1849. Tuesday y July 3rd.— Examiner, — Rev. Prof. Heaviside. 

1. A labourer's wages are 9s. 8d, per week, how much does he 
receive for 11 weeks' work? Assuming that there are 68,240,000 
acres of land in the United Kingdom, how many square miles of 
land does it contain ? Note. — 640 acres make 1 square mile. 

2. Show that any whole number, 765468, may be expressed by 

the sum of its digits multiplied by powers of 10. Prove also by 

general reasoning, that a number is divisible by 9 when the sum 

if its digits is divisible by 9, and only then. 

Q tj ly 1 1 1 q 

8. Add together the fractions -, ~, - — -, ■ -, and explain 

4 6 8 12 36 

; why they must be first reduced to a common denominator. What 

fraction must - be divided by to give a quotient -- ? Can more 

than one such fraction be found ? 

4. What fraction of the earth's diameter (7900 miles) is a 
mountain 4 J miles high ? By what fraction of an inch would the 
height of such a mountain be properly represented, on a globe of 
18 inches diameter? 

6. If the whole revenue of the country (£50,000,000) were paid 
as interest on the national debt, (£760,000,000,) how much per 
cent, would it give ? Find the interest on £7660 10s. for five 
years, at 3 J per cent., simple interest. 

6. Multiply 2-664 by -047, and divide -00169 by -013. Verify 
your results by putting the decimals in the form of vulgar fractions. 

17 

7. Reduce -— to a decimal ; and explain why, in reducing a 

fraction to a decimal which terminates, the number of decimal 
places depends on the form of the denominator of the fraction, and 
not on that of the numerator. Extract the square root of 
268368-89. 

8. Add together 7aa; — Say, 4aaj— 2 xy, a x ^ ^ ^y* 
From (a + hf take (a — 6)«. 

Multiply (a* — 3 a»a?+4 a« a:« — 7 a a;^ + a:*) by (a« — ^ax + ^ofi). 
Divide a;« — 6 05 + 6 by (a; — 3), and «""* — a~^ by a"* — a"*. 

9. Solve the following equations : 



U 
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MATRICULATION, JULY 1850. XVll 

(1) 5a;+7 = 6aj-19 + 8a;. (3) a: + ^ - ^-Tl^ =: 6 4- ^. 

(4) 1 4- ~ = 2 ] 
6ar + 2y = 42 T ^ — £2 = 6 

10. When are four arithmetical quantities proportional ? Find 
a fourth proportional to 7, 100, 766. 

If a : b : : c : df prove a •■\- b : a : : c -{• d : c, 

li a : b : : c : d : : e iff prove a + c-feift + d + f : : a : b, 

11. When are magnitudes (1) in arithmetical, (2) in geometrical 
progression ? Find an arithmetical and a geometrical mean betwefen 
a and b ; write down the 12th term of the series 7, 12, 17 ; and find 

the sum of five terms of the series — — — -f x &c« 

3 9 27 



1860. Monday y July find, — Examiner, — Eev. Prof. Heaviside. 

1. What is the cost of constructing a railroad 126 miles long, 
at the rate of £16 per yard ? 

2. What do you understand by the prime factors of a number ? 
How may you determine by the inspection of the digits of a num- 
ber when it is divisible by the numbers 2, 3, and 11 respectively? 
Find the greatest common measure of 7864 and 9768. 

3. ^ In Great Britain, the population of which is computed at 
18,526,830, 6 J per cent, of the population exercise the elective 
franchise : determine the number of electors. What per centage 
of the whole population of Great Britain is the population of 
Scotland, 2,620,180 ? 

4. State, and explain, the rules for the multiplication and 
division of one vulgar fraction by another. Show that the multi- 
plication of two proper fractions will give a product numerically 
less than either of them. 

Exs '' X i-1 2 ^ 1 
^''^- 8 ^ 13' 3 • 2' 

6. Explain the notation of decimal fractions, and show how 
the value of a decimal is affected by moving the decimal point two 

places to the right or left. Write as a decimal, and express 

the one-millionth part of the same fraction as a decimal. Multiply 

86-346 by 4-173. Divide 266 by -00016. 

17 
6. Reduce -— - to a decimal. Write down the forms of the 
128 
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xnu MAraiCULATIOV, JULY 1851. 

denominatonr of vulgar fractions in their lowest terms,; which, will 
produce exactly six decimal places. 

7. Explain the rule for pointing in the extraction of the square 
roots of whole numbers and decimals. Extract the squaie roots 

of 1194-3986, and of i^. 

16-9 

8. When are quantities in algebra said to be Wee and unUke t 
What is the meaning of the index in a^ ? 

Add together 3«* — 3a:y, 4«« + 6a:5r, xy — «•. 

From take 



a — X a -\- X 

Multiply 37i»8 + aa?«i/ + 8a;y« + t/»by8a; — y. 
Divide 26 a« — 80 ic t/ + 9 y« by 6 a; — 3 y. 

9. Solve the following equations : 

(1) 3 a; - 9 « 3 cc + 20. (2) ^J^ = ^-±-i?. 

m Q — Qg — ^ _ 7 a ;— 18 (4) 7 a; + 8 y = 119| 
^^ 2 2 10* 9a;— 3y« 61)' 

10. Give an aritlimetical definition of proportion. On what 
property of proportions is the " rule of three " founded ? If 26 
men do a piece of work in 15 days, in what time will 16 men do the 
same work ? 

If a : 6 : : 6 : c, prove (l)a4-6:a — 6::6-fc:6 — c. 

(2) a : c : : a« : 6«. 

11. How are the terms, common difference and common ratio 
used in arithmetical and geometrical progression respectively ? 
Form the arithmetical and geometrical series in which a is the 
first term, and 2 the common difference and common ratio. Write 
down the 20th term in the arithmetical, and the 6th in the geome- 
trical series. 

Find the sum of 16 terms of the series 9 + 24 + 39 + &c. 

9 9 9 

Find Ihe limit of the sum of the series —- + -— + -— ^ +, &c.y 

ad infinitum, 

1861. Tuesday, July Irt. — Examiner, — Rev. Prof. Heavisidb. 

1. From 7603 take 871, and explain the process of ** borrowing 
and carrying " in the common rule of subtraction* 

2. Show that a number is divisible by 8 when its three last 
digits are divisible by 8, and only then. State and prove the 
criterion of divisibility by 9, 

8. Distinguish between interest and diseownt. Find the simple 
interest on £8540 10.^. for 3 years at 4^ per cent., and the discount 
on the same sum for the same time, at the same rate of interest. 



MATBICULATION, JULY 1861. zk 

4. Explain the principle upon which fractions are reduced to 
equivalent fractions, having a common denominator. Express hy 

equivalent fractions with the least common denominator -, — , ~> 
14 17 19 Tj , ^ *^t w 6371 ^ ^^ 

16' 20' 51- ^'^^'" ^ '^ ^^^''' *"™'' 59736- 

6. Show how the common system of notation is extended to 
fractional quantities. Express 341-7206 in terms of its digits, mul- 
tiplied or divided respectively by powers of 10. Hence obtain a rule 
for expressing a decimal by its equivalent vulgar fraction. 

Multiply 72-14 by -0376. 

Divide 4280-1962 by 6-612, and 144 by -00012. 

113 * 

6. Reduce to a decimal. What are the conditions ix) be 

fulfilled, in order that a vulgar fraction may produce a finite decimal ? 
If a vulgar fraction do not produce a finite decimal it must produce 
a recurring decimal. 

7. Extract the square root of 423020*16. When are numbers 
said to be incommensurable ? In extracting the square root of 13 
by the ordinary rule, show that the process does not terminate. 

8. How are the terms co-efficient, exponent, factor, used in 
algebra ? 

From (7 «« — 8 jc y + 9 y«) take (6 «« + 11 aj y + 8 j/«). 
Multiply 5a;» + 7aj«y — fta;y« + 3 y» by (2 5C« — 3 as y + y*). 
Divide 8 a* + 16 «» y — 33 a^y« + 14ajysbyfl>« + 7a?y. 

Reduce _J^ - _^- + ^^ 



aj» — 1 « — 1 05* + a> + 1 

9. Solve the following equations : 

(1/ 7 0? — 10 = 6 a? — 4. (3) 3 a? 4- lii! = 22' 

(4) 8 y - -^-ti = 7 + IflrL^J?) 

4 6 

4 a? — Lrii^ = 24 — a? 
8 

10. Define " ratio " and " proportion." Show from the algebraical 
mode of representing rfttio, that magnitudes have the same ratio that 
their equimultiples have to each other. 

li a : b :: c : d, and a the greatest magnitude, prove 

(1) a — 6 : a + b : : c — d : c + d, 

(2) (a + d)>(b + e). 
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MATRICULATION, JULY 1852. 

11. When are three quantities, a, b, c, (1) in arithmetic, (2) in 
geometric progression ? Express, for each progression, b in tenns 
of a and c. 

Find the sum of 19 terms of the series 7, 14, 21, (fee. 

Write down the sixth term of -, -, — -, <fec. 

Find an arithmetic mean between - and -, and three geometric 

, ^ 2 , 2401 ^ ^ 

means between - and -— -— . 

3 24 



1862. Tuesday, July Qth. — Examiner, — Rev. Prof. Heaviside. 

1. Divide £2561 4». 6^^. by 7 ; explain briefly the steps of 
the operation. 

2. When is one number said to be the greatest common measure 
of two others ? Find the greatest common measure of 1675 and 
3886, and explain why the process employed gives the greatest 
conmion measure. 

3. Find the simple interest on £1210 10s. for 4 years, at 3 per 
cent, per annum. 

The annual divisible receipts of a railway company are £437,600, 
and there are 250,000 shares at £21 each ; what would be the divi- 
dend for each share, and what rate per cent, would be paid on each 

share? 

7 89 

4. Multiply — by — -. Explain the rule for multiplying two 

fractions, and show that the product of two proper fractions most 
always be numerically less than either of them. 

If n be a whole number, what is the least value of n for which 
(f )" is less than ^ ? 

5. What do the digits 5, 7, 3, represent, in the decimal •673 ? 
Show that ciphers may be added without limit to one side of a 
decimal without altering its value : what change in the position of 
the decimal point increases a decimal one-hundredfold ? Express as 
a decimal the millionth part of •7. 

Multiply 41-038 by 3-94. 

Divide -05266 by 13-6. Divide 25-6 by -000016. 

6. What are recurring decimals ? Find the recurring decimal 

equivalent to -, and find the vulgar fraction equivalent to the re- 
curring decimal -81246246. 

If the true value of a decimal be 3'14159, show that 3-142 is 
nearer the true value than 3*141. 
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7. Explain ihe rule for pointing in the extraction of the square 
root of whole numbers and decimals. 

Extract the square roots of (1) 33-1489, (2) '144. 

8. When are quantities in algebra said to be "like" and 
* * unlike ?'* Give examples. 

Add together (3 a + 4 6 + 5c),(2a— 96 + 6c),(4a — 3 6 — 7c). 

From (a + 6)« take (a — 6)«. 

Multiply (a:8 — 7 a:* + 8 a: - 9) by (a:« — 3 « + 1). 

Divide ar* — 81 y* by a: — 3 y. 

Explain the equation afi x ^^^ =i a;i8. 

9. Solve the following equations : 

(1) 4 aj - 2 = 3 a? + 3. (2) ^-^ + *-±_? - ^L? = 14. 

10. (a) If a : b : : c : d : : e :f. 

Prove (l)a:6::a + c + «:6 + d4-/. 
(^) a : b : : c ^ e : d — /. 
(P) When are quantities in arithmetical progression? Write 
down 7 terms of the arithmetic series of which a is the middle 
term and h the common difference. 

Find the sum of 20 terms of the series 3, 7, 11, 15, &c. 
When are quantities in geometrical progression? a, x, y, b, are 
in geometrical progression, find x and y in terms of a and b. 



1853. Tuesday, July 6th, — ^Examiner, — Rev. Prof. Heaviside. 

1. In dividing one whole number by another, what does the 
quotient determine ? Divide 243584 by 346, and explain the steps 
of the operation. 

2. Show that any number will be divisible by 12, if its two 
last digits be divisible by 4, and ihe sum of its digits be divisible 
by 3 also. What are the prime factors of a number? resolve 
54180 into its prime fiEtctors. 

3. Find the simple interest on £4572 15«. for 9 years, at 4|> 
per cent. 

If the three per cent, stock be at 98, and the three and a quarter 
per cent stock be at 101, which stock is it most advantageous to 
buy ? What income will dg5000 invested in the three per cent stock 
produce ? 

4. Explain the principle upon which vulgar fractions are added 
together. 

Q 
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Add together 12, H, H, ^3, 29 
^ 15 20 21' 26 80 

What fraction of a guinea added to 4s. Qd, is equal to 1 5s. ? Is 
a proper fraction increased or diminished by adding the same num- 
ber to its numerator and denominator ? 

5. Express as decimal fractions — r, r-r- What is the dis- 

^ 10 1000000 

tinction between decimals and whole numbers, as respects the pre- 
fixing and affixing ciphers to the right and left of the significant 
digits? 

Divide -365 by 20. 

If in obtaining the quotient you cut off the cipher from the 
divisor and actually divide by 2, what corresponding change should 
be made in the dividend ? 

6. Perform the operations indicated below : — 

(1) 86-01 — 2-987664. (2) 2-746 x 45-674. 

(3) 288-8268 -^ 8-46. (4) 6-25 -f- -000126. 

(5) V^2119-6816. 
Verify the result of (4) by vulgar fractions. 

7. Why must the decimal equivalent to - recur? -Find that 

decimal. Find the vulgar fractions equivalent to the recurring 
decimals. 

(1) -71717171. (2) -80654654. 

Find the value of -33338 of 2^ guineas. 

8. State the rule of signs when one algebraical term is multi- 
plied by another. 

Add together 7a5 — 4y, 3a5 4- 6y, 9a;^y. 

From (2 a -f 8 fc)« take (a — 2 6)«. 

Multiply a* — 2 aH + 2a«fc« — 3 a 6» + 2 6*by a«— 2a6 -f 6«. 

Divide (3 a;« — a — 10) by (8 a; -f 5). 

Find (x — 2 a)\ 

9. Solve the equations : 

/!(• /ifi ^^ 



(1) 9 a? — 4 = 8 aj + 12. 


(2) 


2 ■*■ 3 "" 4 


+ 


(8) 2a: + 8y = 82. 
lly— 9a?= 3 


W 


x + y=z 9 
X + z = 10 
y + « = llJ 


•• 



10. When are magnitudes in arithmetical progression, and 
when in geometrical ? 

Sum the series 4 + 11 + 18 + .... to 9 terms. 

Sum the series 3+ 6-]-12-f....to6 terms. 

What is the arithmetic mean between 2 a — 3 (2 and 2 a -f- 5 d ? 

J£ a :b ::b : c, prove (1) 6« = a c, (2) a : c : : o^ : 6«. 



*•• 
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1864. Tuesday, July Ath, — Examiner, — Kev. Prof. Heayisidb. 

1. Multiply £1865 17«. lid. by 63. 

Eeduce 167806 ounces avoirdupois to tons, &c. 

In reducing ounces to pounds, and pounds to quarters by steps 
of short division, explain the true values of the final remainders in 
each line of the process. 

d. How may it be detected by the relations existing amongst 
the digits of any number, when that number is or is not divisible 
(1) by 8, (3) by 11. Find all the divisors of 2146. 

3. What is the amount of £2674 16s. for four years at 6^ per 
cent, simple interest ? 

£7262 10s. invested, returns an income of £326 16s. 3(2., what 
rate per cent, is paid on the investment? 

4. Define a vulgar fraction, and show from your definition that 
2 _ 4 _ 10 

8 6 16' 

Reduce the fraction ^^ to its lowest terms. 

4294 

Can the greatest common measure of two numbers exceed the 

difference between them ? 

Express - of half-a-guinea as the fraction of a crown, 
y 

What fraction of 12s. 6(2. must be added to ^ of a guinea to make 
a pound sterling ? 

5. Express as vulgar fractions *6, '0007, and as decimal frac- 
625 12 

^^^ 1000' 1000000* 
Perform the operations indicated below : — 

(1) 4-72 + 126-6 — 64-22. (4) 1- 69 -f- '000013. 

(2) 22-78 X 3-176. (5) \ /l-69. 
(8) 72-3266 -r- 2-278. (6) v^l4-4. 

In Example (2) write down the true value of the product repre- 
sented in each line of the operation. 

113 

6. Beduce —^^ to a decimal, and point out why the decimal 

626 

terminates, and what determines the number of decimal places. 
Write dovm all the possible denominators of vulgar fractions in 
their lowest terms, which shall produce finite decimals of exactly 
four places. 

Find Hhe value of -8765436643. 

Prove •3883 x -212121 = -070707. 

7. Explain the rule in algebra for removing a bracket which 
has a (— ) sign before it 



t. 
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j: 
r 



i Show that (8 a — 26 + 6c) — {3 a — 26 + 4c}=a + c. 

I Multiply (a OP* — 3 rc« j^ + 4 a5« y« — 6 x y» — 2 y*) by (3 a; — y). 

] Divide (a* — 4 a* fc -f 6 «« 6« — 4 a 6* + 6*) by(a» — 2 a 6 + 6«). 

* Divide («« — y«) by (a* — y). 

Prove (1 + a: — a?«)« — (1 — aj + a5«)« = 4 a? (1 — as). 

8. Solve the following equations : 

(1) 6a; 4- 4= 8 X— 8. 

(S)l+i-i^ + 8 = |. 1-1= « 

9. Given the first term and the common difference of any arith- 
metic series, write down six terms of the series. 

What is the 12th term of 7 + 12 + 17 + &c. ? 
What is the sum of 100 terms of 6 -f 9 + 18 + &c. ? 
Insert six arithmetic means between 17 and 3. 

Find the sum of five tenns of the series ^ + J + 1. Ac. ; to 

what limit does the sum approach as the number of terms is in- 
creased without limit ? 

10. Find a fourth proportional to 7, 63, -016. 
Ifaa; — byszcx-^'dy, find the ratio x : y, 
1£ a :b : : c : d, prove (1) a« : fc« : : c* : d*, 

(2) a« -f 6« : c« + <i* : : a* : c*. 

J£ a : b 

b : c : : P : y\ prove a : d : : a : L 
e : d 



1865. Ttiesday, July Srd. — Examiner, — Rev. Prof. Hbaviside. 

1. How many half-crowns are there in J6766 17«. 6d. ? How 
many years are there in 7306 days, the length of the year being 
taken at 366 J days ? In the last example explain briefly the pro- 
cess employed. 

2. What is a prime number ? Find all the prime divisors of 
26740, and show from the decimal system of notation, that any 
number is divisible by 9 when the sum of its digits is so divisible. 

3. Find the simple interest for 3 years on £4564 15s., at 4J 
per cent. ; and calculate the income-tax on the yearly interest at 
1«. 2d. in the pound sterling. 

At what rate per cent, is such an income-tax levied ? 
4 Define the least common multiple of two or more numbers. 
Show, with reference to the numbers 592, 1369, that the least 



: : a : 


P] 


::^: 


7 


:: y : 
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common multiple is equal to the product of the numbers divided by 

their greatest common measure. 

11 17 19 23 
Eeduce --,_.,--.,-- to equivalent fractions having for a com- 

15 /eO /el /oo 

mon denominator the least common multiple of their denominators. 
By .hat fraction wiU 1 + 1 + I + ^^ differ from unity ? 

What fraction of £24 is | of £1 10<. ? 

7 

5. Show how the common system of the decimal notation is 
extended to express fractional values. 

Hence show how to express any decimal fraction as a vulgar 
fraction. 

Express in the decimal notation (1) — — , (2) — + — — + 



1000 ' 10000 

Perform the operations indicated below : — 

(1) 26-72 — 18-946. (2) 4664 x -00036. 

(3) 443-3 -f- 12-4. (4) 16-9 -f- -00013. 

(6) V6394-9026. 

In Ex. (1) explain the process of borrowing and carrying. 

18 
fi. Reduce — to a decimal. 
16 

Show why every vulgar fraction in its lowest terms, with 16 for its 

denominator, must be equivalent to a finite decimal of four places. 

Find the fraction equivalent to the recurring decimal •4787878. 

Prove -3333 — -121212 = -21212121. 

7. What is the coefficient of an algebraical quantity ? Is any 
coefficient understood when none is expressed ? 

Reduce (7 jc + 6 y) + (2 aj — 3 y) — (a; — y). 
Multiply (7 aj» — 3 a;8 y + 2 aj y« — 6 y3) x (3 a; — 4 y). 
Divide (6 a» — a* fc — 14 a i>« + 8 6*) by (2 a — 3 6). 

Reduce 1 - (±^zl)l. 

(a + by 

8. Solve the following equations : 

(1) 6a=-ll = 8« + 18. (2) g-g-^ + Jj-g=«^-»» 

('> J*-?y = B. (4) 3«_3£py = 16+f 

4aj + 7y=s63) ^' 7 2 



9. Find a third proportional to 6, -06. 
If7aj + 6y:7a: — 6y::81:ll, find x : y. 
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If a : h :: e : d :: e :f, 

Prove (1) - = ^. {11) a:b::(a + e + e):(b + d +/). 

10. Express six terms of the arithmetic series of which 5, 9, 
shall be the two middle terms. 

Sum the series 11 + 16 + 31 + &c. to nine terms. 

The sum of any number of terms of the series 1 + 8 + 5 + &c. 
is always a square number. 

To what progression does the series following belong ? 

1 + i + i + &c. 

Find its sixth term, and its sum to five terms, and to infinity. 
Insert two geometric means between '9 and -0009. 



1866. Tuesday, Jtdy Sth, — Examiner, — Kev. Professor Heaviside. 

1. Apply the " Rule of Three" to the solution of the following 
question : — 

If Id men can perform a piece of work in 8 days, in what time 
will 48 men perform the same ? 

Upon what property of numbers is this rule founded ? 

d. Find the simple interest on £2045 10s. for 7 years at 8^ 
per cent. 

At what rate per cent., simple interest, will £450 amount to 
£518 in four years ? 

8. When is one number the measure of another? When is 
one number the greatest common measure of two others? Give 
instances. Find the greatest common measure of 4212 and 18455. 
In the application of this rule, how is it indicated that the numbers 
are prime to each other ? 

4. State the rule for the division of one vulgar fraction by 
another. Divide f by J ; show that a proper fraction will always be 
increased by dividing it by another proper fraction. By what frac- 
tion must ^^ be divided to give a quotient 8 ? 

The length of ^^ of the earth's circumference is 69Jy miles. 
What is the earth's diameter, assuming the diameter of a circle to 
be 3^ of its circumference ? 

5. Express -^y ^y^, TWTnr> ^^ decimal fractions. 
Show from the notation of decimal fractions that 

365-74 = 3-6574 x 100. 
Perform the operations indicated below : — 

(1) 5-5 — 7-0354 + 2-14. (2) 18-754 x 2-463. 

(8) -81075 -H 1-18. (4) V'51-912025. 



V 
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6. What are recurring decimals? Show that in reducing a 
vulgar fraction to a decimal, if the decimal does not terminate it 
must recur. Find the repeating period of f . 

Find the vulgar fraction equivalent to the recurring decimal 
•4666666. 

7. What is the value of cc* where a? = 6 ? 
Simplify (3 a + 6 6 — 2 c) — (a + 6 6 - c). 

Multiply (a* — 3 «» 6 + 2 a« 62 — 4 a 6» + 54)by (a« — 8 a6 + 3 6«). 
Divide (8 x* — 2 a;« — 11 a + 16) by (2 a; + 3). 

53 + c« — a« (a + 6 + c) (6 + c — a) 

Prove 1 H -I^r-r = ^--^ — Jj^ - 

^ b c 2 c 

8. Solve the following equations : 

(1) 63 aj — 119 = 58 aj + 1. (2) 1^ — ^ = aj — 8. 

(3) 3a:-7y= 7^1^ (4) ^ + 2^ = 43 

= 87r ^ ^ 9 ^ 8 *"* 



11 aj + 5 y 



i^ + 2/ = 42 
8^9 



.• 



9. Express, by an equation, the relation, a :h : : c : d. 

J£ a : h : : c : d, 
prove (1) m a : m b : :n c : n d, 

(2) {a + 6)« : (a — 6)2 : : (c + d)« : (c — d)«. 
K a : h : : b : c, prove a : c : : a* : 6«. 
Verify this last property when a = 3, 5 = 6. 

10. Find the arithmetical and the geometrical means between 
6 and 24. 

Sum the series 9 + 1^ + 19 + &c., to 12 terms. 

^4. I 4. |. + &c., to 7 terms. 

ODD 

4 + 12 + 36 + &c., to 5 terms. 

1867. Tuesday, July 7th. — ^Examiner, — ^Eev. Prof. Hbavisidb. 

1. If 22 yards = 1 chain, and 4840 square yards = 1 acre, how 
many square chains are there in 5 acres ? 

3. Find the simple interest on jei365 6». Sd. for seven years at 
8^ per cent 

At what rate of simple interest will £300 amount to ^6360 in 
seven years ? 

3. Write down any two numbers of which 205 is the greatest 
common measure. Find the greatest common measure of 3966 and 
1808, and show why the process you employ necessarily gives the 
greatest common measure required. 



xxvm 
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Reduce the fractions {, -^^ -f^, ^, |^ to equivalent fractions with 
the least common denominator. 

Could all these fractions be expressed with a denominator 360 ? 

4. Show from general reasoning that the product of two frac- 
tions 4 s^d ^ must be arithmetically equivalent to the compound 
traction ^ of |. 

What number is that of which the part expressed by {^[+ ^ + ^} 
is 45 ? 
Reduce 3j- of £^ Us. to the fraction of 13^ guineas. 

5. Show how the decimal system of notation is extended to 
express numerical magnitudes less than unity. What part of the 
unit is expressed by '46 and by •00007 respectively? 

State the rule for the multiplication of decimals, and verify it by 
vulgar fractions in the case of the product 33*175 X '0008. 
Perform the operations indicated below : — 
(1) -00044408 -T- -0112. 



(2) V' 



14-4 
l6^ 



(3) •3263-5616. 



In Ex. (3), state the rule for pointing the decimals. 

6. Reduce to a decimal |^ ; why is the decimal finite ? Bednce 
•f^ to a decimal; express the true value of the remainder in the 
division after four decimal places have been obtained. Find the 
value of the decimal -8414141, and prove -0009999 = -001. 

7. Explain the use of the bracket in algebra. If a negative 
sign stand before a bracket, how may the bracket be removed ? 

Simplify (1) ''* + 8«&-6« _ «»-8a6 + 6« 

Multiply 
(a« — 5 a*6 + 10a»6« — 10 a*h^ + 6 a6* — 66)by (a« ^2ab + 6«). 
Divide {x^ y^ — l) by (a; y — 1). 
Reduce (1 + 2 a; + 3 aj«)« — (1 — 2 a? + 8 a;«)«. 

8. Solve the equations : 

(1) a? = 15 a? — 42. 



,Qx X 5a; + 4 ^a' — ^_a 
(3) g 3 —3 0. 



(3) 1 + 1 = 0.-7. (4) 



9 To~-^' 



Kaj + 4:2aj — 4::2:8, find x. 

9. Insert two arithmetic means between 20 and 65. "Write 
down 9 terms of the arithmetic series of which the three middle 
terms are 3, 11, 19. Find the fifth term of the geometric series 
7, 21, 63. 
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Sum to 12 terms 8 + 18 + 18 + &c. 

Sum to 13 terms 3 + 1^ + 1| + &c. 

Find the limit to the sum of the series l+t + J + i + &c. 

If 7 a + b : S a + 6b :: 7 e + d : S c + 6 d, prove a : b : : e : d. 



1858. Tuesday, July 6th. — Examiner, — G. B. Jebbabd, Esq. 

1. Reduce --- to its lowest terms. 

388 

What is the product of 2-16 and 28-8 ? Prove the rule for the 
multiplication of decimals. 

2. Extract the square root of 904401, explaining the process, 
8. Find the simple interest on £547 15s. for 5 years at 3 per 

cent. 

If a sum of money doubles itself in 40 years at simple interest, 
what is the rate of interest ? 

4. A ship sails with a supply of biscuit for 60 days, at a daily 
allowance of 1 tb. a head ; after being at sea 20 days she encounters 
a storm, in which 5 men are washed overboard, and damage sus- 
tained that will cause a delay of 24 days, and it is found that each 
man's allowance must be reduced to five-sevenths of a pound. Find 
the original number of the crew. 

6. If X = fLn*, Y = ?Jii. 

a + ^ a — o 

express 

(1) X + Y, (2) X-Y, 

in terms of a and h, in the most simple forms. 

Give an account of the origin of negative quantities. 

6. Solve the equations : 

(a) 10 — 2 « — 6 = 46 — 5 a?, 

^^^3^2 8 5 ' 



(y) 2aj + 3j/ = 61| 
6aj_4y = 26)' 



7. What is the algebraical definition of ratio ? How may we 
compare two or more ratios? Show that a ratio of. greater in- 
equfidity is diminished, and of less inequality increased, by adding 
the same quantity to each of its terms. Prove also that 

if a : b : : c : d, then a + b : a — b : : e + d : c — d, 

8. Find the sum of a given number of quantities in arithme- 
tical progression, the first term and the common difference being 
supposed known. 

Ex. I, — f, — 2, to 24 terms. 

B 
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What is the common difference when the first term is 1, the laat 
60, and the sum 204 ? 

9. Insert m geometrical means hetween a and e ; and show that 

their product will he (a «)«. 

1850. Tv/esdMi, July 6th. — Examiner, — Bev. Professor Heatiside. 

1. If £24 7s. 10^. be paid as income tax on an income of 
£660 10«., what ought to be paid at the same rate on an income of 
£2460 6s. Sd. ? and at what rate in the pound is the tax levied ? 

2. Find the simple interest on dS3168 16s. for 4 years at 5^ 
per cent. 

In how many years will £626 10s. amount to £813 3s. at 4 per 
cent, simple interest ? 

3. Explain the rule for the multiplication of one vulgar fraction 
by another, and show that it is consistent with the rule for the mul- 
tiplication of whole numbers. 

Multiply (g - 1|) by 2f 

The value of an ounce of standard gold is £3 17s. 10^. : what 
fraction of one million sterling are 626 ounces of gold ? 

4. Show that any mixed number expressed as a decimal may 
be multiplied or divided by 1000 merely by shifting the decimal 
point. 

Multiply 86-6 by -00164. Divide 11-3 by 28-26. 

Prove the first result by vulgar fractions. 

6. Explain why the square of a decimal must have an even 
number of decimal places. Can a whole number with the dlg^t 2 
m the unit's place be an exact square ? 

Extract the square root of 1226-7001, and prove that the square 
root of 18-7 = 4^. 

6. Find the values of the expressions (^ + ^\ and ^ ~ ^ 

Vy x/ X — y 

when 05 == 6, y = 4 ; will the values be the same if y = 6, a; = 4 ? 
Perform the operations indicated in the following examples : — 

(1) (a- + 86«-0-(a«^26«-^.^') 

(2) (a^ + Sa*x + Sax* + x^) X (a* — 2 a a; + x*). 

(3) (aj4 — 23 «« + 18 a; + 40) ^ (x* + x — 20). 

(4) (I +x + xy—{l—x + x'y. 

7. Solve the following equations : 

.,v a; — 2 aj — 3 _ a; + 40 
^^^ ~8 6 i2~* 
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,rt\ 8 aj — 14 - 3 a; — 6 «^ ,yo 

(2) -——^6x jj_ =5-78. 

(3) (3 a? + 8) = 4 y - 4 =* 2 (a; + y - 1). 

8. Wishing to buy a certain number of railway shares, I found 
that if I bought the shares in the railway (A) which were at £40 a 
share, I should inyest aU my money ; but if I botight the same 
number of shares in a railway (B) which were at £45^ a share, I 
should not have money enough by £240. How much money had I 
to invest? 

9. Find a fourth proportional to 1*6, '09, '45. 

If a:h: : e : d and e \f : \ g-.K, prove a e : hf : : c g : d h. 
If aj« — y« : a;* + y« : : 6 : 13, prove ^ : y : : 3 : d. 

10. Ka, a + b, a + ^b are three consecutive terms of an 
arithmetic series, write down the three terms immediately pre- 
ceding (a). 

Sum the series |^, f , f to 7 terms. 

Express the intermediate terms of the lirithmetic series of which 
4 is the first term, and 29 the sixth term. 

In a geometrical series, if the common ratio be a proper fraction, 
what is meant by the sum of an unlimited number of terms having 
a limit ? Give a numerical illustration. 

Find a mean proportional to ^"^ and — ^L_ . 

I860'. Tueiday', JOMtii/irf KHh. — Examiner,-^Bev. Prof. Hjsavisidb. 

1. By the payment of 2s. Id, in London, a banker will give 
credit at Calcutta for one rupee ; haw many rupees may be received 
in Calcutta by the payment of £6026 16». Sd. in London ? 

2. Show why it follows from our system of notation, that a 
number when divided by 9 leaves the same remainder as the sum of 
its digits will leave when divided by 9. Write down all the num- 
bers that can be composed of the four digits d> 4, 6, 6, which will 
each be exactly divisible by 11. 

3. At what rate per cent, simple interest will £7433 6s. 80^. 
amount to £9942 Is. Sd. in 7^ years ? 

4. Show that the rule for dividing one fraction by another is 
consistent with the result of division in whole numbers. 

Beduce to its equivalent single fraction the expression 

8^6 9 31 



1 + ? X ? _ i 

*^8 ^ r 9 



• 



■ 1 






'I 
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6. Express as decimal fractions, 



(1) A+ ' ■ ' 



< ' ' 10 ' 1000 ' 100000 



Could you tell, by inspection, that the last fraction would give a 
recurring decimal ? 

6. Reduce (^'Q^j* x 3-24 . g^^^^. ^^ square root of 639-092004. 

•0041 

7. Find the value of re* «- 5 a; -{- 7 when a; s= 3 ; explain why 
{x — 4)*, and (4 -r- x)*, have the same value for any integral value 
of x. Simplify the following expressions : 

(2) («♦ — 4aj»y + 6a«y« — 4«y» + y*) x («« — 3 a? y + y»). 

(3) ^^ — y g<y + 1 8a;y« — 6y 
^ ' 2 fl5« — 3 » y + y« 

8. Solve the following equations : 

/,x cc — 3 2 a; — 7 ,,^ 16 a; — 39 
(1) — ^ ta — + 15 = 



W 



5 10 • 10 

3a; + 3y— 3_9 



4a*-.5y + 16 4 
3 a; = 5 y ' 

9. A courier undertakes to perform a journey on foot of 60 
miles within 13 hours ; he travels 6^ miles the first hour, but after- 
wards, in every successive hour, he travels ^ of a mile less than 
in the preceding hour ; will he perform his undertaking ? 

3 a* 6^ 
Find a third proportional to =- and a 6. 

J£ a:b::c:d, prove (a« + c»)* : (&» + d*)» ::a:b. 



I860. Tus9day,July^d. — Examiners, — W. H. Besant, Esq., MJL, 

and E. J. Bouth, Esq., M.A. 

1. A man bought £500 3 per cent stock when consols were at 
9di, and after having received one dividend, he sold at 96}. What 
did he gain by the transaction ? 

What must be the rate per cent, that £73 may amount to £100 
in 36 years ? 

3. Find the value of (1) | of 13«. 4^., (3) J of 7s. 6<i., and (8) 
the recurring decimal '11, &c., of 9s. 9d» ; also, (4) express the first 
as a fraction of a guinea. 
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(6) Simplify L___| + (n-|) 



8. Explain (1) the rule for the reduction of a recurring decimal 
to a fraction. (2) Keduce 2*4171717, &c., to a fraction. 

(3) Divide -04 hy -0003 and (4) 4 hy -003, and (6) raise -25 to 
the power of '5. 

4. A grocer has equal quantities of two kinds of tea worth 
6 shillings and 4 shillings per tb. respectively. He takes one-third 
of each kind, and mixes it with the other. At what price per lb. 
ought the two mixtures to be respectively sold ? 

5. Simplify the expressions * 

(1) (3 — aj + 3 «*) — i (4 — 2 a? + a?*). 

(1 - x«) (1 - x^) ^'+ ~ 

(3) 



x{l + x){l^xy x' + ^-i 



a?« 

(3) Find the factors of 1 — 2 a; -{- 3 a;', and (4) determine the 
value of 

( g — fe \ 1 / 5 (a + c) \ ^ 2 6 — ' <? 
6 — c/ ■*■ 2 V 26 ) 2 

when a = 4, 6 = 2, c = I. 

6. Solve the equations : 

m 14-^ — ^ — 4 — ?_±J _ ^ — 1 

^^^ ^ + 23^* if~ ~r" 

^ y — 1 a? — 4 

0? + 1 _ 3y _ ^ 
y — 1 X — 4 

7. Extract the square roots (1) of 4-04010, and (2) of 

(jB* + 1)« + 4 a; (aj« — 1). 

Find what value of x will make a;* + 2 a a; + 6* the square of 
a + c. What does your result become when a = 6 = c ? 

If unity be taken from the square of any number, prove that the 
difference is equal to the product of two numbers, one greater by 
unity, and the other less by unity, than the original number. 

8. When are four quantities said to be in proportion ? 

What value must be given to a? to make 1 + a?, 2 + oj, 8 — a?, 
and 10 — X, proportionsds ? 
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If a: b : : : d, prove the equality 

a» + 6» b _ / g + fev* 
c» +"d3 • ci Vc + d) ' 

If 6 men can dig 14 yards per day of a trench 3 feet wide and 
3 feet deep, how many men will be required to dig 13 yards in a 
day of a trench 7 feet wide and 6 feet deep ? 

9. Define an arithmetical and a geometrical progression. 

If three numbers be in geometrical progression, must the middle 
one be increased or decreased that they may become an arithmetical 
progression ? 

Find the sum of the arithmetical progression 

— ^, — 12' 6' ^'' ^ ^^ terms; 
and also of the infinite geometrical progression 

1 ^ i Ac 

1861. Wednesday, Jan. 16th, — Examiners,— W. H. Besant, Esq., M.A.9 

and E. J. Routh, Esq., M.A. 

1. Find the least number which is divisible by all the numbers 
from 1 to Id. 

A number may be multiplied by 625 by placing 4 ciphers at its 
right hand, and dividing by 16 ; explain the reason of this, and 
multiply 70364 by 626. 

2. Simplify the expression 

7i-'4i+*llTV llf + 6t^' 
and prove that 17-976 of £71 2«. is equal to ^V^^^ of £61120 18». 

3. Extract the square roots of 443566, -0000004489, and -4. 
Divide -000466 by -0000067, and calculate to 6 places of decimals 

the value of -=.. 

4. Define interest, discount, and present value, and find the 
present value of £911 13«. 3d due 5 years hence at 3 per cent, 
simple interest. 

If the 3 J per cents, be at 95 1, and the 3 per cents, at 82, which 
is the better investment ? 

6. Add together a + 36 + 5c, 3a — 76 + llc, 4a — 66 
— 16 c, and a + 18 6 + 8 c; and multiply the result by the dif- 
ference between 11 a -f- 7 c, and 10 a + 6 c — b, 
Shnplify the expression 

X 1 — a? 4- a;* _ 1 — 3 a? + 2 a?*\ 1 + 2a; , 
VI + 3 a? + 2 »« 1 + X + a^ / * 2 -- »• ' 

and resolve x* + a' as^ + a^ into two quadratic factors. 
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6. Solve the «equationB 



Of — 1 2 a; — 8 __ n n 6 « — 7 



20 

a? — = a. 

« — a 

a{x + y) = xy ) 

h(x — y)^vy )' 

Determine for wbat value of x the expression a?' + 3 c aj* + a' a; 
+ a' will be equal to the cube of x -{• c; and prove that the dif- 
ference between the cubes of the sum and difference of any two 
numbers is divisible by the sum of the square of the smaller num- 
ber, and three times the square of the larger. 

7. A person walking along the road in a fog, meets one waggon 
and overtakes another, which is travelling at the same rate as the 
former, and he observes that between the time of his first seeing 
and passing the waggons, he walks 20 yards and 60 yards respec- 
tively ; find how far he can see in the fog ; and compare his rate of 
walking with the rate at which each waggon is moving. 

8. If a : 6 : : c : d, prove that 

a + h : a — 6::c + d:c — d, 

and a« c + a cS : 6« <i + 6 (i« : : a» + c* : 68 + (i». 

And also if<£+ 64'C+^'* + ^ — <? — d::64-d:fc — d, prove that 

a :h : : c : d, 

9. Having given the first term, the common difference, and the 
number of terms of an arithmetical progression, find an expression 
for its sum. 

Find the sums of the series 

29 + 28 + 27 + . . . + — 1 — 2 ... — 20, 

and 1 — TT+TT — 2^ + ...to infinity. 
8 9 27 

Also find the sum of the series formed hy taking every fourth 
term of the last series, beginning at the third. 

1861. Wednesday f July 8r(i.— Examiners, — ^W. H. Besant, Esq., M.A., 

and E. J. Eouth, Esq., M.A. 

1. How many yards of carpet, f of a yard wide, will cover a 
room whose width is 20 feet, and length 22 feet? 

By selling tea at 4«. M, per lb., a grocer cleared one-eleventh of 
his outlay, what would he have gained if he had sold the tea at 6«. ? 

2. Define a decimal. Explain and prove the rule for tlie divi- 
sion of one decimal by another. Express f of 7«. 6d. + -625 of 
16«. as a decimal of ^62 1*. 8d. Divide 2*88 by -00016. 
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3. The periods of three planets which moye nniformly in cir- 
cular orbits round the sun, are respectively 200, S50, and 800 days. 
Supposing that their positions, relative to each other and to the sun, 
to be given at any moment, determine how many days must elapse 
before they have again exactly the same relative positions. 

4. Simplify the quantities 



4 _ 3a; + 1 

x-1 .2 1 

or — _ a? — - 



and 



x^ + oc^ + X — S 
aj8 —a; — 6 ' 



«i 



Determine a quantity independent of x, which, being added to 
+ aiX + afOi? + ..., will make it a multiple of a; — 1. 
5. Solve the equations 
3a;+l -^ -^ ^ -.a; 



3a; — 2 



a:- 2 



xy + t =: 10) 



6. Define an arithmetical and a geometrical progressioix. If 
the first term of a progression containing an odd number of terms 
be a, and the last I, find the middle term (1) when the progression 
is arithmetical, and (2) when it is geometricaL 

Sum the following series, each to n terms : — 

a + a (1 + r) + a (1 + 2 r) + ... 
a + a (1 + r) + a (1 + r)» + ... 

1 + 1+ 2+ . , . 

7. If A vary as B when C is constant, and vary as C when B is 
constant, prove that A will vary &3 B C when neither is constan£. 

Prove that if a : b : : c : d, then 

a + b : a — b : : c + d : c — d 

: \^a~c +\^b d : */in — */bd. 

8. Extract the square root of 

fl5* — 2a5»+3a?«— 2a?+l, 
and the fourth root of 



a.+ 2,+ 4(a; + i>. 



6. 




9. Three men, ABC, start at the same instant from the same 
place, P, to go to another place Q, A arrives first at ©, and imme- 
diately turns back and meets 5 at a point two-thirds of the distance 
from P to ; B also then turns back to meet C, a hours after this 
meeting A meets (7, and b hours after, B meets (7. Find the time 
when A and B first met 
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1863. Wedne8day,Jan, 16th. — Examiners, — ^W. H. Besant, Esq., M.A., 

and E. J. Routh, Esq., M.A. 

1. The price of 3 per cent, consols is 90f , what sum must be 
invested in order to purchase £34 per annum ? and what is the rate 
of interest on the money invested ? 

2. Three partners in trade contribute respectively the sums of 
J^438, £293, and £730, with the agreement that each was to receive 
5 per cent, on their respective investments, and that the remainder 
of the gains of the firm, if any, was to be divided between them 
in the proportion of the sums originally advanced. The whole gain 
of the firm was £300. What was each man's share ? 

3. Define a fraction* State and prove the rule for adding two 
fractions together. 

Which of the two fractions --— and ----- is the greatest? 

193 887 



Sunplify —V- -d l^l- 



4. What is a decimal fraction? Show how to reduce any frac 
tion to a decimal. 

Express as decimals the following fractions : 

^ + _i- + g and Ji- 

6 ^ 1000 ^ 100,000 366* 

Find the value in shillings and pence of £0*94433, and express 
6|<2. as a fraction of a pound. 

6. Find the value of a?* — 6 a + 6, first when 09 s 3, and 
secondly when a; = 3. 

Simplify the following expressions : 

a + 8 6 — (5 a — 9 6) — (4 a + 8 6) — (— 6 a + 6), 
(8 « y — 4 fl5 «) (3 a; y + a «) — 16 a?* y*, 

f -.. + 1' 

and write down the fifth power of a? •— a. 
6. Solve the equations : 

g — 1 , 3a;— 3 5 , 3a; + 1 
"~8^ "^ 4 ** 4 ■*■ 9 • 



1 




3 




^A 




+ 




es 


8 


X 




y 






4 




3 






^ 


^™» 




ass 


3 


X 




y 

8 




. 
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7. Define proportion, and show that your definition agrees with 
that given by Euclid. 

Prove that if a : b : : c : d, then a -^ b : a^ b : : c + d : e -^ eL 
Find a third proportional to a^ + h^ + ab (a + b) and a* — ft*. 

8. Show how to sum n terms of a geometrical progression. 

Stun to infinity the series l-|---{---{- — -{- and explain 

how an infinite number of terms can have a finite sum. 
Smn the series : 

each to d n terms. 

9. A policeman rons after a boy who starts a little distance 
ahead. Three of the policeman's steps are equal to 5 of the lad's, 
but the boy takes 3 while the policeman takes d steps. Will the 
policeman catch the boy ? 



180d. Wednesday, July 9th. — ^Examiners,— W. H. Bbsamt, Esq., M JL, 

and E. J. Bouth, Esq., M.A. 

1. Define a fraction, and state the rules for the addition, sub- 
traction, and' multiplication of fractions. 

Add together ^, -, -, -, and ~, and divide the result by the 

sum of — , -, and — • 

d. Find the value of ^ of £3 12s. ll^i and find the fraction 
that 3 miles, 2 fiir., 100 yds., is of 12 leagues, 2 miles, 2 frir., 20 yds. 

3. If 25 tons of goods are purchased for £37 10«., and sold at 
359. a ton, what is the gain per ton ? 

At what rate per ton should the goods have been sold, in order 
to obtam a profit of £9 7s. Qd. ? 

4. Find the simple interest on £5000 for 6 years, at 3^ per cent 
At what rate, simple interest, will £300 amount to £373 lOs. in 

7 years? 

5. Show how to reduce a vulgar fraction to a decimal, and 
prove that it must be either a terminated or a recurring decimal. 

Multiply -00466 by -000322, and find the square root of •00207936, 
Find the value of -526 of £20, and also of -22 of £297. 

6. Add together x + y, Sx — y^z, and 4 y -^ 2 a; •* s, and 
multiply the result by a; — y — ;?• 
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Find the value of ^! "" ^^ ^ t ^ K* "^^en a = 2 y. 

y^ — ^ a? + y' 05* 

And prove that {x + y) («« + y*) (fic* + y*) = — ^^^. 

X -^ y 

Simplify the expression 

11 a?— 5 ,1 aj — 6" 



2 a— 1 a;«— 7aj + 10'3aj« — 9aj + 18 

7. If a : 6 : : c : (2, prove that 

a + 6 : a — 6 : : c + d : c — d, 

and a« + c« : 6« + d« : : Va* + c* : '•fc* + d*. 
Determine whether the ratio of a : 6 is increased or diminished 
by adding the same quantity to both its terms. 

8. Define an arithmetic progression, and, having given the first 
term a and the common difference b, find the nth term, and the sum 
of n terms. 

Sum the series 

1 + ^+1 + ^ + to 20 terms, 

4/6 4 
89 + 84J + 80 + to 18 terms ; 

and find the sum of n terms of the series of which the rth term 
4 r + 6 



IS 



2 
9. Solve the equations, 

<p- 1 _ a_--n , 3 a; — (6 a; — 4) . 878 _ ^ 



{ 



6aj + lly = 146'!^. 
11«+ 5y = 110J' 



and find the value of x which makes the excess of (2 a; + of over 
{x + ay equal to 4 a (7 «« + 9 a x + S cfi), 

10. On Monday, June 9th, the turnstiles recorded the entrance 
into the Exhibition of 68,682 persons. The money taken (in shil- 
lings) consisted of a number of pounds, and 7 shillings over, and it 
was observed, that the number of pounds was less, by 296, than the 
number of persons who entered with season-tickets. Find the num- 
ber of persons who entered, respectively, by payment and by season- 
tickets. 



1863. Wednesday, Jan,lith. — Examiners, — W. H. Besant, Esq., M.A., 

and E. J. Rodth, Esq., M.A. 

1. A merchant sells tea to a tradesman at a profit of 60 per cent. ; 
but the tradesman, becoming a bankrupt, pays only 28, 6d. in the 
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pound. .How much per cent does the merchant gain or lose by 
his sale ? 

3. Multiply 99f^| by If, and find the nearest integer to the 
product. 

Show that 7^ of £10 16«. Qd. is equal to 'OOd of £3 U 8A 

Simplify 

8 + tof|i-J-it 



7* 



H 



10 — i»J of 6 

%, • 

8. Find the square root of '006084. Divide -03 by '0000376, 
and find the value of -63125 of £1. 

' 4. Find the sum which must be invested in the 8 per cents, at 
DO, at simple interest payable half-yearly, to amount in SS^ years 
to £2317 money, the price of the fhnds remaining unchanged. If 
the funds rose to 96, in how many years soonet could the required 
amount be realized ? 

5. Add together « ^ a, s — ft, s — c, where s = ^ "r 'T ^^ 

i9 



Subtract 



3x«-13..+_1^^^6a,-8 



a« — 1 _ , X + 1 

Write down the result of the division of o^ -f- ^^ by a; -f- y* 
Simplify 
{(g a? + 6 y)« + (g y — 6 g)'} {(g a? + 6 y)« — (a y + 6 xf) 



«♦ — y* 



6. Solve the equations : 



8 8 8 as—1 a! + 7' 

£ + * = 1, «' + ? = 1. 
X y X y 

By reference to Bradshaw, it is found that two railway trains 
moving in opposite directions, pass each other somewhere between 
two stations A and B, One train leaves A at 30 minutes past 4, 
and arrives at B at 5. The other leaves B at 10 minutes past 4, 
and arrives at A at 20 minutes to 6. Find the time at which 
they meet. 

7. Define proportion. Show that if g : 6 : : c : (2, then ad ss.ho. 
Prove also that if 

a -{- h +f __ g — & — c -i- d c ^^ d — / 

g — 6 — c "" a •\- h -{- f ^ d ^ e — / + d' 

each of the three ratios is equal to unity. 

8. Find the first term of an arithmetical progression, having 
given the sum, the number of terms, and the common difference. 
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Sum the series 



1 — ^— 2 — 11— to 17 terms. 

4 d 4 

If s be the sum of an odd number of integers in geometrical 
progression, and J the sum of the squares of the same integers, 

prove that - is an integer. 

9. A can dig a certain length of a ditch in 8 days, B can do 
the same in 4 days, and (7 in 5 days. How long will it take the 
. three persons, A^ B, C, together, to dig the same length of ditch ? 
What proportion of the length is dug by each? 



1863. Wednesday, July Sth, — Examiners, — W. H. Besant, Esq., M.A., 

and E^ J. Kouth, Esq., M.A. 

1. Add together the fractions --, — -, ^— ; and subtract —. from 
the result. ^^ ®^ ^^ ^^ 

11 17 Q^ 

Which is the greatest of the fractions =^, ^, ^ ? 

^ 12 18 24 

a. Find the vfllue of ^ oi £fi + ^ of half-a-guinea + Ss. Sd. 

What fraction of a crown is the difference between f of a shilling 

and f of a guinea ? 

What fractions are Is. 6d. of £1, and £1 2». 6d. of £1 10s. ? 

3. If the wages of 6 men for 5 weeks be £6, how long will 8 
men work for £10 ? 

4. A grocer buys some tea at 4s. per lb., and some at 5s. 6d. 
In what proportion must he mix them, that when he sells the tea at 
6s. per lb., he may gain 20 per cent. ? 

6. Divide -0003 by -005. Which is the greater, -0262 of half-a- 

Q 

guinea, or '38 of a crown ? Beduce ^p— to a decimal fraction. 

4 + 



3+1 

6. Addtogether2a;* — 3a;y + j/«,fl(j«+ajy — y«,anda?« + 2ajy. 
Find the product of the quantities 

» + 2/ — ^» ar — y + «, y + z^x; 

and show that if y be put equal to nothing in the product, the 
result is (a;* — ^) (^ — x). 

7. If 2 il =r B + a, and 3 J5 = C + ^, prove that ^BssSA. 
^',^j.y,^r {x^ + ^r2.x + iHo:^ + 1) (x^ ^ 1) 



xm 
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If a:h:: e: d prove that h e s= ad, and 

i^ + ab + b^:d^ + ed + d^::(fi + h^:<* + d^. 
8. Show how to sum an arithmetical progression when the first 
and laat terma are given^ and also the nnmher of terms. 
Smn the series 

1 + ^ + 3+^+. ...ton terms, 

and 1 — jr + -7— o + -****® infinity. 
2 4 o 



(1) 



9. Solve the equations : 
AT + 1 d a; — 1 



^^ Ux + 6y=19r 



3 «+l 2 ' 

10. It is required to divide 36 into three such parts, that one- 
half of the first, one-third of the second, and one fourth of the 
third, may be equal to each other. 



1864. Wednesday, January ISth. 

Examiners,— W. H. Besant, Esq., M.A., and E. J. Bouth, Esq., MJL 

1. Find the simple interest of £1,125 for 4 years, at 1^ per 
cent 

Distinguish between discount and interest. If the discount on 
a certain sum of money due 15 months hence be £Q 44., find the 
amount, the rate being 5 per cent. 

2. Two persons buy apples at a penny each ; one sells them at 
five for 6d,, and the other at six for 7d, : compare the gains per cent, 
in the two cases. 

8. Find the value of | of | of 1^ of 6^^ ; and reduce iH^f 
to its lowest terms. 

What fraction is ^ x 8J of ^ ? 

7* 

Simplify kAtZL^.+A3jzM . 

Show that if the numerator and denominator of a fraction be 
multiplied by the same number, the value of the fraction is not 
altered. 

8« 



4. Divide -0022428 by 2-67, and reduce 



to a decimaL 



28 X 5« 

Find the value of *0625 of Jg21 65. 8d. ; and express Is. Ij^. 
a fraction of IO5. 

Extract the squai^e root of *0029929.. 
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5. Define the greatest common measure (1) of two arithmetical 
numbers, and (2) of two algebraic expressions. 

Find the ^. <?. m. of »« + 4 »« + 2 05 — 1 and a?» + 2 «* — 
4 a? + 1. 

Simplify , 5; + •- ^ . + ^, . ; 

and divide aj^ + Sa?* — 2a; — lby(a? — 1)*. 

6. Solve the equation, — ^^ + = 2. 

a? + 2 a; — 2 

If a regiment of soldiers be arranged in a solid square, there are 
eleven men over ; but there are too few by fifty to form a squai'e 
with one more on each side. How many men are there in the regi- 
ment? 

7. Prove that if four quantities be proportional, the first is to 
the third as the second is to the fourth, 

Jf a : b :: c : d, prove that 

gi ^ ah + h* _ c^ + cd + d* 
a« — a 6 + i« "" c« — c d + (Z«' 

8. Given the first and last terms of an arithmetical progression 
and the number of terms, find the middle term or the two middle 
terms of the series. Find also the sum of the series. 

Sum the series 

^+3^1^1j^ ton terms ; 

1 + % + ^ + •••• ton terms. 

9. A tax having been increased from 5 per cent, to 7 per cent.-, 
the revenue derived from it was found to be diminished by one- 
third. Find the diminution in the consumption of the article. 



3 SB't. Wednesday, June 29. — Examiners, — W. H. Besant, Esq., M.A., 
and Isaac Todhunter, Esq., M.A., F.B.S. 

1. Define multiplication ; and multiply 4667 by 567, explaining 
the process. 

In a manufactory there are 278 workmen; of whom 100 are 
paid each 125. Qd, a week, 100 are paid 16s, Ad, a week, and the re- 
mainder 16«. Sd. Find the sum expended weekly in wages. 

2. Add together the fractions ■^, ^\, ^J, and ^j^ ; and divide 
the result by ^ of 7-J^. 

Find the value of | of £76 16«. Sd. -f ^ of £2 10«. 2d. ; and 
determine what fraction JglO 2s.- Qd. is of d6161 17«. M. 

3. Reduce l^i to a decimal ; and divide -00042 by -000626. 
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Find the square root of 31990836 and of -047961 ; and deter- 
mine the value of 625 of £51-2. 

4 Distinguish between simple and compound interest. 

Find the simple interest on ^646,732 lis. Sd, for 3i years, at 
4 per cent, per annum. 

Which is the better investment, hank stock pa3ring 10 per cent 
at 817, or 8 per cent, consols at 96 ? 

6. If 6 > c, and a > 6 — . c, prove that a — (fc — c) sa • 

— 6 + c. 

Add together a?' + 4ic'y — 4t/*, 3a?*— 6a?^, and 6y* — 3 sb* 

— x^ 1/ — ay'; and subtract the result from (x + y)'. 

Multiply together a^ — ajz + y", aJ* + a;y + ^, and a^ + of ^ 
+ y^ ; and find the value of the product when a? = 1 and y = 3. 

6. Prove that ^" "" ^ = a""* + y ^""^ "" y""^ ; and that if 

« — y "^ 05 — y 

n be a positive integer, cc" — y" is always divisible by as — y. 

Divide a* + 4 a^ + 8 a;« + 41 « + 86 by «« — « + 9 ; and 
simplify the expression 

{x - y) (05 — «) {y ^z){y-- x) {z - a?) (« — y)' 

7. Define proportion; and find a fourth proportional to the 
quantities a« h c, a> b* c*, and a* b c^. 

If a : b : : c : d, prove that a + b : a — b : : e + d : e — d; and 
that o8 + 3 a« 6 + 68 : a» — 8 a 6« + 68 : : c8 + 3 c« d + i» : c» — 
3 c d« + d*. 

8. Having given the first term and the common difference, find 
the sum of n terms of an arithmetical progression. 

Find the sums of the arithmetical series, 

4 + Ji^ + J^ + 6 + to 100 terms ; 

and 24 + 23i + 23 + 22i + to 60 terms. 

Also find the rth term, and the sums to n terms and to infinity 
ol the geometric series 

1 + * + !+ 

9. Solve the equations, 

^^ 1T~ "n[6 6~ 4~' 

(2) (a + a) (a; + 6) = (a + 2 a) (« + 2 6) ; 

(3) fl6a; + 16y = 108, 
I 4 05 + 6y =:^ 81. 

10. At the late volunteer review in Hyde-park it was observed 
that the total number of men, if increased by 497, would have 
formed sixteen brigades, each equal in strength to the Prince of 



MATRICULATION, JANUARY 16«6. xlv 

Wales's brigade ; and that if the Prince of Wales's brigade had 
been stronger by 1000 men, the total number would have exceeded 
nine of such brigades by 833. Find the total number, and also the 
number of men in the Prince's brigade. 



1805. Wednesday, January 11th, 
Examiners, — W. H. Besant, Esq., M.A., and J. Todhunter, Esq., M.A. 

1. A bankrupt's estate amounts to £910 8«. IJd., and his debts 
to £1876. What can he pay in the pound ? and what will a credi- 
tor lose on a debt of £57 ? 

9. Add together ^, If, ^, and ?f ; and subtract the result 

8 if 

from 4^. 

Fmd the value of :25L2<J22^ and of :12I?i. 

^006 * -003126 

3. Find the square root of *06368489. 

Q 

Find the value of -=: to four places of decimals. 

\/8 — 1 

4. A person having invested a sum of money in the 3 per cent, 
consols, receives annually therefrom £233; after deducting the 
income tax of. Id, in the pound, what is the sum of money ? What 
can the stock be sold for when the consols are at 94} ? 

6. Simplify {x + yf + (x+yYy +(x + y) y^ - {3 x^y + 

6y«a,+ 9 ys} and __^| a -- 3 6 ' 

6. Solve the following equations : 

(1) ^ (6 a? — 2) — I (21 - 6 a?) = 41 — 4 «; 

/ov6» + 21 8aj — 2 4»— 3 
^») — 11 7— '=—6—' 

X y X y 

7. A person bought some yards of cloth for 120«. If there had 
been 6 yds. more, each yard would have cost a shilling less. Be- 
quired the number of yards, and the price of each. 

8. Define proportion. 

Show that if a : 6 : : c : d, then 

a a + 6 

c c + d' 

and J^^* + g^^ + ^^* g« P g* + y c d + r d* 
Ia* + ma6-|-n6< li^ '\' mcd + n d** 

9. Show how to find the sum of a given number of terms in 



xlvi J^ATBI(nJI.ATIOir, /TJ3CT ]WW. 

^:ariihmetical progression, the first term .axid the .conunon difil^- 
.ence heing supposed known. 

The first term of an arithmetical progression is 11, and the 
fourth term 17. Find the snm of ten temut. 

The second term of a geometrical progression is 8, and the fifth 
term 34. Find the sum of eight terms. / 

li 



1866. Wednesday, June fiSth. — Examiners, —E.J. BouTH,Esq., MJL« 
and Isaac Todhuntbb, fisq., tf JL, f'.IL'B. 

1. Beduce the expressions 

A + A + A - t.«»d j|-±^ + till"*. 

Multiply 49|| hj 50^, and add ^^ to the result 
Divide iti^)^ - 1 bj {2^f + ^^. 

2. Divide -SSdlS hy -0231. 

Extract the square root of 10^*61, anA 'find to 4iree plaees of 

A 

decimaltf the value of -7=^^- — ^ 

V^— 1 

Wiiat fraction of a crown is f of ^. Sd. ? Whe^ is Ae vahie of 
f of H guinea ? Reduce life/, to a decimed of a pound, correct to 
five places of decimals. 

d. Find the compound interest of £55 for one year, pajflAle 
quarterly, at 5 per cent, per annum. 

A person bought into the three per cents, .fit 98, as^ fi^^ 
receiving three years' interest, he sold at -90. How much per cent 
on the sum invested did he gain or ilose'? 

4. Three gardeners woijcioig -sJl day -can plaat 1^ /field in 10 
days ; but one of them haying otiher ^mployipenj; c;^ only work 
half-time. How long will it take them to complete ithe work'? 

5. Define the greatest conuAQn mq%3ure of pvro ^i^bers, and 
also of two algebraical quantities. 

Find the greatest convmon .measure of x' ?— 1 jand a^ + fi od^ + 
2 a; + 1. 

a^ 4- 5« 
Add together — -^- Mid a b + h e 4- c a, where .# «: 

(6 + c). Write down the fourth power of a — > ^. 

1 3 



Simplify 



-+« *+8^ « 



cc + 2 



and 1 . 1 . 1 

(X + 1) (x + 2) ^ {« + 2) (X + 3) (X + S)(x^ 4)* 



0. SbrvB the e^nationB, 

3a?— ysr 3Y x + y zz a^ 

6x + 7y^Bir y + z=zi 

7. Given in an arithmetioal- series of bA odd* ntiniber oi terms 
the middle term and numhei* of termid ; find'^the sum of the series. 

Sum the series each to n terms. 

t + 3 + 5^ + 7 + 

1 + 3 + 9 + 97 + 

Find also the sum- of the squares of the n terms of the latter seiies^. 

8. Prove that \f a : b : : c : d, then 

ma+nb:pa + qb::mc + nd:pc + qd. 

Prove that if -^— , T ^ = ^ x t> then a :b: : c :d. 

c^ + c d + d^ {J»— d» b 

9. There is a certain number of 9 digits ^hich iff 7 times the 
sum of the digits. If the number be read backwards, and sub- 
tracted from the original number, the diflFerence is 97. Find l3ie 
number. 

1866. Wednesday, January lOtH, — Examiner^,— E. J. Routh, Esq., 
M.A., and Isaac Todhunter, Esq., M.A., F.R.S. 

1. Fiiid the' value of 169 cwt., 3 qrs., 99 lbs., at £^ 19«: Cfefc 
per cwt. 

9. Add together ^ of a guinea, ^ of a pound, ^ of a crown, 
and ^ of a shilling ; and reduce ihe tesvit to die" decimM of a^ 
pound. 

3. Reduce f + T + xy — l^toa single fraction ; and* convert 
that fraction into a decimal'. ^ 

4. What sum of money put out at simplb iiUferest fbr 3'4 years 
at 4J per cent, will amount to £1497 48^; Id. ? 

5. Extract the squareroot of 3916380399, and' dldo^ of 4l^. 

6. Simplify the following e^f essibn ; and dieftermikieHts Aitixxe- 
ricttl value when d = 9^ : 

a , ab ^ a^h^' 

T^b a2 — fc« a« + 6« a* — &♦* 

7. Shbw ^«t when* four numbers are proportionals, the sum of 
the first and second is to their diHerence as the sum of the third 
and fourth is to-dieic difference. 

If a : 6 : : <? : d, stow that 

(a« + c«) (ft« + d^) = (a6 + c d^. 



zlyiii 
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8. Find the sum of a given number of terms of a geometrical 
progression, the first term and the common difference being sup- 
posed known. 

Find the value of the recurring decimal '272727 

Insert four arithmetical means between 13 and 23. 

9. Solve the following equations : 

(l) ^^ + "^ _ 2a? ^ 2 _ 2 a? + 1 . 
^ ^ 16 7 a? - 6 6 ' 

.., _^__7y — a? 23 

' 5^ 3y~ 16" 

10. A pound of tea and 4 pounds of sugar together cost 5«. 3il. ; 
but if tea were to rise 20 per cent, and sugar 25 per cent., the cost 
would be 6«. 4d, Find the price of tea and sugar per pound. 



(2) a? + 4 y 



1866. Wednesday, June 27«A. — Examiners, — E. J. Routh, Esq., M.A., 
and Isaac Todhunter, Esq., M.A., F.R.S. 



1. Find the value of 



i«°f2r= 



1 + i + i 



2i . A 



13 



2i - 3J + 4J 



4t 3 



Assuming a cubic foot of water to weigh 1000 oz. avoirdupois, 
find the weight of a rainfall of 1 inch over an acre of ground. 

2. Divide 6-006 by 74*14. Find to three places of decimals 



the value of -7=- 



What fraction of 13a. 4d. is 8s. Sd. ? Reduce 



\/7 - 2* 
98. 9d. to the decimal of a pound. 

3. Find the difference between the simple interest and discount 
of jeiOOdrfor 4 years, at 5 per cent. 

A person has a sum invested in the 3 per cent, stock, which he 
sells and invests in the 3^ per cents, at 87^. If his. income remain 
the same, what is the price of the 3 per cents. ? 

4. At what time between 2 and 3 o'clock are the hour and 
minute hands of a clock at right angles ? 

5. Simplify the expressions 

a?« — 7 a? + 12 



(X + y)* + 6 (a;2 - 2/2)« + (a? - y)*; 



a?« + 6 a? — 24 



and v^^j^V^Lizi! + v/^LrV^Lnl' 

» "" 2 
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6. Solve the equations 

J (a? + 2) - f (a? - 2) = 1(2 + 0? + 4 ar) ; 

a? y 



^ i y 
a 



■• 



If aa? + 6y + c«esOl 

ax + fe'y + c'« s= OJ' 
prove that ^ ^ y « 



be — h' c c d — c' a ah* "^h a!' 

7. Find the sum of a geometrical series of n terms, when the 
second term and the last term hut one are given. 

Find the sum of all the odd numhers, heginning at the first and 
ending at 1867. 

Sum to n terms each of the following series : — 

l + * + i+* + .... ; 
1+2+4+8+ 

8. Prove hat if a : 6 : : 6 : c : : c : d, 

then a : ei : : a* : 6', 

andy^a h +\/6 c +^c d ssz^(a + b + c) (b + c + d), 
A takes 6 steps while B takes 7 steps ; hut 4 of A*8 steps are 
equal in length to 5 of B's steps. Find which is the quickest 
walker. 

9. A hutt of sherry is made up of two wines, A and J5, mixed 
in the ratio of 1 : 3 ; and the price is £70. Another hutt is made 
up of the same wines, mixed in the ratio 3:1; and the price is 
£60. What are the prices of the two wines, A and B ? 

10. A Turkey carpet, measuring 12 feet 6 inches hy 11 feet 6 
inches, is laid down on the floor of a room measuring 14 feet hy 13 
feet. Determine the quantity of floorcloth necessary to complete the 
covering of the area, and its price at 4». per square yard. 

1867. Wednesday, January IQth. — Examiners, — ^E. J. Bouth, Esq., 
M.A., and Isaac Todhunteb, Esq., M.A., F.R.S. 

1. Find the value of 169 hushels at £2 Is. S^d. per hushel. 

2. Subtract § of ^^ of 6f from J of 6|; and multiply 19f by 

3. If a package weighing 7^ cwt. be carried 125 miles for 
14«. 7d,, how much will be charged for the carriage of 3 tons 15 cwt. 
for a distance of 200 miles ? 



r 
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I 
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t 



I 



«|M 



« 



i 

,^ ; 4. Add together 1-465, 0005, 87 15, 99-467,. nd 16-1685 ; and 

b • diTide the gum hjr *0d96. 

5. Find the square foot of 94-2064, of 8134*81, and of 
d-4d064 X 313-481. 

6. Show that 
(a — 6)» + (6 — c)» + (a - a)» « 3 (fl - b) (b — «) (c - a). 

Divide 6 (a* + o^) + dPar(a^ — a*) + a* (op + a) by a? + a ; and 

then divide the quotient by «^ -h 6. 

7. Reduce to its lowest terms' 

3a^— 9a^ — 14 a? -f 3 

I ' 3 ap* — 14 ir» — 9 a? + 3* 

^ 8. Solve the following equations : — 

1 (1) ^ (» a? — 8) — tV (3 a? — 37) « 15 — J (56 - a?) ; 

/ ll a?— 5 y + 16 _ 3a?-f y + 3, ^ 
(3) 33= 33 

I 5 y — 8 a? = 13: 

0. Show how to find the sum of a giVen number of terms of an 
I arithmetical progression, the firstandlastterms being^ supposed known. 

If the sum of n terms of an arithmetical progression is always 
equal to n<, find the first term and the common differencei 

In a oeiiain geometrical progression' the sum of the first ei|^ht 
tenna is seventeen: times the sum of the first four terms: Find tiitt' 
common ratio. 

10. A person bought 40 Ibs; of sugar of two difierent sorts- for 
£1 6s. 4(2. The better sort cost lOci. per lb., and the worst 7d. 
per lb. Find how many lbs. there were of each sort. 

1867. Wednesday, June 36tfc. — ^Examiners, — E. J. Routh, Esq., Ml A., 
and toAAO ToDHUNTBB, Esq., M.A., F.R.S. 

1. A man buys a cask of beer, containing 134^ gallonsv fop 
£11 185. Six gallons are lost by leakage. He sells the rest in jugs, 
each of which holds f of a quart, at 3^. per jug. What did he- 
gain by the bargain ? 

3. Reduce 18«. 4(2. to the fraction of half-a-guinea. 
Find the valiie of J of ^65 10s. 6(2. — f of 3 guineas + If of I|^ 
guineas. 

3. Add together 7^, }, ^ and 3^, and subtract ^ fronp the 
result. Reduce g of ^ + 5^ to a decimal. 

4. Find the simple int)srest of £645 6a. for 10| years at 8-^ -pet 
cent 

5. Find the square root of 730*0804, and aibo of 4f f^. 




.6. ^iimplify .the.eig>i;esv0ns 

a?-5 1 1 

^ a?— 6 1 + a? 

and find the ralue -of the second of ithese Yijieia 4; » 8. 

7. Define whan finir quantities are pFOfMMrtiontfl. If4t I'b ::c:d, 
prove that 

(1) a : a + b : :^ i-c -^ d; 

^ ^ a« — i^ c .+ i?« .^^=- :d ^^+ .rf«' 

8. Find the sum of n teiaxis ipf ,an .tucMdunetioal denies, having 
given the last te^n and qommon difference. 

Insert three geometrical means hetween 6^ and 256. 

9. Solve the following equatioxw :— 

,T. 3a? + 3 2a?— 1_1 , a?— 1 
(1) — r— 7— = 1 + 



(2) 



6 4 4 • {B 

3y — 2a?= 6a? y) 



15 ,y + .3 a? sF^l a?y, 

10. The receipts of a railway company ane apportioned in ihe 
following manner :— 49 per cent, for working expenses, 10 per cent 
for the reserved fund, a guaranteed dividend of 5 per cent, on one- 
fifth of the capital, and the remainder, £40,000, for division amongst 
the holders of the rest of the stock, heing a dividend at the rate of 
4 per cent, per annum. 

Find tbe capital and the reoeipts. 



1868. Wednesday , January 16th. — Examiners, — E. J. Routh, Esq., 
jl.A.^ iWd iSiA^o XoABQKQQ&B, Esq., M^.^ F.iljS. 

1. Simplify a^"T V 4 and divide 2992-3436 hy -00389. 

2. Express 17 Ihs. 10 oz. 6 dwts. 15 grains as a deoimad of 
}, Ih. tcoy^ ^d also as a decimal <of 1 lb. avoirdupoia. 

3. A room is ^26 feet 3 inches long and 15 feet 9 inches broad. 
Fin4 the cost of coyem^g it xnth carpet -whioh is three-quarters of a 
yard wide, at 4«. Qd. per yfffd. 

4. F«id the compound intereat on ^SiOO for 3 years at 5 per 
cent, per annum. If the difference between tlie simply interest and 
the co;aipound interest ,on j^ sum «f mwe^ ^r 3 years st £ per cent 
per annum be £9 6$. 9}<^., find thp pyfa. 



{ 
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MATRICULATION, JULY 1868. 



5. Determine to five places of decimals the value of ^-9 and of 

1 

1 — v^^ 
Extract the square root of 196540602241. 

6. Divide a» + 6» + c» — 3 a 6 c by a + b + c. 

Find the value of a* + 6» + c* — Babe, when a ss '3, fr s= -7, and 

C=:-l. 

7. Beduce to its lowest terms the fraction 

24 a?* + 14 a^ — 48 a?« — 83 a? 



8. 



80 a?* + 16 a?3 — 60 a?« — 94 a?' 
Solve the following equations : — 

(1) 



61 — a? 



14 

X 



3 a? — 8 _ Q _ 27 



8 X 



(2) 



a + b a ~^ b 

\x y/ \y x^ 



0. Show how to insert a given number of arithmetical means 
between two given quantities. 

Insert two arithmetical means between a and c. Also insert two 
geometrical means between a and c. Show that the product of the 
two arithmetical means is greater than the product of the two 
geometrical means. 

10. Find how much water must be mixed with 40 gallons of 
spirit which cost 15^. a gallon, so that by selling the mixture at l^s. 
a gallon there may be a gain of 10 per cent, on the outlay. 






1868. Wednesday, July let. — Examiners, — E. J. Eouth, Esq., M.A., 
and IsjLAO Todhunter, Esq., M.A., F.K.S. 

1. K 7 men can eam.J64 155. Sd. in 5^ days, what sum will 38 
men earn in 15f days ? 

2. Add together -^ of a guinea, f of £4, i| of half-a-crown, 
and ^ of a shilling. Beduce the result to a decimal of Ss, 4(i. 

8. If 2 oz. 6 dwts. of silver cost 7«. lO^d, what is the value of 
four silver plates, each weighing 3 lbs. 2§ oz. ? 

4. What is the (simple) Interest of ^6646 6s. for lOj years, at 
Si per cent, per annum ? 

5. Extract the square root of *001 to four places of decimals. 
Also find the square root of 4f|f . 



MATRICULATION, JANUABY 1869. liu 

6. Simplify the expressions 

; J and ^ .J. 5 a^ + 6 n? 

a? + 

a? + 1 

Find the yalue of 

1 00 X (a?. — a) a? (ii? — a) (a? — fc) 

a ah a e 

when a; = c. 

7. If four quantities he proportional, prove that the product of 
the extremes is equal to the product of the means. 

If « : 6 : : c : d. prove thftt ^±^ = (j-^)'- 

8. The sum of n terms of an arithmetical progression heing 
given for all values of n, show how to find the commoji difference. 

Find the sum of the series 

^ + ^'\y + af-V + ' • • • + ^ 2/""' + y" J 
and also of 

1+1 + 3 + 4+ ^^ terms. 

9. Two partners, A and B, trade together, the share of A heing 
twice that of B. Having agreed to dissolve partnership, A takes 
one-quarter of the stock-in-trade, B takes the remainder, and pays 
A £600, What is the stock-in-trade worth ? 

ir\ ai 6a? + 8 3a? + 6, , 

10. Solve — -J- — — — -i- — + a? =s 1. 

3 a? + 3 y = 6 
Also solve 6 7 12 

X y X y 



1869. Wednesday, January 13/A. — Exaijiiners, — E. J. Rodth, Esq., 
M.A., ^d IsMO TopHUNTER, Esq., M.A., F.R.S. 

1. If the carriage of 1 cwt 12 Ihs. for 106 miles he charged 
3a. lO^ii., find what will he charged for the carriage of 8 cwt 1 qr. 
24 Ihs. for 246 miles. 

2. From ^ of a guinea take i^ of a crown ; and add ^ of 
a shilling to ^ of a sovereign. 



3. Snnplify ^i— i, and ^^ of ,^jg^g. 



4. Find in how mauy years J246a 10«. will ampunt to 
^6644 16s. 3d., at 4j per cent, per annum, simple, i;r^terest 



u 
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liy MATRIOULATION, JUNE 1869. 

6. Extract the square root of 191810-713444. 
Find to three places of decimals the value of 

3v^3 — iv^iS + 4V'27. 

6. Simplify ^^-j^Q^ + ^^^-^and 

^ -^ a^ — 9 0^8 + 93 a? — 12' 

2 (a? — 1) _ a; — 2 a? - 3 

(i — 2) (a? — 3) (a? — 1) (a? — 3) (x - 1) (a; — 2)* 

7. State when four quantities are proportionals. 

Tf — -L jI — — — II — — . show that either a, b, c, d, 

or a,-6, d, c, are proportionals. 

8. Find the sum of an arithmetical progression. 

K the common difference be equal to twice the first term, find 
how many terms must be taken in order that the sum may be 
a hundred times the first term. 

9. Solve the following equations : — 

.,. 2» + 8 a? + 3 ^ ia? + l _^, 
^^f 3 16" ■*■ 6 ' 

X + y _j_ X -^ y _ g 
(2) a + 6 a — b 

ax + byssa^-j-b^ 

10. A traveller sets out from A for B, and walks 3 miles per 
hour. Fifteen minutes afterwards, another traveller sets out from 
B for Ay and walks 3f miles per hour ; and he goes 2 miles beyond 
the middle point between B and A before he meets the first tra- 
veller. Find the distance between A and B. 



1869. Wednesday, June SOth, — Examiners, — E. J. Kouth, Esq., 
M.A., and Prof. H. J. S. Smith, M.A., F.K.S. 

1. Divide 4*068 by '0018 ; and simplify the two expressions 

^-;^andf||of^^ + ^Ui|. 

4f + 3i n^ 8J-1 ^^; 

2. Express £4 6». 4|^. + ^ of a farthing as a decimal of £6. 

3. A grocer mixes 3 cwt 16 lbs. of sugar, at I4rf. per lb., with 
10 cwt. 10 lbs., at 4d. per lb. At what price per lb. should he sell 
the mixture, that he may neither gain nor lose ? 

4. A person having £1000 invests in the 3 per cents., at 
92, and pays a broker for making the investment J per cent, on the 
stock purchased. After 3 years he sells at 96, and again pays a 
broker i|^ per cent. What did he receive as interest ? and what did 
he gain on the whole ? 



MATRICULATION, JAWUABY 1870. ly 

4/2 + 1 4/2 — 1 

6. Find the value of ^= ^ + .- . , ; and extract the 

^3 — 1 \/2 + 1 

square root of 32*14 to four places of decimals. 

6. Divide a?* — 6a;2 + 1 by i»« — 2 a? ~ 1 ; and simplify 

aH _ aj» — 3 a? + 2 

and 



, 1 . a;« + 1 2 0^ - 3 a?« + 1' 

a? a?* 

7. If a : b : : c : d, prove that 

(1) a + 6:a — 6::c + d:c — (Z; 



« (5) 



^ \dJ hi 



8. Investigate a rule to find the sum of any arithmetical pro- 
gression. 

If a, h, c, d, be in arithmetical progression, prove that 

b^ + d^ 

—i — + a« + c« = 2 (a 6 + c (Z) — 6 <i. 

lla? + 18 3a? + 2 4a? + 7 

9. Solve gj^ ^ — + a? = — ir~"' 



And also 2^ + 3y = 10) 
Anaaiso 3^^ 7^ _ ^ j • 



10. There are two stations, A and J5, 1760 yards distant from 
each other. A man (A) starting from -4 at 2 o'clock, and walking 
uniformly, reaches B at half-past 2. Another man (B), starting from 
B at 10 minutes past 2, reaches A at 25 minutes past 2. At what 
distance from A did the two men pass each odier ? 

1870. Wednesdayy January l^th, — Examiners, — E. J. Eouth, Esq., 
M.A., and Prof. H. J. S. Smith, M.A., F.R.S. 

1. Find the value of g — -5^ + ^V, and divide ^§ by the result. 
Divide -0076 by 26-6, and state the principle upon which you 

fix the position of the decimal point in the quotient 

2. Reduce nine inches and nine-tenths to the decimal of a mile; 
and find the value of *0625 of 1 ton 2 cwt. 3 qrs. 12 lbs. 

3. A sells goods to B for J6115 19^. 2(2., and gains 10 percent, on 
the price he originally paid for them. B sells the same goods again, 
and loses 10 per cent, on the price at which he bought them. At 
what price did A buy the goods, and at what price did B sell them ? 

4. What annual income will be produced by £13,000 invested 
in a 3^ per cent, stock at 91 ? and by the same sum invested in a 
4 per cent, stock at 96 ? 
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IVi MATBIO0LATK)ir, JtTVB 1870. 

5. Extract the square root of 10,074,536,384, and find the value of 

v's — 1 

^ . — to four places of decimals. 

Prove that no square number can end with one of the digits 
2, 3, 7, 8. 

(5. State and prove the rule of signs in the multiplication of 
one algebraical quantity by another. 

Divide a« + 26«— 3c« + 6c + 2ac + 3a^bya + 6 — c. 

7. Simplify the expressions 

M:jx(l--^)-4-(l-h?)and"^-^^ + ^". 

8. Solve the equations 
,,v a; + 11 . a? — 43 a? + 17 

<^> -1— + -T^ ^ -J- ' 
J? — y + 1 _ 1 

(2) ^ "* 

y 6 

9. Pr6ve the rule for finding the sum of n terms of an arith- 
metical series of which the first term and the common difference are 
given. 

Find the sum of the series 

i + * + 4 + TV + <»w terms ; 

and of —^ 1+ -^-^ - (^"+T)^ "*" ^ infinity. 

10. If ^ : ^ : : c : rf, prove that a : a — b : : c : c — d; and that 
a" + b* : a* — 6" : : c* + rf" : c" — d". 

1870. Wednesday, June 39(/t.— Examiners, — Prof H. J. S. Smfi-h, 
M.A., F.B.S., and Prof. Sylvester, M.A., F.R.S. 

1. If a tax of Id per cent on the income of a country brings in 
£5,200,000, how much will an income tax of 5 pence in the pound 
bring in? 

2. Express 3*1875 and the circulating decimal -062636863 

(where the figures 63 recur) by vulgar fractions reduced h 

to their lowest terms. I 

3. Extract the square root of -0001841449 ; and find to four 
places of decimals the square root of 269 J|. 

4. Explain the difference between interest and discount. Find 
how much £211*5 will produce at 4 per cent, simple interest in 13 
years 6 months. 

5. Three graziers, A,B,C, agree to hold a pasture in common. 



i 

\ 
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A puts in 8 oxen for 10 months ; B, 7 oxen for 19 months ; C, 20 
oxen for 6 months ; at a rent of £66 per annum. How much should 
they each respectively contribute towards the rent ? 

6. Multiply a« + 62 + c« — 2a6-f-26c-f-2cabya + ^» — c. 

Divide a?* — o.-^ — 11 a?*- 11 a? — 2 by a?« + 8 a? -f- 2. 

Simplify the fraction 

a + b b 

a + 9 6 a 



a + b 



a a -\- ^ b 

7. If any number of quantities are in continued proportion, 
prove that as one antecedent is to one consequent, so is the sum of 
all the antecedents to the sum of all the consequents. 

8. Find the sum of half a million of terms of the natural 

progression of numbers 1, 2, 3, 4, Also investigate the sum 

of a geometrical progression whose first term, common ratio, and 
number of terms are given. 

9. Solve the simple equation 

(6 — a?) (1 4- 2 a?) + 3 a? (6 + a?) = (a? + 1)« — a? ; 

and the simultaneous equations 

_ a7 + 8 _ 7 3 a;^ 2y 

^ 8 "" 2 10 

o 16 — 2 y ,o o 
S X ^ =48 — 2 a? 

8 

10. The national debt of a country was increased by one-third 
during a war. For a period of 10 years after peace supervened, 
£2,000,000 of the debt was annually paid off. At the end of the tenth 
year the rate of interest upon the debt was reduced from 6 to 5 per 
cent. ; and it was found that the interest became precisely the same 
as it was before the war broke out. Find how much was added to 
the debt during the war. 

1871. Wednesday, January llth. — Examiners, — Prof. H. J. S. Smith, 
M.A., F.R.S., and Prof. Sylvester, Ll.D., F.R.S. 

1. Simpliiy ll + J- 3^ + ^ 

and divide -OOOISS by 8-76. 

2. State and prove the rule for finding the least common 
multiple of two given numbers. 

Define a prime number. Express 364, 2520, and 5445 as 
products of powers of prime numbers. 

3. Find the value of -01625 of ie204 3». 4rf. ; and reduce 
8 lb. 5 oz. 14 drs. to the decimal of a quarter. 
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AQQ(\\ 

4. What fraction when ninltiplied by itself produces gAJo" ? 

What is the length of each side of a square court which contains 
4d785'56$25 square feet? 

6. Supposing a gallon to contain 277^ cubic inches, find approxi- 
mately the number of gallons of water which would cover a square 
mile of ground to the depth of an inch. 

6. Simplify (a + b^l)(a - h +l)x [a« + (6 - 1)«] + (1 - b)\ 

Divide o^ — t/« by a?* — y* and 4a;* + lbyJJa?« + 2a7 + 1. 

1 i" X ^" 4 x'^ ^" 4 01^ 

7. Reduce — = =--z 5 — r— to its lowest terms, and 

1 -^ 1 X* ^ V x^ 

express in its simplest form, 

jjc^ 1 8 

(a? — 1) (a? — 2) + a? — 1 "■ a? - 9* 

8. When are four numbers said to be proportionals ? 

a* c* 

Prove that, if a is to & as c is to d, then r- is to ^ inversely as 

^ toi 

Find a third proportional to a and a\/b, and a mean proportional 

between «« b and j_ a 6«. 

p -- q P 'T q 

9. Sum the series 16, 14J, 14, 13J, 13, . . . to 61 terms; 
and 3, — f , f , — Jl^, . . . to infinity. 

What is meant by the " sum to infinity " of a geometric series ; 
and in what case has a geometric series a sum to infinity ? 

10. Solve the equations : — 

(1) --3- + 4 = 10 ' 

/ox ^ — i a _ X ^ ^a , 
^^ a? — ^ a " a? - 8<i ' 
(3) 2a? + 3y=10aj — 9i/ = a7y. 

1871. Wednesday, June fiSth. — Examiners, — Prof. H. J. S. Smith, 
M.A., F.R.S., and Prof. Sylvester, Ll.D., F.R.S. 

1. If the circumference of a coach wheel measures 17 feet 
7-J- inches, how often will it turn round in traversing a distance of 
8 miles 264 feet ? 

9. At what rate of simple interest will £325 amount to 
£379 3«. 4d. in 6 years ? 

What rate of interest for money can be obtained from 3 per cent, 
stock when £100 of stock can be bought for £85 in cash ? 
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1887 . /19 4 . 8 . 32 
li^xpress 

terms. 



« T. 1887 /19 4 . 8 . 32 \ . ^ . , 

3. Express 6993 ^^ Iso - 21 + 35 "" lOsJ '^ *^^"^ ^^^^'* 



4. Find the value in decimals of o . 1 > t^d the quotient 

of the recurring decimal -2323 .... divided by the recurring 
decimal -28762876 

5. Extract the square root of 32400005625 ; and find the value 

\/6 + 3 ^6 — 3 
of yw ^ Q — y w Q in both cases to four places of decimals. 

6. If a man can do a piece of work in 77 hours which a boy 
wants 121 hours for, in how many hours, minutes, and seconds, can 
they do it conjointly ? 

7. Add together (/& +ys +y/5+ 1)«, (^ + ^3 — v/2 - 1)«, 

(v/6 -/S + ^ - 1)«, (\/5 — -/S — v^ + 1)« ; and divide 

a^ ^ a^ a2 — 2 a a; + ^ 
a* + x^ a« — a?« 

8. Find the sum of a geometrical progression to n terms. 

Find the value of a f--r 5 + -3 continued to 

infinity when r exceeds unity. 

9. * Explain what is meant by one quantity varying as another? 
If money is lent at simple interest, the amount of interest earned 

will vary as each respectively of three " quantities," when the other 
two " quantities" are constant What are these three "quantities ?" 
Prove that if A varies as B when C is constant, and as C when 
B is constant, it will vary &a B C when B and G are neither of them 
constant. 

10. Solve the simple equation, 

6 a? — 10 40 + 8 a? 17 

a? + 2 +2a? — 3"~-^^"*"6»«+3a; — 18' 
and the simultaneous equations 

3 

o 2a? — 6 21y — 37 

2 y — = — ^ 

^3 6 - 

11. A labouring man was hired upon the agreement that he 
should receive 2s. 8d. for every week-day when he came to his work, 

* The following explanation was given as a foot-note in the Calendar for 
1872 :— " The subject of Variation not being included in the Matriculation Pro- 
gramme, the answering of this question was not regarded by the Examiners as 
obligatory," 
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and should forfeit 6d, for every such day when he stayed at home, 
except for illness, in which case he was neither to receive nor pay. 
At the end of 8 weeks, during which time he was kept at home only 
1 day on account of illness, his employer had to pay him exactly £5. 
How many days was he ahsent from work ? 

1872. Wednesday, January 10th. — Examiners,— Prof. H. J. S. Smith, 
M.A., F.R.S., and Prof. Sylvesteb, Ll.D., F.R.S. 

1. Find the value of ^^^v "^ ^t^x "*" ^*^^ andreduceJBS 12«,2id. 

ay + (i)* + * 
to the decimal of 11 guineas. 

2. Prove that the least common multiple of two numbers divides 
every other common multiple of the two numbers. 

What is the least number which is divisible by every number up 
to 12, inclusive ? 

3. Prove the rule for fixing the position of the decimal point, 
when one decimal fraction is multiplied by anchor. 

Express as vulgar fractions in their lowest terms — 

(1) -0626 X -0032 ; (2) -016 -^ -64 ; (3) -46 — -46. 

4. From 40 lbs. troy of metal, containing 11 parts of pure gold 
and 1 part of alloy, 1869 sovereigns are coined. If the alloy be 
supposed worthless, find the value, to the nearest farthing, of 1 oTince 
troy of pure gold. 

5. Extract the square root of 2f^||^. 

6. Multiply 1 + a? + 2a;« + 2ajS+ «*byl — a? — a;«; and 
divide y« — 2 y» + 1 by y« - 2 y + 1. 

•State when a* + af is divisible by a + x, and give the form of 

the quotient* 

1 3 

7. Simplify (1 + 2 ^) (1 + 8 ^) - (i + a?) (1 + 3 x) 

+ (l + .)?i + 2.) > ^^ ^^^ ^' ^^^« ^^ ^^ ^^^«««i<>^ 

a? — V, a •{• b b I 

^ _i_ 9 when X = 1» ^ *= -• ( 

1 'T X y a — a 

8. Solve the equations — 

n\ Q^ — ^ 2a? + 1 _ t . 
^^8a?+l'"2a;— 1 -J -a?' 



. V 2(a-l)a? + 3ay «=1| 
^^ 4aaj+ 6(a+ 1)2/ = 3J • 



9. Define Ratio. If a? be a positive proper fraction, which is 
the greatest, and which is the least, of the ratios 

l:l + a;; 1 + a? : 1 + 2 a? ; 1 — a?:l? 
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10. Prove the rule for finding the sum of n terms of a geo- 
metric series. 

From a vessel filled with alcohol one-fifth of its contents is 
removed, and the vessel is then filled up with water. If this be 
done five times successively, what proportion of the alcohol originally 
contained in the vessel will have been removed from it ? 



1873. Wednesday, June ^dth. — Examiners, — Prof. H. J. S. Smith, 
Ll.D., F.R.S., and Prof. Sylvester, Ll.D., F.RS. 



1. Simplify J^' ^ — 1| * ^ ; and express 10 + 1 under the 

it- i — UT-4 2+^ 

form of a decimal. 

2. Find the value of 18 cwt 1 qr. 21 lbs. at £37 16«. per cwt. ; 
and the amount of income duty payable on a salary of 300 guineas 
per annum, when the tax is 6d. in the pound. 

3. Find the continued product of 60-76 by 3-046 by -07106 ; 
and the quotient of -0001776 by -0784. 

4. A carpet contains 167*71646036 square feet. Find its breadth 
(1) when it was broad as it is long, (2) when it is 6J times longer 
than it is broad. 

6. Given the least common multiple of the 1st. and 3nd. of three 
quantities, and also of the 1st and 3rd, how may the least common 
multiple of all three be found from these data ? Find the least 
common multiple of 110, 1166, 1470. 

6. Simplify (i + 4 + ^1+-^ ^ (irL| _ ^^ ; and 

a 



find the value of x when b — 1^ = 0. 

X 

7. Explain the meaning of the term <' Duplicate Batio." If 35 
is to a; in the duplicate ratio of 6 to 4, what is a; ? If a and b, being 
unequal, a : 6 in the duplicate ratio of a — c : 6 — c, prove that c is 
a mean proportional between a and b, 

8. Find the sum of an arithmetical series whose first term, 
common difference, and number of terms are given. Show firom 
your result (or otherwise) that when the middle term and number of 
terms of an arithmetical series having an odd number of terms are 
given, the sum may be ascertained. 
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If the number of terms of on arithmetical aeries ia 119, and the 
60th. term is 14^, what is the sum of the series ? 

9. Find the 7th term of the geometrical series, 

* + * + !+ 

and the sum of the n of its terms. 

Find also the sum of this series continued to infiaity. 
10. Solve the equations, 



. . 3 — 2ar 1 ,, 

8(3-^) ^ 

a X '{' b y ss c^, 
(b) a b_ 



-«} 



1873. Wednetday, January 16th. — Examiners, — Prof. H, J. S. Smith, 
Ll.D., F.R.S., and Prof. Stlvbsteb, Ll.D., F.R.S. 

1. Prove that the value of a fraction is not altered by mnltiply- 
ing its numerator and denominator by the same number ; and reduce 
J^^y to its lowest terms ; and ^, ^, ^, | to their least common 
denominator. 

9. Find the value of A •♦• /y + Ay of .00003126 -^ -02048, 

and of 02048 ~ 00003125. 

3. What fraction is 1 week, 7 hours, 12 minutes of the time 
from January 1st. 1800, to February 26th, 1864, both days inclusive ? 

Find the decimal of an acre which differs from a square foot by 
less than one-thousand-millionth pait of an acre. 

4. Prove the rule for finding the value of a circulating decimal, 
and reduce the reciprocals of 99999 and 100001 to circulating 
decimals. 

6. State the rule for extracting the square root of a vulgar 
fraction ; and find the square root of ^^Z^. 

A square plot of ground is one-fifth of a square mile in extent. 
Find, to the nearest inch, the length of one of its sides. 

6. Multiply together the factors 1 — a?, 1 + a?, 1 -f i»«, 1 -f- a:*, 
and 1 + a^; and show that, if n is any uneven number, the sum of 
the nth. powers of any two numbers is always divisible by the sum 
of the numbers. 

7. Simplify the expressions, 

/|v be j^ c a -^ a b 

^ ^ (flT-Tfc) (a - c) ■*■ (b - c) (6 - a) "*" {c - a) (c - b) ' 
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a?— 1 , y — 1 a. g 4- 1 

m ^ y ^ _ ^^y^ 

X y z 

8, When are four numbers said to be proportionals ? Prove 
that if any number of quantities be in continued proportion, as one 
of the antecedents is to its consequent so is the sum of all ihe linte- 
cedents to the sum of all the consequents. 

9. Prove the rule for finding the sum to n terms of an arith- 
metic series of which the first term and the common difference are 
given. 

How many numbers lying between 10 and 1000 leave the remain- 
der 3 when divided by 7 ; and what is the sum of these numbers ? 
10. Solve the equations, 

(1) J (a? - 2 a) - J (aj + 3 a) + J. (a? - 6 flf.) = ; 
x+1 1.1 



/2^ , 

^^ a;*— 3a?- 10 a? + 2^a? — 6' 

(3) ax + hyzzlfx-— ay'=:c^'\'}?. 



1873. Wednesday, July %nd. — Examiners,^ — Prof. H. J. S. Smith, 
Ll.D., F.R.S., and Prof. Sylvester, Li..D., F.R.S. 

1. Find the value of ^^^ ^ ¥ x If „,^ ^^ Ij X 7f x 7f ^7^ 

2. Reduce the fraction iflfi ^ ^^ lowest terms. 

Of all the odd numbers intermediate betweem 1000 and dOOO, 
which two have the greatest common measure, and what is that 
common measure ? 

8. Reduce to decimals the vulgar fractions -^-^ and ^. 

Find the contmued product of 102-6, 1-026, -010226 ; and the 
quotient of 4*8 by -00016. 

4. A corn-dealer bought wheat at &^ Is. 3d. per quarter, which 
he subsequently sold at £2 9s. Id, per quarter, and made a profit of 
£277 10s. upon the transaction. How many quarters did he buy 
and sell ? 

6. Find the value of -7= = to five places of decimals. 

A room is half as long again as it is broad, and contains 412^| 
square yards. Find its length and breadth. 

6. Divide a^ + a« 6* — a^ 6^ - a 6 + a* fe^ -f h^ by a* + h^ 



% 
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Find the continued product of 

(a? — 1 + V^) (a? — 1 - \/2) (a? + 2 + V^) (a? + 2 — ^/S) ; 

and simplify 

1 1 1 ^ X 

^ (a+Vax) ^ fi {a + x) ^ 4 (a — Vox) a* ^ a^ 

7. K a : h :: c : d :: e :f, prove that 

ma + nc+pe: mb + nd '■\r pf- -rnfa + nfc +/>'«: m'b + nfd '^ p'f, 

8. What is meant by the sum of a geometrical series €kd 

infinitum ? — e.g,, why is 2 said to be the sum ofl + i+^ + 

ad infinitum ? 

The first term of a geometrical series being 18, and its eighth 
term 7}^, find the fifth term, and the sum of that and all the subse- 
quent terms ad infinitum, 

9. Solve the equations, 

2J4 ^-^) 3_ ^ g . 

a? — 8 X — 1 

V'a- -j. 12 + \/l2 ^ 
Vx + U - Vl2 " ^' 
And the simultaneous equations, 



(I.) a? + 2 y — 3 « = - 8 ) 
(n.) a? + 2;»-y=:18>. 
III.) 2y + 2» — a;=:80J 



(III. 

10. Two vessels each contain a mixture of water and wine, one 
of them in the ratio 5 : 7, the other in the ratio 8 : 11. What 
quantity must be taken fi*om each in order that they may together 
form a new mixture of h gallons of water with k of wine ? 
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GEOMETRICAL DRAWING MODELS, 

INVENTED BY T. KIMBER. 

Models numbered 1 and 2 webe placed on the list of abticleb 

recommended by the science and art department of the committee 

of council on education, south kenstsqtov. 



The peculiarity of these models consists in Projections from models being 
drawn on transparent planes (glass medin) which are adjusted to the sides, 
top, and, when requisite, to the floor of a model, so that the observer can, 
for example, see the same object drawn from the flat and from the relief 
at the same time, as the lines on each plane coincide with the parts of the 
model of which they are the conventional signs. The observer thus 
cannot help reading off accurately, at sight, the meaning of any plan, 
profile, section, elevation, &c., the correct reading of which has heretofore 
required verbal explanation and abstract definitions. 

fi Segnius irritant animos, demissa per aurem, 
Quam qu8B sunt oculis subjecta fidelibus. 

HoR. 

T. K. contemplates the application of this principle to illustrate the 
different projections of the sphere, as usually given in school atlases, and 
the geometrical diagrams used in teaching solid geometry. The following 
have been constructed for the elucidation of Perspective Drawing and 

Fortification. 



1.-M0DEL FOR THE ILLUSTRATION OF PERSPECTIVE 

DRAWING. 

Designed to assist the pupil to deduce from observation the principal rules 
of perspective drawing. The glass is the plane of the picture, and upon 
it is shown, in perspective, a drawing of the cottage. Looking through 
the puncture in the card the eye is placed at the station point, level with 
the horizontal line, and the coincidence of the lines of the outline with 

the edges of the model is apparent. 

By this inspection, the student perceives that a certain number of the 
lines which form the drawing converge to two points, the vanishing points, 

and that these are in the horizontal line. 



Besides enabling the pupil to see the truth of the rules taught him, the 

model m^y be msed to tesi the eorreotness of his knowledge. With these 

data, let him be required to produce a perspective drawing, and it will, if 

correct, be an exact counterpart of the outline upon the glass. 

A series of similar models of Tarious objects are in preparation, to give a 
complete demonstration of the rales of perspective. 



2.-PLAN, PROFILE, AND GEOMETRICAL ELEVATION 

OF EMBRASURES. 

This model is explanatory of Plate 3, in ** Construction of Vaubau's First 

System." (See notice opposite Title-page.) It is on the scale of 15 feet 

to an inch, enclosed by squares of glass, which represent geometrical 

planes, and upon them the elevations and profiles are drawn. 

Upon looking through the glass directly at the model, every Une on the 
gloss is seen to cover the edges of the model, and thus the pupil has 
ocular demonstration of the meaning of the words plan, projne, and 

elevation. 

Through the glass floor of this model is aeea the internal construction of 
the escarp revetment and counterforts, and the ground plan of those 

works. 

The late Pbofessob de Mobgan expressed his approbation of these 
Models, and his conviction that the illustrations they supply are worth 
more than all other kinds of explanation put together. — See Educational 

Times, July '63. 



3.-A MODEL OF BLACEHEATH AND ITS ENVIRONS, 
modelled at Holland House, 1856 ; Scale 12 incheB to the mile. 

This model includes an area of about twelve square miles^ extending from 
the summit of Shooter's Hill and Eltham on the East, to Deptford Creek 

and Lewisham on the West. 

The Greenwich and North Kent Railways, the Tunnel, evexy street, road 
lane, and footpath, and every house of any note, are all laid down from 
the Ordnance Survey. The miles from London Bridge are marked in 
black figures upon white. The elevations of thirty points are given in 
feet in red figures B.M. (Building Mark) is attached to those altitudes 
where the broad arrow may be seen upon milestones, walls, or building^. 



Nearly three hundred names are affixed, printed upon appropriate colours. 

Fifty of the Stations used in the Trigonometrical Survey are marked by 

red pins, or the spires of churches painted red. 

The principal triangles formed with these stations are marked upon the 

glass in front of the Model. 



Summary of the Localities. 

A considerable portion of the Town of Greenwich, the Piers, the Boyal 
Hospital, the Park, the villages of Charlton and New Charlton, Woolwich 
Artillery Barracks, the Rotunda, the Range, the Royal Military Academy, 
the Infirmary, Blackheath and village, the principal part of Lewisham, 
Lee, Lee Green, Eltham Green, part of Eltham, <&c., &c. 

It is intended to aid the teacher and pupil in the art of delineating the 
surface of the country either with or without instruments. That It may 
be used for practice in pen and ink sketches, it is cast in convenient 

sections. 



4.-THE ORTHOGHEIROGRAPHON, OR CORRECT 

WRITING-HAND. 

A Model in Plaster by Brucciant, Russell Street, Covent Garden, from 

Drawings by T. JKimber. 

This Model is sufficiently large to be distinctly seen by a class of fifty 
boys or girls, and is intended to be placed in a conspicuous position in the 
school-room, for the purpose of keeping constantly in view of the pupils, a . 
perfect representation of correct pen-holding. In this way it is hoped 
the model will materially aid the verbal directions and explanations of 

the writing.master. 



PASS EXAMINATION PAPERS, 
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THE DEGREE OF BACHELOR OF ARTS. 



1839. Monday, May ^Ith, — Examiner, — Mr. Jerrard. 

1. In what does the peculiar excellence of the present system 
of numerical notation consist ? 

355 

2. Find the value of —— to six places of decimals, and of 

5:51?^ to four places. 
1-3173 ^ 

8. Solve the following equations : 

(1) 2 a? -1 (a; + 3) = 6. 

(2) ((T + 2) (ar 4- 3) = a? (a; + 4). 

(3) a:« — 4 a; 4- 3 = 0. 

(4) \/ a;2 — 2 a 4- 93 — ?! = 46 — a. 

4. Prove that cos. 2^ = 1 — 2 (sin. Of, 

5. In every plane triangle the sides are as the sines of the 
opposite angles. 

6. Find the equation to the ellipse referred to rectangular axes, 
the origin heing at the centre. 

(Wednesday, May 29tA.) 

7. Find the area of a rectangular court, of which the diagonal 
is 100 yards, and the hreadth 42 yards. 

8. Solve the following equations : 

(1) ^ . + ^Tio^r^ = -,^^. 

^^^ \x +y = 11. 

0. Given two sides and an included angle of a triangle, express 
the third side in a form adapted to logarithmic computation, the 
tabular radius being 10^". 

10. Find the equation to an ellipse referred to the axis minor 
and the tangent at its extremity as axes. 

DD 
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1840. Monday, May 24fA. — Examiner, — Mr. Jerrard. 

1. What extension takes place in the meaning of the term 
Multiplication, when applied to fractions? Investigate the general 
rule for multiplying any number of fractions together, an I find 
the product of the decimals 0101 and -0202. 

2. Explain the ordinary method of extracting the square root 
of a number. What is the square root of 2086-7489 ? 

3. Find the simple interest of £352 lis, fid. for 21 years and 
3 months, at 3 J per cent, per annum. 

4. Solve the following equations : 

(1) l±^^ _ I^jLJ = 8 « - 14. 

(2) 5_=Li = *-:=-^ + 1. 
^ ^ a; — 2 X — 4, 

(3) 2 a; + 3 y = 37, i + 1 = 11. 

X y 45 

There are three pipes, one of which fills a reservoir in 4 hours, 
another in 3 J hours, and the third in 2 J hours ; what time will they 
take to fill it when they are all flowing together ? 

6. Sum the series 

1 2 
(1) Q + Q -f- 1 + . . . to 60 terms. 

(^) T + ^ + ^ + ?i + • • • «^ infinitum. 
5 52 6' 5 

6. Find the number of combinations that may be formed with 
m quantities, taken n at a time. 

7. Show that log. (abed...) = log. a + log. h + log. c + 
log. rf + • . • 

What are the advantages of Briggs's system of logarithms ? 

8. Define the sine and cosine of an angle. Also prove that 

(1) (sin. Af + (COS. Af = 1. 

(2) COS. A = J- — -■ — -- « 

^ ^ V 1 -♦- (tan. Af 

Q. Investigate the general formula 

Sin. (A ^ B) = sin. A , cos. B — cos. A sin. B, 
and show how it is verified when 

I. jB = 0. II. A ^ B. III. ^ = f • 

10. Express the area of a triangle in terms of its sides. 

(Ma^ ^7th. — Mr. Murpht.) 

11. Find the equation to a circle, when the origin is a point in 



• •• 
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the circumference, and the axis of a; a diameter passing through 
that point. Considering the ellipse as the Orthographic Projection 
of a circle, deduce its equation from that of the circle. 

1841. Monday, May 31s«. — Examiner, — Mr. Jerrard. 

1. State the nature of the questions to which the Rule of Threes 
is applicable ; and show that a rule similar in principle may be 
applied to questions involving more than three quantities. 

How many men can complete a trench of 468 yards in 8 days, 
if 24 men can dig 81 yards in 6 days ? 

^ -012 

2. Find the value of -7 ; — 7= to 4 places of decimals. 

V 2 + V 3 ^ 

3. Given log. 3 = -47 71213, log. 7 = -8450980, find the 
logarithm of 1323 and that of 1*323. 1323 is equal to 3» x 7«. 
What is the criterion of the divisibility of a number by 3 ? 

4. In what time will a sum of money double itself at 3J per 
cent, per annum compound interest ? 

Log. 2 == -3010300, 
log. 1-035 = -0149403. 

5. Determine by actual multiplication the expansion of (1 — 2 6)*. 
Divide a — 6* by «* — 6*. Also find the series which results fi'om 
the division of 1 by 1 + 35. 

What is the most simple form to which — X __^t!_ can be 

2 ic'* + 2 

reduced ? 

6. Solve the equations : 

(3) 2a; + 6y = 89,| (4) x y =^ x ^ yA 

7 a; — 8 j^ = 31.J a; + y = 1. J' 

(5) a;' — 3 a; — 130 = 0. 

(6) 7 \/ 2 a;* — 10 X + 3 = 72 + 5 a; — «*. 

7. How many variations can be made of the letters in the word 
language ? 

8. The sum of a decreasing arithmetic series is 140, the first 
term 10, and the common difierence J ; find the number of terms. 

Find the sum of 15 terms of the series 1 •\ I"q + h««« 

o 9 ««7 

9. Assuming the expression for sin. (a + )8), and that for 
COS. (a + P)y prove that 

/i\ 4. / . ov tnn. a + tan. B 

(1) tan. (a -4- p) = ^ 

^ ' V ^ A'/ 1 — lun. a tan. /8 
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and apply it to deduce the equation 

(2) tan. (45° + j3) = 2 tan. 2 j3 + tan. (45° — jS), 

for determining the tangents of angles greater than 45°. 

10. Show that in any plane triangle c* =ia*'{'h* — 2 a 6 cos. C, 
here a, h, e, are the sides, and C is the angle opposite to c. How 
ay this expression he adapted to logarithmic calculation ? 

(June %nd, — Rev. R. Mubpht.) 

11. Find the equation to an ellipse referred to its axes major 
ad minor. 

1842. Monday t Oct. 3ri. — Examiner, — Mr. Jereiard. 

1. Explain fully what is meant hy a fraction, and show that the 
value of a fraction is not altered hy multiplying the numerator and 
denominator hy the same number. What decimal of J£l is f of 
a guinea ? 

2. A person travelled from Slough to London, a distance of 18J 
miles, in twenty-five minutes ; at what rate is this per hour ? 

How much would 466 tons cost at JB3 17«. 6Jd. per ton ? 

3. Find the continued product of 

X — a, x + a, a; — a V — l^x -{- a V' — 1, 

and reduce — — , ^ to its most simple form. What 

a* + 4 «« — 47 X — 210 ^ 

is the value of this fraction, when x ^ 7 ? 

4. Solve the equations, 

(1) |_^S + 6=x-(i| + l\ 

''' VSilZ':.]- ("> (5. -3,-7 = 44. + 5. 

(4) Vr=r-« = 8+^f^ (^> :+,^C49ul- 

When will the hour and minute hands be at right angles to each 
other between twelve and one o'clock ? 

6. Show that log. t = log. a — log. 6, log. a"^ ^=z m log. a. 

Given log. 2 = -3010300, find the logarithm of 5, and that of 
2000. 

6. Define the sine and cosine of an angle, and show that 

Sin. {A + B) ^ sin. A cos. B + cos. A sin. 5, 
where A and B are any two angles. 

7. In any triangle of which ^, B, are two angles, and a, 6, tho 

opposite sides, prove that ? = . ' .„ . What will be the ratio of 
^^ h sin. B 

a to 6, if ^ = 45°, B = 30°? Given a, 6, A, discuss the ambiguity 

which may arise in determining the ti'iangle. 
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8. Express, in a form adapted to calculation by logarithms, the 
area of a triangle in terms of the sides. What is th • area of the 
triangle of which the sides are 3, 5, and 7 feet in length? 

(Oct. 6th, — Rev. R. jMurphy.) 

9. Find generally the equation to the common parabola referred 
to rectangular co-ordinates, the origin being arbitrary. 

1843. Mondaj/, Oct. ^nd. — Examiner, — Mr. Jerrard. 

1. Reduce — to a decimal, and extract the square root of 

17 

•00007038409. 

2. Explain the nature and use of logarithms, and point out the 
advantages of the common system over that of Napier. 

3. Prove the truth of the rule for the signs in multiplication. 
Find the fifth power of (2 a — 3 b), and multiply x* + a;* ^* + ^' 
by a;* — ^*. 

4. Investigate the rule for finding the greatest common measure 
of two algebraic quantities, and apply it to reduce 

X — 17 a;' + 79 x — 63 

a* — 13 a:* + 15 X + 189 
to its lowest terms. 

6. I'ind the expression for the sum of n terms of the series, 

a + a7'^^'ar^^^^• . . ., 
and sum the series, 

2 + 6 + 18 + . . . to 12 terms, 
- + ^ + ^ + . . . ad infinitum^ 

1 + IJ + 2 + • • • to 29 terms. 

6. Solve I he equations, 

,,. 7 y + 5 a- - 8 _ 11 a; 

^ ^ ~i § 5"- 

(^) a^x + hy^ cA (3) x +y = 91l 

a^x + &a y = CjJ X y =61) 

(4) a' — 3 a; + 5 = 7 ^x' — 6 a; + 6 + 2 a; + 17. 
Required three numbers in geometric progression whose sum 
is 91, and the sum of their squares 4459. 

7. How many degrees, minutes, &c., in the centesimal division of 
the quadrant, correspond to 101° 2' 34" in the nonagesimal system? 

8. Given the sines and cosines of two angles, find the sine and 
cosine of (1) the sum and (2) the difference of the angles. 

(Oct. 5th. — Rev. Prof. Heaviside.) 

9. Find the general equation to a circle referred to rectangular 
co-ordinates. How does the equation become modified by taking the 
origin, (1) in the circumference, (2) at the centre of the circle ? 
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1844. Monday, Oct. 7th. — Examiner, — Mr. Jb:rrard 

1. Keduce — -^ and ,-— to decimal fractions. Divide 63*796 

by 7-82, and explain the process. 

2. If 17 cwt. 3 qrs. 11 lbs. cost £256 15«. 7d., what will 
8 cwt. 1 qr. 21 lbs. cost ? 

8. Expand (a + 2 6 — 8 c)\ Divide a» — i« by a + b. Also 

find the quotient of — III— to five terms. What is the meaning of 

such a result as (a + i \/— 1) (a — 6 \/— ]) =«» + [,«? 

4. Kequired the number of permutations of n things taken tn 
and m together. 

6. Show how to find the sum of any number of terms (1) of 
an arithmetic, (2) of a geometric series. 

Examples. 1 + 6 + 9+.. . to 32 terms. 

K + o+n+--- to 17 terms. 
D o y 



6. Find the value of a? in the equation, 

"I 
+ 5. 



6a?+7 _ 4a7__a? — 10 



9 13 3 

Explain the method of solving the quadratic equation, 

ar^ + A,x + At = 0, 
and show that, if its roots be denoted by x, and aj^, we shall have 

fl?! + Xq ^= ""~ Akif 3^2 ^S Af» 

Take as an example, a^ + 6a; — 55 =0. 
Also find X and y from the equations, 

by means of logarithms. 

7. Define the sine, cosine, secant, tangent, and versed sine 

of an angle, and prove that tan. (A + B)^ tan. ^ + tan. B 
^ ^ ^ ' ^ 1 — tan. A tan. B. 

What does this expression become, when A = 45°, B = 30°? 

8. Express the sine of an angle of a triangle in terms of the 
sides, and in a form adapted to logarithms. Give a general account 
of the method of observing angles ; and show how to find the height 
and distance of an inaccessible object on a horizontal plane. 

(Oct. 9th. — Rev. Prof. Heaviside.) 

9. Find the equation to the ellipse referred to rectangular co- 
ordinates, the origin being taken either at the centre, or at the 
extremity of its major axis. 
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1845. Monday, Oct, Qth, — Examiner, — Mr. Jebbabd. 

1. Express - as a decimal. What is the form of fractions 

which are convertible into finite decimals ? Show that the recurring 

12 3 6 

periods for-, -, -, . . -, will consist of the same digits. 

.7777 

2. Two persons have gained in trade £375 ; the one put in 
£500, and the other £850: what is each person's just share of 
the profit ? What will the rates of a parish of which the rental is 
£2164 15s. (\d, amount to, at l^d. per pound? 

3. Explain the rule of signs in the multiplication of algebraic 
quantities. Expand {x -\' a) {x -{• b) (x + c). 

What will this expression become, when 

(1) a = 6 = c. (2) 6 = — a, c = ? 

Also divide a^ — 4 a;' — 7 a; + 1^ hy a* + a? — 2. 

4. Place three arithmetic means between 1 and 7. 
Solve the equations: 

(1) i-(4a; + 3) = ?-6. <^) 5a: + 6y = 891 

W 4 \ '^T ; 3 12 a? -7 3^ = 21] 

(3) a?» + 14aj - 51 = 0; 
and explain .the process for the solution of quadratic equations. 

6. Show that the number of pemiutations of n things, taken r 
and r together, is 

w (n — 1) (n — 2) . , (n — r + 1). 

How many distinct permutations can be formed with the letters in 
the word degree ? What is the general expression for the number 
of permutations, when there are different sets or classes of identical 
letters ? 

6. Define the term logarithm. What is meant by the mantissa f 

Given 

Log. 2 = -3010300, 

log. 3 = -4771213, 

to find log. 45, log. 450, ^og. 4-5. State the advantages of the base 
of the system of logarithms being coincident with the base of our 
system of arithmetical notation. Why in every system will the 
logarithm of 1 be ? 

7. Define the sine and cosine of an angle, and trace their 
changes in sign through four right angles. Also show that 

Sin. (j4 + J5) = sin. A cos. B + cos. A sin. B, 

8. Express the area of a triangle in terms of its sides. 

(Oct. Sth, — Eev. Prof. xIeavisidb.) 

9. Find the rectangular equations — 



I 
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(1) To a straight line passing through a given point, at right 
angles to a given straight line. 

(2) To the parabola. 

1846. Monday, Oct, ^Qth. — Examiner, — Mr. Jerrard. 

1. Find the difference between and , and express -— as 

113 60* ^ 13 

a decimal. What is the test of arithmetical equality ? 

2. What will £650 amount to in 6 years, at 6 per cent., com- 
pound interest? 

3. Extract the square root of 962*2404, and that of 90224:-04 ; 
and explain the process. 

4. " A ship's company take a prize of £1000, which is to be 
divided amongst them according to their pay, and to the time during 
which they have served : now the officers, four in number, have 40«. 
each a month ; the midshipmen, 12 in number, have 30s. each a 
month ; and they have all served 6 months : the sailors, who are 
110 in number, have each 22s. a month, and have been on board 3 
months. What will be the share of each class ?" 

6. What is meant by the product of two fractions ? When are 
four quantities said to be proportionals ? If a, b, c, d, be propor- 
tionals, prove that, 

(1) a + b : a — b : : e + d : c — d. 

(2) a" : i" : : c» : d\ 

6. Investigate an expression for the sum of n terms, (1) of an 
arithmetic, (2) of a geometric series : and solve the equations, 

.v7a? + 2 / a? — 6\ , 

(a) —^ -(a.-.-^) = l. 

(P) 2x + 3^ = 47) (y) xi/=l05\ 

7 a; — 2 ^ = -21 y flc* + / = 274] 

Also form an equation the roots of which shall be 2 and 3. 

7. Show that the number of combinations of n things, taken r 
and r together, is equal to the number of combinations of n things 
taken n — r and n — r together. 

8. Assuming the expression for sin. (A + B) and cos. (A + B\ 
prove that 

Tan. {A + B)= . t^f^iA+taBi^^. 
— 1 -f- tan. A tan. B 

9. Find aa expression adapted to logarithmic computation for 
the area of a triangle in terms of its sides. 

(Oct 2Qth. — Kev. Prof. Heaviside.) 

10. If -? + ^ = 1 be the equation to a straight line referred to 

a b 
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■ 

rectangular co-ordinates, what do a and 6* represent geometrically? 
Find the equation to the line drawn from the origin perpendicular 
to the above line. 

11. Find the rectangular equation to the ellipse^ the centre 
being the origin. 

1847, Monday, Oct, 26«^. — Examiner, — Mr. Jerpard 

1. What is the present value of £2063 1^. due 6 months hence, 
interest being at 3 per cent. ? 

2. Extract the square root of 898893-61. 

3. Divide a* — i* by a — h\ and reduce 

Ob «• ac* 

r^^^ 1 — a^ 1 — aj» 

to its most simple equivalent form. What meaning do you assign ' 
to a", when n is negative or fractional ? 

4. Give the algebraical definition of proportion, and deduce 
Euclid's definition for it Also show that if a : 6 : : c : ei, we shall 
have a' + 6' : a* — 6« : : c' + d' : c' — d\ 

5. In how many different ways can seven persons be arranged 
on seven seats ? 

6. Solve the equations : 

12 — 2 a? 



(a) ?-(7a,-40) = i^r^ + l. 

(/5) 11 a? + 7y = 47| (y) (B«+i^« = 146] 

23 



x+ 7y = 471 (y) ««+ i^« = 146^^ 

a- — 29 y = llj X + y = 16J 

(8) aj« — 12 a? + 32 = 0. 



7. Show that the logarithm of the ^th power of a number is p 
times the logarithm of the number. 

8. Given the sines and cosines of two angles, find the sine and 
cosine of their sum and difference ; and show that 

Sin. 36- = "^Z^^, COS. 36<^ - ^^ + \ 

2V^2 4 

{Oct, ^lih. — Eev. Prof. Heaviside.) 

9. In the equation to a straight line y ^s a x + h, what do a 
and h represent geometrically? Determine (a) and {h) when the 
straight line passes through two points whose co-ordinates are 

(»'.yO(o,|'). 

10. Find the rectangular equation to the parabola, the vertex 
being the origin. 

EE 
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1848. Monday, Oct, 23rd. — Examiner, — Mr. Jerrard. 

1. Show that when a number is divisible by 4, its two last 
figures must be divisible by 4 ; when by 9, the sum of its digits is 
divisible by 9 ; and resolve 1679616 into its factors. 

2. Explain the method of extracting the square root of a num- 
ber. Take as an example 1679616. What is the square root of ;^f 
to five places of decimals ? 

3. Find the simple interest of £238 108. lOd, for 8 years, at 
4 j per cent. 

4. Multiply a + — - by a? — 1- - — 5, and reduce 

*" + - "^^ to its most simple equivalent form. Explain the 
a — a •\' 

rule of signs in the multiplication of algebraic quantities. 

5. Solve the equations, 

'5 V7 / 4y — 3 05 = 16 J 

(y) OP* + ^ 0?' + « = 0. 

The sum of a decreasing arithmetical series is 76, its first term 
21, and the common difference 3 ; to find the number of its terms. 

6. Show that in a system of logarithms to the base 10, the 
logarithms of all numbers which are expressed by the same suc- 
cession of significant digits, may be found from one opening of the 
tables. 

7. Define the sine and cosine of an angle, and trace their 
variations through four right angles. Also prove that in a triangle 
the sides are proportional to the sines of the opposite angles. 

8. To express the area of a triangle in terms of the sides. 

{Oct. 25th. — Rev. Prof. Heavtside.) 

9. Find the general equation in rectangular co-ordinates to a 
given circle. And from this deduce the equations {1) when the 
origin is in the circumference, (2) when it is at the centre of the 
circle. 

1849. Monday, Oct, 22nd, — Examiner,^ Mr. Jerrard. 

1. What is the meaning of the term multiplication, as applied 
to fractions? State the general rule for multiplying any number 

of fractions together. Also reduce --— to a decimal, and divide 

^ 1260 

•00031 by -32. 

2. A privateer running at the rate of 10 miles an hour, dis- 
covers a ship 18 miles off, making way at the rate of 8 miles 
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an hour : how many miles can the ship run before she will be over 
taken? 

8. Show that in a system of logarithms to the base 10, the 
logarithms of all numbers between 1 and 10 must be included 
between and 1. How is the characteristic of a logarithm generally 
determined? Given log. 2 = -SOIOSOO, log. 8 = -4771213, to find 
log. 80, log. 81, log. 360. Point out the utility of logarithms in 
calculation. 

4. Find the product of the four following factors, 

(a + 6), (a" + ab + 6«), (a — 6), (a* ^ a b + 6»). 

What multiplier will render Va — v^rational? Divide a* by a*; 

J a c — ad / ^ _ a » 

ana ^-7 — Va» a; — a a* by n-? v a — a;. 

6. The sum of the progression of uneven numbers, 1, 3, 5, . . • 
continued to n terms, is equal to n'. Prove this, and solve the 
equations : 

(a) ^S -(6. - 17 -I^^) = . - 80. 
OS) a; +y- ;!?= 8j (y) a;«+^«=m| 

y •\' z — a? = 10) 
Show that in every equation of the form ap« — ax •{-h^^^t the 
two values of x are such that their sum is equal to a, and their 
product equal to b, 

6. Define the sine and cosine of an angle, and trace their 
variations through four right angles. When the sines and cosines 
of two angles are given, show how to find the sine and cosine of 
their sum and difibrence. 

7. Find the expression for the area of a triangle in terms of 
its sides. 

{Oct, 24«^. — Kev. Prof. Heavistde.) 

8. Find the equation to a straight line cutting its axes of rect- 
angular co-ordinates in two given points. Find the rectangular 
equation to the ellipse, the centre being the origin of co-ordinates. 

1850. Monday, Oct fiSth, — Examiner, — Mr. Jerrard. 

1. Explain the method of extracting the square root of a num- 
ber. What is the square root of 2, to five places of decimals ? 

2. A cistern is filled in 20 minutes by 3 pipes, one of which 
conveys 10 gallons more, and the other 6 gallons less, than the 
third per minute. The cistern holds 820 gallons. How much flows 
through each pipe in a minute ? 
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8. Multiplytogetherl+| + J + ^,andl-5+^-^; 

and divide a* — 6" by a — 6. What meaning do you assign to a* 
when n is negative or fractional ? 

Reduce 5-±^ — A^ + ^""^^ to its most simple equi- 

valent form, and discuss the case when a; = 1, y = 1. 

4. (1) The difiference between two numbers is 48, and the 
arithmetical mean exceeds the geometrical by 18 ; find the numbers, 
(d) Also solve the equations : 






(a) 



A 



(ar — v\ 



= 86. 



08) a;' + 20 a; — 841 = 0. 
(y) a* + y' = 660 1 (8) a- ft' = c > 

« +y = 36/' (^h\=^c,r 

(3) If a^i, sCi, are the roots of the equation aa^ + b x + e = 0, 
prove that 

aji j^ Xs 6' — 3 a c 

5. From a company of 50 men four are chosen every night to 
guard. On how many different nights can a different guard be 
posted; and on how many of these will any particular man be 
engaged? 

6. Define the sine and cosine of an angle, and trace their vari- 
ations through four right angles. Also prove that in a triangle the 
sides are proportional to the sines of the opposite angles. 

7. Express the area of a triangle in terms of the sides. TiJ^e 
as an example the triangle of which the sides are 3, 4, and 5 units 
respectively. 

{Oct. 30f^. — Rev. Prof. Heaviside.) 

8. Find the equation to the straight line perpendicular to the 
line whose equation is 

a b 
Find the rectangular equation to the parabola. Define the latns 
rectum, and find it in terms of the distance of the focus from the 
vertex. 




1851. Monday, Oct 27tA. — Examiner, — G. B. Jebrard, Esq. 

1. What is the interest of £273 16s. for a year, at 3 J per cent. 

2. Explain the rule of signs in the multiplication of algebraic 
quantities ; and multiply 
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[1] a» -h a« 6 + a 5« + Z»3 by a — 6. 

[2] a' + a 6 + 6» by a« - a 6 + 2^'. 

Under what circumstances will z^ + a x + b he divisible by 

3. Insert n arithmetical means between a and h, and find the 
sum of the series 1 + - + - + ad infinitum. Also solve the equa- 

tions : 

,. 2 Src — 1__4 (j8)2a;-|-3y = 401 

W a; - -- ^. 6 a; - 12 .y = 6ir 

(y) a; +5^= 18*) (8) a; +y = a| 

a;* + y»=290j x^ -^ y^ — b) 

How many different airangements can be formed of the letters 
in the word engine ? 

4. Define the term logarithm. What is meant by the charac- 
teristic and the mantissa ? Explain the advantage of choosing 10 as 
a base of a system of logarithms. Given 

Log. 3 = -4771213, log. 7 = -8450980, 

to find log. 21, log. 210, log. 2-1. 

6. Point out the use of the signs H- and — , to indicate the 
directions of lines; and define the sine and cosine of an angle, 
tracing their variations through four right angles. 

6. Given the sines and cosines of two angles, to find the sine 
and cosine of their sum or difference. 

7. Express the area of a triangle in terms of its sides. 

{October 29«^. — Kev. Prof. Heaviside.) 

8. Define a conic section, distinguishing the several cases. Is 
the circle included in your definition of an ellipse? Find the 
rectangular equation to the ellipse, the centre being the origin. 



1862. Monday, Oct, 25iA. — Examiner, — G. B. Jebrard, Esq. 

1. Convert - into a recurring decimal ; and show that the re- 
curring periods* for -, ^y, -,.... — wiU consist of the same digits. 

What is the form of those fi:actions which are convertible into 
finite decimals ? 

2. Two detachments of foot being ordered to a station at the 
distance of 39 miles from their present quarters, began their march 
at the same time ; but one party, by travelling J of a mile an hour 
faster than the other, arrived there an hour sooner ; required their 
rates of marching. 
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3. Under what circnmstances will x" -|- ^ be divisible bj 
X + yJ Is jr* + y* ever divisible by « — y / Reduce 

_ 1 _ 8 , 5 5 

(z + 1,» 2 (X + lf« ■•' 4 (x + 1) 4 (X + S) 

to its most simple equivalent form. 

4. Solve the equations : 

(a) -J. ^^2 - ^; - 1 + -. 5 ^ _ ^|. 



(y) a:' + y' = 170| 
ajy = 77J 



(8> 



X + y a' 

X — y 6 
x' — y' = c 



It is required to find four numbers in arithmetical progression, 
such that if they are increased by 2, 4, 8, and 15 respectively, the 
sums shall be in geometrical progression. 

5. Show that the number of permutations of n things taken r 
together is w (;i — 1) (n — 2) . . (n — r + 1). 

In how many ways may seven balls be arranged in two divisions, 
so that \he first division may contain three of the balls, the second 
four? 

6. When the sines and cosines of two angles are given, show 
how to find the sine and cosine of their sum or difference ; and 
thence deduce, 



Sin. A + sin. B = 2 sin. 



Sin. A — sin. 5 = 2 cos. 



A 


+ 


B 




2 




A 


+ 


B 



cos. 



sm. 



A — B 
2~' 

A^ B 



7. 



8. 




2 2 

To express the area of a triangle in terms of its sides. 

{Oct, filth, — Rev. Prof. Heaviside.) 
Find the equation to a straight line passing through a given 
point, and perpendicular to a given straight line. Find the rectan- 
>(ular equation to the hyperbola, making either the centre or the 
vortex the origin. 

1853. Ttiesday, October ^5th, — Examiner, — Mf. Jerrard. 

1. Explain the difference between interest and discount. At 
what rate per cent., simple interest, will £225 amount to £25f5 lOj. 
in 4 ycMirs ? 

Define stock. How much stock can be purchased by the transfer 
of £2,000 stock from the 8 per cents, at 90 to the 3J per cents, at 
90 ; and what change will be effected in income by it? 

2. A ship having a crew of 26 persons carries provisions for 21 
days; after having been at sea for 11 days, they pick up a party 
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from a wreck, and it is then found that the provisions will be 
exhausted in the course of five days ; find the number of persons 
taken from the wreck. 

3. What is meant by the base of a system of logarithms ? 
Show that, in all systems, the logarithm of the base is 1, and the 
logarithm of 1 is 0. Point out the advantage of choosing 10 as the 
base of a system. Given log. 2 = -SOIOSOO, log. 3 = -4771213, to 
find log. 360, log. 36, log. 3-6. 

4. Find the product of the four binomial factors, x + a,x + b, 
X + c, X + d; and thence deduce the expression when a = b =c 
= d. What multiplier will render y/m — \/n rational ? Divide 
a* + aH' + 6* by a» + a 6 + fc» ; and a* by a"*. Explain the 
meaning of fractional and negative indices. 

5. Solve the equations : 

(7)a;« + / = m|^ 

X — ^ = n/ 

6. Assuming that 

sin. (A + B) = sin. A cos. B + cos. A sin. B, 
show how, from the mode of denoting the directions of lines by 
their signs, to deduce the expressions for sin. (A — B), cos. (A + B), 
cos. (A — B), What is the numerical value of sin. 30° ? 

7. Prove that the sides of a triangle are proportional to the 
sines of the opposite angles. 

(Oct. filth. — Kev. Prof. Heaviside.) 

8. Find by means of rectangular co-ordinates, the length of 
the perpendicular let fall from a given point on a given straight line. 
Define an ellipse, and find the rectangular equation to a given ellipse. 

1864. Monday, Oct. 23rd. — Examiner, — G. B. Jbrrard, Esq. 

1. In what time will £360 amount to £402 10s. at 3 per cent, 
simple interest? A person invests £3400 in the 3 per cent. Consols 
at 95 : what amount of stock does he receive, the brokerage being 
2». M. per cent. ? 

2. The quick-time or step, in marching, being two paces per 
second, and the length of each pace 28 incl.es ; then at what late 
per hour does a troop march on a route, and how long will they be 
in arriving at a garrison 20 miles distant, allowing a halt of one 
hour by the way to refresh ? 

3. Explain the rule of signs in the multiplication of algebraic 
quantities. What meaning do you assign to a", when n is negative 
or fractional ? Under what circumstances will x* + y^ be divisible 
by a? +y ^ Is 05" H- ;^* ever divisible by a; — yl 
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4. Required the number of permutations of n things taken r 
and r together. 

How many different arrangements can be formed of the letters in 
the word infinity ? 

5. What number is that, the third part of which exceeds the 
fourth part by 16 ? Given 

X y {x^ +y*)=^^ A 

x^y\x' + y') = l B 

to find the values of x and ^ by a quadratic equation. Also find 
three numbers in arithmetical progression, such that the sum of 
their squares shall be 93 ; and if the first be multiplied by 3, the 
second by 4, and the third by 6, the sum of the products shall be 66. 

6. Given the sines and cosines of two angles, to find the sine 
and cosine of their sum or difference. 

7. Express, in a form adapted to logarithmic computation, the 
area of a triangle, in terms of the sides. 

[Oct, 25^^. — Rev. Prof. Heaviside.) 

8. Assuming the method of representing the locus of points by 
rectangular co-ordinates, show that the general equation of the first 
degree between (a;) and {y) represents a straight line. 

Define the hyperbola, and find a rectangular equation to the 
hyperbola. 

1855. Wednesday, October 24«^. — Examiner, — Mr. Jerrard. 

1. Convert - into a recurring decimal ; and show that if we 
take the successive multiples of -, namely -,-.,-,-,-. . . . the re- 
curring periods will consist of the same digits. Determine the form 
of those fractions which are convertible into finite decimals. 

2. What is meant by the terms Involution and Evolution? 
Find the continued product of the three factors a; + a, cc + 6, 
X •\- c. What will the expression thence arising become, when 
a =r 6 = c ? Show how to extract the square root of a compound 
algebraical quantity. Ex. a* — 2 a' a: + 8 a« a;« — 3 a a;' H- a:*. 
Explain the rule of pointing in the extraction of the square root of 
a number. 

8. Solve the equations : 

^^^ -^ 93^^^ ^3- 5x-3y= 34r 

('S) 03 -h y = a 1 (4) y « u = a'' 

x^ ^ m X y •\- y^ = h) x z u = b^ 

X yu=^ c^ 
X y z =d^i 
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and show that if a and fi be the two roots of a quadratic equation 

X* + & X + h = 0, 

then will 

a;« 4- a 05 H- b = (a; — a) aj — )8). 

4. How does it appear that by means of a table of logarithms, 
multiplication may be performed by addition, division by subtraction, 
involution by multiplication, and evolution by division. Point out 
the advantage of choosing 10 as the base of a system of logarithms. 

5. Explain the meaning of the term angle in trigonometry 
What is a negative angle ? Trace the variations of sin. A, cos. A, in 
sign and magnitude as A increases from 0° to 360°. 

6. Given two sides and the included angle (a, C, b), to solve 
the triangle. 

{Oct, fi5th, — Rev. Prof. Heaviside.) 

7. Find the general equation to the circle referred to rectan- 
gular co-ordinates : how is the equation modified when the origin is 
[1] in the circumference, [2] in the centre of the circle ? 

Find the rectangular equation to the ellipse, the centre being 
the origin : what are the axes of the ellipse whose equation is 

a*x* + 6«y« = c*? 

1856. Wednesday, Oct, ^^th, — Examiner, — G. B. Jebrabd, Esq. 

• 

1. A wall was to be built 700 yards long in 29 days. Now, 
after 12 men had been employed on it for 11 days, it was found that 
they had completed only 220 yards of the wall. It is required to 
determine how many men must be added to the former, that the 
whole number of them may just finish the wall in the time pro- 
posed, at the same rate of working. 

2. Explain the meaning of fractional and of negative exponents. 
Also extract the square root of 4 a* + 12 a' a? + 18 a' a;' + 6 a a' + a;*, 
and reduce 3^ and 2^ to quantities which shall have the common 
exponent ^. 

3. Solve the equations : 

(«) 

(y) 



X X , X e 


m 


3 a; + 6y — 60) 
aj — 2y = 9J • 


x^ + a X 1/ + y* = m\ 
X + bi/ = nj 


(8) 





If in the first of the equations (y) we take a = 0, what will the ex. 
pressions for x and i/ become (1) when 6 = 1, (2) when 6 = — 1 ? 
Explain the result when a = 2, 6 = 1. 

W¥ 



i 
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4. Innert m arithmeticBl means between two pT«n mnnben; 
aai ahow ttiat if in any arithmetical progression we insert the same 
number of arithmetical means between each term and the following 
one, the new Merles will also be an arithmetical progression. Does 
ta anatiigouB proposition exist for geometrical progressions ? 

6. Find the number of permutations of n things taken rtogeOier. 
How many distinct triliteral words can be formed of eight consonants 
snd one vowel, the vowel being always the central letter? 

ft. Given the sines and cosines of two angles, to find Ote sine 
■nd cosine of tbeir sum or difference. 

7. In any plane triangle ABO, express sin. ^, cos. 4 ™ terms 
of the sides; and thence deduce the expression for the area. 

{Oct. 30(k.— Eev. Prof. Heavisidk.) 

8. Every equation of the first degree between ae and y. is the 
aquation to a straight line. Find the rectangnlar equation to a 
straight line passing through a given point, and making a given 
aoj^e with a given straight line. 

f^d the rectangular equation to the parabola. 



1S67. Wadnetday, Oct. HBth- — Examiner, — Mr. Jebrakd. 

1. If 180 men, in 6 days, working during 10 hours each day, 
can dig a trench 200 yards long, 3 wide, and 3 deep ; in how many 
days, working during 6 hours each day, will 100 men dig a trench 
860 yards long, 4 wide, and 3 deep ? 

3. Show how to find the highest common divisor of two algs- 
braical expressions. Take, for example, 

a* — 6»a;, x' + H b x + J^. 

8. Solve the equations : 

. „, 3« + 6j, = 34. 

^'*' 17 * — 7 y = 16| 

and (3) divide the number 60 into two such parts that their pro- 
duct shall be to the sum of their squares in the ratio of 2 to 6. 
i. ISa-.b-.teid, 

prove that mn + n b : p a ± q b :: m e ± n d : p e + g d. 
How does it appear that Euclid's definition of proportion and 
the algebrmcal follow each flrom the other? 

6. Define the sine and cosine of an angle; and trace the varia- 
tions' of sin. A. cos. A, in sign and magnitude as A increases from 
0° to 860°. 
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6. Given two angles and the side between them i^A C b), to 
solve the triangle. 

{Oct. ^9th. — Rev. Prof. Heaviside.) 

7. A straight line cuts the axes of co-ordinates at given dis- 
tances from the origin, find the equation to the straight line, in 
terms of those distances. 

If y = 2 a; + 3 he the equation to a straight line, find the 
equation to the line perpendicular to it from the origin : find also 
the length of this perpendicular. 

Find a rectangular equation to the hyperbola. 

1858. Wednesday/, Oct. filth. — Examiner, — G. B. Jebrard, Esq. 

1. A railway train after travelling for one hour meets with an 
accident which delays it one hour, after which it proceeds at three- 
fifths of its former rate, and arrives at the terminus three hours be- 
hind time ; had the accident occurred 50 miles further on, the train 
would have arrived 1 hour 20 minutes sooner. Required the length 
of the line. 

2. Multiply together (1) a + x, b + x, and c + x; and re- 
solve (2) a;* — a* into four factors. 

Explain the meaning of a*^ when n is (3) fractional and (4) nega- 
tive. 

8. (1) Define the base of a system of logarithms. (2) What 
is meant by the characteristic and the mantissa ? (3) Show that in 
the common system the characteristic of the logarithm of any num- 
ber can be determined by inspection. 

Given log. 2 = -301030, log. 3 = -477121, find (4) log. 24, 
(5) log. 5-4, and (6) log. -006. 
4. Solve the equations : 

(a) ^+J_1^ = 3«-18. 



^' ISx — Ulj, =23)' 
/ \ SB* + * V + .v' ^ 7) 



(1) What condition must be fulfilled in order that the two roots 
of the quadratic equation 

ax*-\^bx + cssO 

may be equal ? (2) How does it appear that a quadratic equation 
cannot have more than two roots ? 
5. Prove that . 

sin. {A + B) s:^ sin. A cos. B + cos. A sin. B • 
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and deduce formnlsB for sin. (A — B), cos. (A + B), and cos. 
(A - B). 

6. To find an expression for the area of a triangle in terms of 
the sides, in a form adapted to logarithmic computation. 

(Oct. 28«fc. — The Kev. J. W. L. Heaviside.) 

7. What is the general form of the equation of the first degi*ee 
between two variables ? show that it represents a straight line in 
co-ordinate geometry. 

Find the rectangular equation to a straight line in terms of the 
perpendicular upon it from the origin, and the angle which that per- 
pendicular makes with one of the axes. 

Find the general rectangular equation to a circle. 

1869. Tuesdai/, July l^ih, — Examiner, — E. J. Kouth, Esq., M.A. 

1. A mixture of black and green tea is sold so as to gain 4 per 
cent on the outlay. If sold separately at the same price per lb., 
the gains would have been 5 and 3 per cent, respectively. In what 
proportion were the two kinds of tea mixed? 

d. Simplify the expressions : 

^"■f 18 f - ^ U ^ « V8 12//' 



(2) _=J___+ 1 



— > 



and (3) find the value of as' + a a; + ft when 



3. Define the greatest common measure of two arithmetical, 
and also of two algebraical quantities. If H be the greatest com- 
mon measure of two algebraical quantities P and Q, will it still be 
the greatest common measure when numerical quantities are given 
to the letters in H, P, and Q ? 

4. Give both the ordinary algebraic definition, and also Euclid's 
definition of proportion. Show how to deduce the former from the 
latter. 

1£ a : b : : c : d, prove that 
a(P + bc*: a^d + b^c ::c*b^ + a^d^:(ab +cd)ab\ 

If b and d are very nearly equal, show that this ratio is very 
nearly equal to that of S d '^ 2 b : d. 

5. Show how to find the number of combinations of n things 
taken k together. 



♦■. . 
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The total number of combinations of p + q things, of which p 
are of one sort and q of another, taking them first one, then two, 
three, &c., together, is p + q + p q» 

6. Define (1) a geometrical progression. (2) Is it possible for 
three numbers to be both in arithmetical and geometrical pro- 
gression ? 

(3) If 5 be the sum of a geometrical progression whose first 
term is a and last term I, and i' the sum of the reciprocals of the 

terms of the same series, then prove that -, = a {. 

7. Investigate a rule to find the compound interest of any sum 
for n months at a given rate per cent, per annum. 

(2) A person spends every year a certain fraction of his income, 
and continually adds the remainder to his capital; what fraction 
ought this to be, that, after a given number of years, his whole in- 
come may be increased n times ? 

8. Show that the equation 



33 + 6,05— 6^^rt2C*— 6 

aj — 1 "^ X + 1 "" a;' — 1 



does not admit of any solution except a? = oo . 
Solve 

4a;»+ 7a;y + 2 t/« = 13) 
Srrt/ + 7/ = 12) 

9. Define the characteristic of a logarithm. What are the charac- 
teristics of the logarithms of 234 and -0067, the base of the system 
of logarithms being 7 ? What are the comparative advantages of 
the common and Napierian system of logarithms ? 

Find the value of ^OOTf^S having given 

log. 9-9328 = -9960323, 
log. 9-9329 = -9970367. 

(July Idth, — Eev. Prof. Heavtstde.) 

10. Define an ellipse ; find a rectangular equation to the ellipse. 
If the equation is referred to the centre as origin, show how to 
refer it to the vertex ; and if the equation is referred to the vertex 
as origin, show how to refer it to the centre. 

11. How is an angle measured in trigonometry ? What is the 
cosine of an angle ? For what angle less than 90° is the sine equal 
to the cosine ? 

Express the numerical value (1) of a fifth part of two right 
angles, (2) of the complement of 62° 16', (3) of the angle of a regu- 
lar pentagon* 

tan. A + tan. B 



12. Prove tan. A + B =s^ -^ 1 ^ — . ^ p ' 

' 1 — tan. A . tan. B 
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Account for the value of tan. A + B given by this formula, if ^ ^ 
B = 46° 

13. In every triangle the sines of the angles are proportional to 
the sides opposite to them. 

Find the area of the triangle whose sides are 30, 40, 60 feet. 

14. Given two angles and a side of a plane triangle ; solve the 
triangle. 

Given two sides and an angle opposite to one of them ; show 
how to solve the triangle. Why is the solution in the latter case 
ambiguous ? 

Ex. Given A = 62° 16' 86^ a = 600, C == 88° 30'. 
Find c, J5. 

log. sin. 88° 30' = 9-9998612. 
log. sin. 62° 15' 86" = 9-8980630. 
log. ,o6 = -6989700. 
log. ,o6-3206 = -8007682. 

How do the tabulated logarithms of the sines of angles differ 
from the logarithms oLthe sines calculated to a base 10? 

1869. Wednesday, Oct, 26^^. — Examiner, — Kev. J. W. L. Heavistde. 

1. A mass of lead-ore, weighing 800 grains Troy, was found to 
contain 6 grains of silver : what is the value of the silver in one ton 
of the ore, at the rate of 6s. an ounce Troy, it being given that one 
pound avoirdupois contains 7000 grains Troy ? 

2. Prove 

,^v 2 a;» — 13 a: + 16 _ 2 a;g — 6 g + 6 

^' 3 a:3 + 9 a:2 _ 5 a; — 16 3 a;« — 5 

/m x^ - X y + y^ n 1\ _ y^ ^y z + z^ il 1\ 
^^ x^ y^ \x y) y^z^ \y z) 

__ a;« + a; g + g< |1— il 
a* «« la; zV 

3. Solve the following equations : 

(1; 3a-— M?JrLi^ = 29. (2) (a? — a) (a? — 6) = (c — a) (c — 6). 

X 

Find three numbers, in geometrical progression, the product of 
which is 729, and the sum of the squares 819. 

4. Find the present value of an annuity, to be continued for 
any given number of years, at a given rate per cent., allowing com- 
pound interest. What does the expression for the present value 
become, when the annuity is perpetual ? How many years* purchase 
must be paid for a freehold estate returning a given rent, allowing 
interest al fi^ e per cent. ? 
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1 

6. Explain why log.jo 6-25, log-io '000625, log-io -t-b* have each the 

same mantissa ; write down the logarithms of these numhers, it heing 
given that log.jo 2 = -301030. Account for the registered logarithms 
of the sines and cosines of angles heing all positive. Given 
log. tan. 46° 17' = 10-019462, find log. cot. 46° 17'. 

6. Prove sin. {A + B) = sin. A cos. B + cos. A sin. j5, and 
deduce from it the expression for cos. [A — B). Could sin. (A + B) 
be expressed in terms of sin. A and sin. B only ? 

7. If two sides and the included angle of a triangle are given, 
show how to solve the triangle. 

Ex. The two sides are 345, 174 feet respectively, and the 

included angle is 3 / ° 20' ; find the remaining angles of the triangle. 

log.jo 6-19 = -715167, log. tan. 71° 20' = 10-471298. 

log.io 1-71 = 232996, log. tan. 44° 17' = 9-989127. 

(October ^7th. — E. J. Routh, Esq.) 

8. If 1/ =: a X + b he the equation to a straight line referred 
to rectangular co-ordinates, state the geometrical meanings of the 
quantities a and b. 

Find the equation to the straight line which is drawn per- 
pendicular to a given straight line from a given point. 

State how a cone must be cut by a plane, that the section may be 
a parabola. 

1860. Tuesday y July 17th. — Examiners, — ^W. H. Besant, Esq., M.A., 

and E. J. Routh, Esq., M.A. 

1. If money invested in the 3 per cent, consols, give exactly 3 
per cent., after the payment of one shilling in the pound income tax, 
find the price of the consols., allowing ^th per cent, to the broker 
for the purchase. 

A person invests £3,000 in the 8 per cents., at 94|^, and £2,000 
in 6 per cent. Canada bonds, at 112^ ; allowing in each case ^th per 
cent, on the purchase to the broker, find the average per-centage 
obtained on the £6,000 invested. 

2. Simplify the expression: 

^ ' Ui| + 10^ • lof - 9i) "^ Y^r;^ 

(2) Divide -000024374 by -000002435, and (3) find the square 
roots of 9947716, and (4) -049382716. 

3. Divide 

a^ 4- a* 6 4- a* 6« -f a» 6« c + a' 6' c H- fl» 6 c« + o» c» + o^ i» c + a« 6 c» 

H- a 6' c« H- &» c» 4- 6 c« by aS + a« 6 + 6 c« ; 
and if n be a positive integer, prove that x'**' + ^'"^Ms always 
divisible by » + y. 
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Also simplify the expression: 



W3 + 2 a; — \/3 — 2x ^^3 +~2^ + \/3 — 2 ai" 
4. Define ratio and proportion ; and deduce Euclid's definition 
v., Book v., from the algebraical definition. Ifa:ft = c:(i = «:/, 
prove that each of these ratios 



d^f* 



/a^ c" d'e" c^^ /h^ (P h^.d^j 

y/ -^ + -^ + -.- • V^ ys- + -52-+ -^1 

6. Find the number of permutations of n things r together, 
and deduce the number of combinations of n things r together. 

If n represent the number of combinations of n things taken r 
together, prove by general reasoning that 

(w)r + (n)r-i = (n H- 1)„ and 
(m + n), = {m\ + (w)^_j (n), + (m)^_, (n), + . . . . -f (n)^ 

6. Find the sum of a series of quantities in geometrical pro- 
gression, having given the first term and the common ratio. 

If the sum of the nth and (2n)th terms of a geometrical progres- 
sion be given, and also the sum of the (2n)th and (3n)th terms, 
find the first term and* the common ratio. 

Find the sum of n terms of the series of which the rth term is 

2 r + 3 + 2 X 3'. 

7. (1) Explain what are meant by discount and present value ; 
and (2) find expressions for the discount and present value of a sum 
due at the end of a given time, reckoning compound interest 

(3) A given sum is to be invested in an annuity such that each 
annual payment is one-third of the preceding, to continue for 
n years ; reckoning compound interest at a given rate, fijid the pay- 
ment for the first year. 

8. Solve the equation : 

6a:« — 17aa?+4fea: + 12a« — 7a5 — 10 6« = 0. 
A number of men are first formed into a solid square, and after 
wards into a hollow square three deep ; the front presented in the 
latter formation has 75 men more than the front in the solid square: 
determine the number of men. 

9. Define a logarithm, and find the logarithm of a« to the 

base ^. 

Show that the characteristic of the logarithm of any number or 
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decimal can be determined by inspection when the base is 10 ; and 
prove the formula 

log.. N == log., 10 • log.io ^• 
Having given log.jo 2 = -801030 

log.,0 3 = -477121, 
find log.10,000 -0000432. 

{Jidi/ 17th, — Afternoon, — Trigonometry and Conies,) 

10. Define the sine of an angle. 

Prove that sin. A = sin. (180° — A) ; and discuss the case in 
which A is greater than two right angles. 

Write down in one formula all the angles which have J for their 
sine. Solve the equation 

1 + sin. 2 ^ = cos. — sin. 6. 

11. Prove that in any triangle 

6» + c« — a« 

^^^- ^ = — 2y7— 

Why is this formula not fit to determine the angles of a triangle 
when the three sides are given ? What formula would you employ 
in such a case ? 

12. Prove that if A and B be any two angles, 

cos. (J. — 5) = cos. A , cos. B + sin. A . sin. jB. 
Prove also that 

sin. 2 A . sin. A = cos. A — cos. A . cos. 2 A ; 
and express cot 2 ^ in terms of cot A. 

13. Find the equation to the perpendicular drawn from a given 
point on the straight line whose equation is 

a 
What angles do the straight lines oj — ic y = and y + k » = 
make with each other? 

14. Find the equation to the circle passing through the origin, 
and having its centre on the axis of x, and the radius of which is 
equal to a. 

Interpret each of the equations 

05* + y' = and a?" — y* = 0. 
A point moves so that the sum of the squares of its distances 
from the three angles of a triangle is constant Prove that it 
moves along the circumference of a circle. 

15. Investigate the equation to a parabola, y' = 4 a a?. 
Explain the geometrical meaning of the constant a. Trace the 

form of the curve from its equation. 
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If T A, T Bhe two tangents to a parabola cutting each other in 
the principal diameter, then if a third tangent cut them in P and 
Q, prove that S F ^ SQ where S is the focus. 

1860. July 17th. First B. 8c. Examination. 
Examiners, — W. U. Besant, Esq., M.A., and E. J. Routh, Esq., M.A. 

p^ Ths only separate Examination Paper for this degree. After this 
date, ** the Paj}ers and Examiners are the same as those on the same 
day at the First B.A. Examination." 

1. A contractor undertook to bnild a house in SI days, and 
engaged 15 men to do the work. But after 10 days he found it 
necessary to engage 10 men more, and then he accomplished the 
work one day too soon. How many days behindhand wonld he 
have been if he had not engaged the 10 additional men ? 

3. Cube (1 — X + ^ x^)y and determine the first six terms of 

thesquareof l+« + j^ + -J- + ^^-^^^+ .... 



Simplify —i — ^ and 




— 1^ 

1 -a:» 



+ 1 



1 — 



— 1 



and extract the square root of 6 + ^ + VTa7 + V'lS. 

3. Solve the quadratic equation ax^ + hx+c^ 0, and show 
how to make the equation whose roots shall be a and p. 

If a and p be the roots of the equation ax'-f-^fl'-f- o ^0, 

Drove that ^ X ^ _ h(^ac - 6«) 
prove tnat -3 + -, _, 

Solve the simultaneous equations 

2x« + 8ajy — 4^« = 10, j 
aj« — 3.r^ + 3/ = 3.J 

4. Define a logarithm, and prove that 

log. {M N) = log. M + log. N. 

What is the modulus of a system of logarithms ? State the 
advantages of choosing 10 as the base of the system. 

Explain generally how you would find, by the help of a table of 
proportional parts, the logarithm of a number consisting of six 
figures, from a table giving the logarithms of all numbers of five 
figures. 

6. Define the sine and cosine of an angle. Find an expression 
for all the angles which have tan. a for their tangent. 

Prove that if ^ + B + C = 180, 
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Bin. A + Bin. B - sin. C^^^A ^ B 
sin. A + sin. B + sin. C 2 2 

6. In any triangle, prove that 
sin. A a 



(1) 



sin. B b 

tan. — - 



(2) I = "-L^. Where 5 = ^L±±±?. 

tan — 

Explain how you would proceed to find the distance from a 
given point to any object on the other side of a river, supposing 
that you cannot cross the river, and that you have no instrument 
for measuring angles. 

7. Find the equation to the straight line drawn from 
the given point {h, k) perpendicular to the given straight line 
ax + b^ + c = 0. 

Find also the equation to the system of circles passing through 
this given point, and touching this straight line. Prove, in any 
way, that the centres of these circles lie on a parabola. 

8. A point P moves so that the sum of its distances from two 
given points, A and B, is constant Find the locus of P. 

Let 8, fl, be the foci of an ellipse, and A the extremity of the 
major axis. Then if P be any point on the ellipse, prove, in any 
way, that the bisectors of the angles P S A, P H A meet in the 
tangent at P. 

(July 17th, — Afternoon,) 

0. Investigate the equation to the parabola, y* ^= A ax. 
Explain the geometrical meaning of the constant a. Trace the 

form of the curve from its equation. 

If r ^, jT J5, be tw i tangents to a parabola, cutting each other 
in the principal diameteri then if a third tangent cut them in P 
and Q, prove that S P = S Q, where 8 is the focus. 

1861. July IQth — Examiners, — W. H. Besant, Esq., M.A., 

and E. J. Kouth, Esq., M.A. 

1. A person invests in £10 railway shares when they are at a 
premium of ten shillings. At the end of a year he receives a guinea 
per share. What interest does he get ? 

If 81 bushels of wheat are consumed by 66 men in 6 days, how 
long will 16 men take to consume 28 bushels? 

2. State and prove the rule for the determination of the fraction 
equivalent to a given recurring decimal. 

Simplify ^f "^ ]\ x Ip-^^ll; and divide -000741 by 9-47. 

^i — li ¥ + -ff 



;■ 






l» 



f ■ 



- 1 

■4 
i 



ll 

i 
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8. Find the square root of a^ — 4 x> -|- 3 x* + ^ as + 1, and 
simplify 

1 — a; — VSa; + a:* , ya — a; + Va a: -+- x* 



y i — a; — V a a; -f g* . y/ 1 — a; 4- 

'^ 1 — a? + VT7"+? "^ 1 — X — V2 a: + 



a; 



s 



a __^ c 



4. If - and -; be two equal fractions, prove that they are each 
b d 

If X vary as y, prove that a?" + y* will vary as as* — y*. 

5. Explain the difference between combinations and permu- 
tations. Find the number of permutations of n things taken r 
together. 

6. Find the sum of an arithmetical progression, the first and 
last terms and the number of terms being given. 

Sum the following series to n terms — 

a + 8i + 6 + 

2 + Si + 6J + 

Find the sum of n terms of the series whose nth term it 
9 (S*-* + n) + 6. 

7. Solve the equations 

2 a?« + 11 a? + 16 =s 0. 

&a;<+3aa; + & — a«aa;<-f36a;-fa — 6 
ic« -I- y« =s a*] 

X + y =s 6 i 

8. Find a nimiber of two digits, which is three times the sum 
of its digits, and such that the difference between the digits is 5. 

0. Define a logarithm, and prove that 

log. a; y = log. x + log. y. 
In what respects is the ordinary system of logarithms to base 10 
more convenient, and in what respects less convenient than the 
Napierian system ? 

Having given log. 2 ss -801030, and log. 3 = -477121, find log. 
;| -0144. 

j , j Find the characteristic of log. 3'2 to base 6. 

j ! i (Jul!/ 16th. — Afternoon. — Trigonometry and Conies.) 

' ■] 10. Define the tangent of an angle, and prove that 

\ 3 tan. -4 = — tan. (180° — A). 

y\ Find an expression for all the angles which have the same 

tangent as a given angle A, and solve the equation 

3 tan.* ^ — 10 tan.« ^ + 3 = 0. 

11. If A and B be each less than 90^, prove that 

^ ^^^ sin. (A — B) = sin. A cos. B — cos. A sin. B ; 
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also prove the formula 

cot. A — Q cot 2 -4 = tan. A, 

Bin. Q + &) + cos. (g T - d) 

^ = tan. 0. 

sin. Q^^0^ + COS. Q + e^ 

12. If two sides and the included angle of a triangle be given, 
show how to solve the triangle. 

The angle -4 of a triangle A B C i& 60°, and the side A C is 
twice the side AB ; find the angles B and (7. 

13. Explain what is meant by the locus of an equation in 
X and y when x and y are the co-ordinates of a point referred to 
fixed axes. 

Find the loci of the equations 

(1) aj = 8y. (2) (aj« — a«)«(a:» — 6*)«+c*(y*— a«f = 0. 

Also define the equation to a curve, and find the equation to a 
straight line. 

14. K a, ^ be the co-ordinates of the centre, and C the radius 
of a circle, find its equation, the axes being rectangular. 

Find the conditions that the circle may cut off from the axes 
chords of which the lengths are respectively a and 6. 

15. Define an ellipse, and find its equation referred to the 
centre and axes. 

If the axes of an ellipse be given in direction, and if the ratio 
of their lengths be also given, through how many points can the 
curve be drawn ? 

16. Trace the form of the curve y' — sc" = a', and find the 
equation to the tangent at the point (cc, y). 

Find X and y when the tangent cuts off a given area (a') from 
the axes. 

1863. July iifincL-'Moming, 10 to 1. 
Examiners, — ^W. H. Besant, Esq., M.A., and E. J. Kouth, Esq., M.A. 

1. Find the amount of J6 1,000 placed at simple interest for llf 
years at 3J per cent. 

The sum of £9,040 16s. is placed in the 3 J per cents, at 94 ; find 
the income obtained, allowing on the stock purchased ^th per cent, 
to the broker, and ^^^th per cent, for other expenses. 

2. Define a recurring decimal, and show how to reduce recur- 
ring decimals to ordinary fractions. 

Express as a fraction *206l23, and express as a recurring decimal 

•Oiij -f- -00132. 
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8. Multiply together uf ^ 80*+ ld« — 1, 40*— «4-l, 
and »» + a:«. 

£xtract the square root of 

«?• — 6a;* + 4a» + 9aJ« — 19a; + 4; 
and resolve into quadratic factors the expression 

(6 aj« — 11 a: + 19)" — (4 «» - 16 a? + 6)«. 

4. Define variation. 

^ A (X B when C is constant, and if J a - when ^ is constant* 

prove that generally A (x -, 

If X cc 1/y prove that a:* + y* a oj y. Also, if 00* -|- — « ^^ «• 

—, prove that a; y is constant. 

5. Having given the numher of permutations, find the nmnher 

of combinations, of n things r together. 

In how many ways can 8 coins be placed in a row on a table, 
and in how many of these will a particular coin be at an end ? 

How many different parcels of 4 can be made of these coins, 
and in how many of these will a particular coin occur ? 

6. Find the sum of n terms of a given geometric series, and 
also the sum to infinity when the common ratio is less than unit?, 
explaining what is meant by the sum of an infinite series. 

Sum the series 

a' . a* 



a — _ -f _ — 
^ ^ ^ 




to n terms and to infinity, a being less than r*. 

Also find the sum of n terms of the series of which the rth term 

is 2 r + 2- (1 + 2- + V), 

7. Solve the equations 

x-i-bx + c-^x + cx + a^iix + a x -j- b ; 

(x + 1/^a |. fa;' + 42/«=r 116|, 

\ax+byz=zah)' \x 1/ = HO j* 

X* + a;» — 4.Vx* + »» — 26 = 650. 

8. A certain number has two digits, the sum of the squares of 
which is 130 ; and if the order of the digits be changed, the num- 
ber is increased by 18. Find the number. 

9. Define a logarithm, and find that of 81 to the hase x/s' and 

of 05 to the base -=. 

Vx 



PASS EXAMINATION PAPERS. ZXXl 

Prove that log.^- = log., x — log.a2/» ^^^ ^^** log..^ cs log., 6 . 

log.ft 03. 

Having given log.^j, 2 = 'SOIOSO, find log.j^ 32 and log.^,^ 82. 

10. Obtain an algebraic expression for the simple interest of 
£P for w years, taking r as the interest of £1 for a year ; and also, 
for the present value, reckoning simple interest, of an annuity of 
iJ-P to commence n years hence and to continue for n years. 

{Jvly 22. — Afternoon, 3 to 6.) 

11. Define the complement of an angle. Prove that the sine 
of any angle is the cosine of its complement ; and discuss the case 
in which the angle is greater than a right angle. 

Find all the values of x which satisfy the equations : 

(1) sin. % X i=z cos. 3 x ; 

(2) 1 + sin. a? = 2 cos.* x, 

12. Prove that when A lies between 90° and 180°, and B be- 
tween 0° and 90°, 

sin. {A — B) 'ss. sin. A cos. B — cos. A sin. B. 

Establish the equalities : 

sin. 3 A sin. A = sin.* ^ A — sin.* A ; 

1 + cos. 2 ^ . M 

—L. — — — — = cot. A. 

sm. 2 A 

13. Show how to solve a triangle when two of its sides and the 
included angle are given. 

Two sides of a triangle are 6 and 8 feet, and the area is 12 
square feet : find the third side. 

14. Show that the equation 

x cos. a + y sin. o — i? s= 
represents a straight line and a straight line only. 

What is the geometrical meaning of the constants a and p ? 
Give diagrams of the loci of the equations 

x* y = 0, a?' + 5^* = 0, a? — y = 4. 

15. Show how to determine the position and magnitude of the 
curve represented by the equation 

Ax* + Ay* + Bx + Ci/ + E^O. 

Find the equations to the two straight lines joining the origin to 
the points of intersection of the two curves 

35* + y* = «*, 






16. Find the equation to the tangent to the conic 

Ax* + By*=zC 
at any point (x, y,). 



• • 
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If the tangent at any point P cut tha axes of the cnire, pro- 
daced if necessary, in T and 7*, and if C' be the centre of the 
carve, prove that the area of the triangle T C T yaries ixiYersely as 
the area of the triangle P C N, where P Nis the ordinate of P. 






If 



1863. Tussday, July f^l.^Maming, 10 to 1. 
Examiners, — W. H. Besant, Esq., MJL, andE. J. Routh, 'Esq., MJL 

1. Find the rate per cent at which £1,000 must be laid oat at 
simple interest to become £1,100 in 5 years. 

The three per cents, being at 93, determine the interest obtained 
for money thus invested. 

2. Define a decimal fraction ; and taking *d37 as an example, 

237 
show from your definition that '237 = . 

^ louo 

Divide 3085*6 by 00051 ; and reduce to a vulgar fraction the 
recurring decimal 2-3017017017 

3. Extract the square root ofx*— 6a:*aaB7a;*+6a5-i- 1; and 
simplify 

€fl — 2 a*g * + a^^ g* — g* 
a^ x* + a* afi ' a* + «♦* 

Find also the factors common to the two expressions 

«♦ + 6 a;» — 8 05* + 1, and a5«-|-7a:» — 3a:* — Sop — d. 

4. When are four quantities said to be proportionals ? 
J£ a :b :: c : d, prove that 

o» H- 3 g* 6 H- 6» _ a» + fe » 
c» + 3 c« d + d» cM^"'* 

Show how to deduce the algebraical definition of proportionals 
from that given by Euclid; and consider the case in which the 
quantities are incommensurable. 

6. Find the number of permutations of n things taken r together. 

How many words of four consonants and one vowel can be 
formed from seven consonants and three vowels, the vowel being 
always in the middle place ? 

6. Given the first and last terms of an arithmetical progression 
of n terms, find the series. 

Sum the following series : 



1+1+1+1+ 
^ 2 ^ 4 ^ 6 ^ 



to infinity ; 



1« + 2" + 4' + 8« + to n terms. 

7. Solve the equation ; 

1111 



X — a 



X + a X — b 35 + 6* 



PASS BXAMINATIOK PAPERS. ZZZIU 

What is the meaning of your result when a = 6 ? 

Solve also : 

{»« - y« = a«| 

and 2 x\^x^ + x — 1 = 2x* — 6a; + 9. 

8. Two partners, A and B, gained JBIT by trade. A's money 
was in trade one year and a half, and he received for his principal 
and interest £39. B's money was in trade two years, and he began 
with £46. What money did A begin with? 

9. Define the logarithm of a number to any base. Can any 
number be taken as the base ? 

Prove that log. (M N) =r. log. M + log. N. 
Find the characteristic of log. *0003 to base 8. 

(July Hist. — Afternoon 3 to 6. — Trigonometry and Conies.) 

10. Define the sine of an angle, and prove that 

sin. $ = sin. {v — 6), 
Trace the changes in sign of the expressions sin. 4 $ and sin* 
(sin. 6) as changes from to ?r ; and solve the equations 

(1) sin. 3 d = sin. 4^; 

(2) 2 sin. (sin. 0) = 1. 

11. If ^ + -B be less than 90°, prove that 

sin. X+T5 s= sin. A . cos. B + cos. A . sin. B ; 
and prove the formulee 
4sin. 3 J. .sin. 5^. sin. 7 J. = sin. J. -|- sin. 6 A +3m.9A — sin. 15 J.; 

tan. ^ + a + tan. ^ — a _ 



= tan. ^ 4- a . tan. ^ — a . 

cot. ^ + a + cot. 6 — a 

12. Find an expression for the cosine of an angle of a triangle 
in terms of the sides. 

Having given the sides of a triangle, investigate a convenient 
formula for determining its angles by logarithmic computation. 

If one of the angles be very small, will your formula determine 
the angle accui*ately ? and if not, what modification would you em- 
ploy? 

13. Define the equation to a curve ; and find the equation to a 
straight line in the form 

a 

Find the equation to a straight line which passes through a given 
point, and cuts off a given area from the coordinate axes, deter- 
mining the condition that this may be possible. 

HH 
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14. Interpret the eqaations 

(1) x:^a^+y^n^^^^; 

(3) «» + jf« + fl» + 6"«r9ii« + 2*^. 

Find the equation to the circle passing thioii^ tfia origin and 
the points (a, b,) {b, a) ; and determine the lengths of tbe chords it 
cuts from the axes. 

16. Define a parabola, and find its equation referred to its axis 
and the tangent at its vertex as co-ordinate axes. 

If the tangent and normal at a point f of a paraboUi meet the 
tangent at the vertex (A) in K and L respectively, prove *ht 

KL* :: S F' : S F -- A S : A JS, 
S being the focus. 

16. Find the equations to the tangent and normal at any point 
of the ellipse 

«» + fc« " *• 

If ^ be the eccentric angle of the point, prove that the eqiutioii 
to the normal is 

COS. ^ sin. ^ 
and hence find the greatest area cut off by the normal from the axes. 

1864. JttZy I9th, Mom. 10 to 1.— Examiners,— W. H. Besant, Esq., MA 
and Isaac Todhumtbr, Esq., MJL, F.RS. 

• 1. Distinguish between vulgar and decimal fractions, and define 

! a recurring decimal. 

'■\ Express as a decimal the product of -, -, and — ; and divide 

f 6 8 d5 

•137052 by -0000324. 

,1 ' Also find the square root of -4, and of 10-4076. 

2. If the 3 per cent, consols be at 91^, what sum of money 
must be expended in the purchase of stock in order to obtain an 
income of £528 a year ? 

If the purchaser afterwards sell out at 92^, and invest the pro- 
ceeds in mortgages at 6 per cent, per annum, what will he the 
increase of his income ? 

8. Prove that 6 c (c — 6) + c a (a — c) + a 6 (6 — a) =: (6 c) 

(c-^aj^a-^ b); and dividea^ + 4 a* — Sx*^l6a^ + ^a^^x+^ 
by «» + 4 aj» + 2 X + 1. 

Also simplify the expression 

aifi + y^ ^ «— y ^ ap* — g* j^' + y^ 
a,6 — ^6 X + 1/ ' a:* + ar* y' + y*' 
and determine its value when x=. y. 



( 
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4. Give the algebraic definition of proportion; and deduce 
from it ]Su(^id's test of proportion (Def. 6, £ook V.). 
Jf a : b : : c : d, prove that 

m a -^ nb : ma — n b :: m c + n d : m c '^ n d; 

anda*+4a»M-M:a*— 4a»6 + 6*::c* + 4cM + d*:c*— 4c3d+d*. 

6. Find the sum of n terms of a given geometric progression ; 
and, if the common ratio be less than unity, find the sum of the 
series continued to infinity. 

4 13 
Example. --+_+_4. to infinity. 

If r be the common ratio, s the. sum of n terms, and o* the sum 
of the squares of the same n terms, prove that 

<r (1 + r) (1 — r") = s« (1 — r) (1 + r»). 

6. Find the number of permutations of n things taken r 
together. 

Four letters are written, and four envelopes directed. Deter- 
mine (1) the total number of ways in which the letters may be put 
into the envelopes ; (2) the number of ways in which the letters 
may all go wrong. 

7. Define a logarithm ; and find the logarithm of 81, (1) to the 

base 3 ; (2) to the base —^.. 

Prove that 

M 
log.« ^ = log.. M — log.. N; 

and having given log.io 2 = -301030, find log-io ^5, and log.ioo ^5. 

8. A sum of £fP is put out at simple interest for n years. Find 
an expression for its amount at the end of that time. 

If £P be due n years hence, find its present value, reckoning 
simple interest : and, if the interest be 3 J per cent, per annum, find 
what must be the value of n in order that the present value may 
be £iP. 

9. Solve the equations 

(a) (x — a) (x — 2 a) = (oj — 3 a) (05 — 4 a) ; 

(P) aj»— 32ic + 256 =^j 

(y) a?' + 2 a J5 + 4 a v^it* + 2 a a; = 12 a' ; 
X* + y* = 514) 
a;y = 256r 

10. A certain number, consisting of three digits, exceeds ten 
times the sum of its digits by 36. The third digit is equal to the 
sum of the first two ; and the second digit increased by unity is 
equal to the product of the first and third digits. Find the number. 



(8) { 
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1 
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(Juljf I9th. — 4f^^i^^'^oon, 8 to ft. — Trigonometry and Comet.) 



11. Define the cosine of an angle. Show that 
I 008. (yi — ^) = COS. ii COS. B + sin. il sin. B, 

I Find the cosine of 15^. 

19. Show that in any triangle the sides are proportional to the 
I sines of the opposite angles. Hence, deduce the expression for the 

cosine of an angle of a triangle in terms of the sides. 
I 18. Find the equations to the straight lines which pass throngh 

a given point, and muko a given angle with a g^ven straight line. 

Example. Find the equations to the lines which pass throngh 
the origin, and are inclined at an angle of 75^ to the straight line 
• + y + ^8 (j^ — «) = a. 

14. Investigate the equation to the tangent at any point of a 
parahola. 

From an external point (A, k) two tangents are drawn to the 
parahola y' ss 4 a ». Find the area of the triangle formed by the 
tangents and the chord of contact 

15. Find the equation to the normal at any point of the 
ellipse. 

Write down the equations to the normals at the ends of the 
latera recta. 

J 16. Find the equation to the hyperbola, considering it as the 

locus of a point which moves, so that its distance from one fixed 

J point differs by a constant quantity from its distance from another 

fixed point 
J Show that the hyperbola has two asymptotes. 
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1865. Tuesday, July l^th, — Morning. Examiners, — 
E. J. BouTH, Esq., M.A., and Isaac Todhunteb, Esq., M.A. 

1. What is the annual interest obtained if J6770 14t. Id. be in-> 
vested in the purchase of 3 per cent, stock at 04| ? 
3. Add together ^Vi A» h '046876, and l-3d. 

Simplify 'QQ^^ X ^'^ and ^'^^^ ^ '^^^^ 
^ -^ -0175 -00033 

3. Divide (a» — 9 a« 6 + 33 a 6' — 16 ftS) (a — 7 6) by a* — 
8 a 6 + 7 6*. 

Find the highest common divisor of 13 sb -|- 13 sb' -|« 6 sb -|« 1 
ajid 16 «» + 16 aj« + 7 X + 1. 

4. Give the algebraical definition of proportion* 

Ji aihiic'.d and p : j : : r : «, show that f "^ ^ . ^ "" ^ = 

6 + a r — « 

g — c JE> + J 
6 — d * r + «* 

6. Find the sum of a given number of terms of an arithmetical 
progression, the first term and the common difference being sup- 
posed known. 

How many terms must be taken of the series 16, 13, 9 • . . that 
the sum may be 46 ? 

Find the sum of 8 terms of the geometrical progression 4, 
#«, 1, ^ . . . . 

6. Find the number of combinations of n things taken r at a 
time. 

Out of 13 consonants and 4 vowels how many words can be 
formed, each containing 3 consonants and 3 vowels ? 

7. Find the present value of an annuity to continue for a cer- 
tain number of years, allowing compound interest 

If 30 years' purchase must be paid for an annuity to continue a 
certain number of years, and 34 years* purchase for an annuity to 
continue twice as long, find the rate per cent. 

8. Define a logarithm ; and show that in the common system 
of logarithms the characteristic of a logarithm can be determined 
by inspection. 

Given log.w 3 s -301030, find log.,o ^/•00036. 

9. Solve the following equations : — 

(1) {X — 10)» (x — 6) = (a; — 8)8 {x — 13) ; 
.ON f3«^+ 6» — 8y = 36, 
y*) l3x«-3x — 4y = 3; 
^Qx a + 6 _^ g + c _ 4 a 
^ ' x-^ b X + c X + a 
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10. There is a certain rectangular floor, such that if it had been 
two feet longer Mkd one foot narrower the area would kayo been the 
same ; and if it had been four feet shorter and three fSdet broader, 
the area would also have been the same. Determine the length 
and breadth of the floor. 

{July IBth. — Afternoon, — Trigonometry and Conies.) 

11. Define the sine of an angle. Find all the angles whose 
sine is the same as sine a. Given the tangent of an angle, deduce 
an expression for the sine of the same angle. 

Prove in a geometrical manner that 

sin. (^ — B) =5 sin. A . cos. B — cos. A . sin. B ; 

where A has a value about 300 and B about 40 degrees. 

13. Show how to And the angles of a triangle whose sides are 
given. Find also an expression for its area. 

The diagonals of a quadrilateral field are a and h, and the acnte 
angle between them is 0. Find the area of the field. 

18. Find the equation to a straight line in the form ^ -|- ^ ss 1. 

a b 

Give a diagram showing the position of the lines ii x + S y + 

ft s= 0, and a* — y« = 0. 

14. Find the equation to the tangent to the parabola ^Ts^ax. 
A straight line, y = 6 a + c, is drawn cutting the curve. Prove 

that the equation to the two straight lines drawn from the origin to 
the points of intersection are given by 

cy* — 4aa5y + 4a6x*= 0. 

15. Assuming that the sum of the distances of any point of an 
ellipse from two fixed points, called the foci, is constant, find the 
equation to the curve in rectangular co-ordinates. 

16. The equation to an hyperbola being — — i^ = 1, find the 
condition that its asymptotes may be at right angles. 
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1867. July IQth. — Arithmetic and Algebra, Examiners, — 
E. J. Kouin, Esq., M.A., and Isaac ToDHtmTER, Esq., M.A., F.R.S. 

1. Simplify— — x tt-tt , and divide the result by •00126. 

^ ^ -152 2-96 ^ 

2. Find the income arising from investing £740 in the 3 
per cents, when they are at 92^. 

3. Extract the square root of 4738*027 ; and of 4 oj* — 12 ojs 
y + 25 a?« 1/2 — 24 a; ^3 + ig y*, 

4. Simplify ^ - " + ^ + "/ <" - '>: + ""-P^J^t 

6. If four numbers are proportionals, the product of the extremes 
is equal to the product of the means. 

If a is to 6 as e is to d, find the relation between p, q, r, and s, in 
order that 

(p a + q b +rc + 8d)(pa^~qb-^rc + sd) may be equal to 
(pa — qb'{-rc — sd)(pa + qb'-~rc — 8 d). 

. 6. Find the number of combinations of n things taken r at a 
time. 

Find how many words of 3 letters each can be formed of 20 
consonants and 5 vowels, the vowel being supposed to be always 
the middle letter of the word. 

7. Find the sum of n terms of a geometrical progression, having 
given the first term and the common ratio. 

Find also the sum of the products of every pair of different 
terms. 

8. Find the amount of an annuity left unpaid for any number 
of years, allowing compound interest. 

A person starts with a certain capital, which produces him 4 
per cent, per annum compound interest. He spends every year 
a sum equal to twice the original interest on his capital. Find in 
how many years he will be ruined, having given log. 2 = '3010300, 
log. 13 = 1-1139434. 

9. Solve the following equations : — 

1.2 3 



(1) 



X 



a? — 2 a; — 3' 



.gx 9 a; + 20 _ 4 a? + 20 x 



X y 12 30 '^ y + b 

1 1 



xlii 



10. A lione ii lold for £i4; and tke amber o^ireaBiig the 
profit per eent-ezpresMS also the eoctpiioe of tbe hone.. Find the 

cost price. 



{AfUrmomL — Tri^mummi^ mid Cnn«.) 

11. Define the sine and eonno of an flB^ Show that vhat. 
ever be the magnitade of the angle A, nn. A ^ eoa. (M^ — A). 

SoWe the equations : — 

sin. • + COS. • {^(P — ^ = 1 ; 
tan. = 3 sin. 0. 

«^+ c« — «< 

12. Show that in anj tnangie, oos. A = s-r «• 

If the f^ides of a triangle vere giren. voold this be a eonTenioit 
formnla to find the angle AT and if in anj case it is not, wimt foimola 
should be used ? 

The sides of a triangle are 6, 8, 10. Find the greatest angle. 

13. Show how to solve a triangle when two sides and an angle 
opposite to one are given. 

Explain how jou would find the distance between two in- 
accessible objects on a level plain. 

tan« A «— tan. S 
U. Prove that tan. ( J - B) = ^ + XMn. A Xmh. B ' 

KA+B + C^ 160^ prove that 

sin.* A = sin.« B + sin,* C — 2 sin. B. sin. C cos. A, 

15. Find the equation to the straight line the distance of which 
from the ori^n is p, and which makes an angle a with the axis of x. 

Fiod the equation to the straight line which joins the inter- 
section of 

2j:+3y — 4=0| 

jr + 2y — 1 = ) 

to the point x = 2, y = 3 ; and g^ve a diagram showing the positions 
of these three straight lines. 

16. Find the general equation to a circle; and investigate the 
condition that the straight line y =s m jr -f- c should be a tangent. 

17. Find the equation to the parabola in the form 

ys =s 4 HI or. 

A normal is drawn at the point whose ordinate is y. find the 
coordinates of the other point in which it cuts the curve. 
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1868. July 21««. — Examiners, — ^E. J. Routh, Esq., MA., and 

Isaac Todhunteb, Esq., M.A., F.R.S. 

1. Find the value of 

• 13 X -14 X -01 — -18 X *14 X -02 + -12 x '18 x '01 

.01 X -2 X -01 
Extract the square root of 491401 ; and reduce 2 days 9 houri 
to the decimal of a week. 

2. A person invested in the 3 per cents, at 94^, and received as 
interest just Je200 a year. What sum did he invest? 

o «• i-is_^ — 4a^ + 6aJ — 2 , « , , « 

8. bimplity sfi — \ ' *^^ ™^ "^® factors of 

a?' + 3aa?y + y3 — a\ 



Ifa; = V— l+V^a + V— 1— \/2,findthevalueofa^+3a; + 2. 

4. If a : 6 : : c : i, prove that a + 6:6::c + (i:d. 

What quantity must be added to each of the terms of the ratio 

r> that it may become the ratio 2 ^ 

5. Find the sum of a geometrical progression, having given 
the first and last terms, and the number of terms. 

The sum of 40 terms of an arithmetical series is a, and the 
sum of 50 terms is h. Find the common difference. 

6. Find the number of combinations of n things taken r 
together. 

How many different arrangements can be made of the letters of 
the alphabet, taking them three at a time, two consonants and one 
vowel being in each arrangement ? 

7. Investigate the rule to find the discount on any sum £iA 
due t years hence at r per cent, per annum. 

8. If log. 4 = -6020600, log. 27 = 1-4313638, and log. 
7 = -8460980, find log. -0027 and log. 3628. 

Explain what is meant by the modulus of a system of 
logarithms. 

9. Solve the equations : — 

(2) 1 



1±^ =1- (.-?); 



X 



zliT 



LOMDOH UHIYSBBITT GOOBSB. 



]0. A certain number consists of two digits, and another 
number is fonncd from it by reading it backwards. If the sum of 
the two numbers is 99, and the difference 45^ find the digifci. 



(Afternoon. — Trigonometry and Conies,) 

11. Determine the ralaes of the trigonometrical ratios for id 
angle of 00°. 

Find A^ B, and C, from the eqaatioos 

COS. (^ + B — C) =« i ; COS. (i< — B + C) r=^ ; 

COS. (A + B) ss sin. C. 

12. SSliow how to find the height and the distance of an mt- 
cessible object on a horizontal plane. 

A person standing on the bank of a river observes tlie angalar 
elevation of the top of a tree on the opposite bank to be 60°; and 
when he retires KX) feet from the edge of the river, he observes the 
angle to be 30°. Find the height of the tree and the breadth of the 
river. 

13. In any triangle ABC the tangent of half the difference of 
the angles B and C is to the tangent of half their sum as the dififer* 
ence of the two sides A B and ^ C is to their sum. If 6 =: 17, 
c = 7, a as 60°, find B and C, having given 

log. 2 = -3010300; L tan. 35° 49' = 9-8583367; 
log. 3 = -4771213; L tan. 86° 49' 10* = 9-8583800. 

14. Find an expression for the area of a triangle in terms of 
the sides. 

The sides of a triangle are in arithmetical progression, and its 
area is |tlis of that of an equilateral triangle of the same perimeter. 
Show that the sides of the triangle are as the numbers 7, 10, 13. 

15. Investigate the equation to a straight line in the form 

a b 

Determine the equation to the straight line which is perpendi- 
cular to this straight line, and passes through the point a; ss a, y = 6. 

16. Show that im equation of the form x^ + y^+A x + B y=zC 
represents a circle. Investigate the locus of a point which moves so 
that its distance from one fixed point bears a constant ratio to its 
distance from another. 
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17. Trace the curve represented by the equation 

a« hi 
Find the equation to a straight line which touches this curve and is 

parallel to the straight line - + 7- =1. 

a b 



1869. July 20th. — Examiners, — E. J. Kouth, Esq., M.A., and 

Prof. H. J. S. Smith, M.A., F.K.S. 

1. Prove the rule for dividing one fraction by another ; and 
find the value of 

'05 X '05 X '05 + 1 
1-05 
and of '428571 of 1 minute 17 seconds, 

2. Divide £fiQ Ss, Sd. between 3 persons, so that their 
shares may be to one another in the proportion of the fractions 
i, i, and ^. Extract the square root of 17 as far as four places of 
decimals. 

3. Simplify the expressions : — 

(1) ^' ^' '' . 

• ^ ^ (a _ 6) (a - c) + (^ - c) (6 — a) + (c — a) (c — b) * 

2) V^ 

' ^ (1+^2) (^6-v^3) 

If a?« + 2 a a; — 3 ft« is divisible by a* — a without remainder, 
show that a is equal either to -f 6 or to — b. 

4. If a : h : : b : c : : c : df prove that a : d : : a^ : b^. A varies 
partly directly as B, and partly inversely as B, If ^ is 3 when B 
is 1, and also when B is 2, what will be the value of B when 
AiBii? 

5. Prove the rule for finding the sum of n terms of an 
arithmetical series. 

The first term of a geometric series is 3, and its fourth term is 

-^ • find its sum to infinity. 

6. Show that the number of combinations of n things taken r 
together is the same as the number of combinations of w things taken 
n — r together. 

Given 10 white and 10 black balls : in how many different ways 
can I select from them a set of 10 balls, of which 5 shall be white 
and 5 black? 



M 



• • 
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7. Find the present value of an annuity of BA, to continue for 
n years, allowing compound interest at the rate of r per cent per 
annum. 

8. Solre the equations : — 



tv 



■ f 



(1) *_y = i + * 

ha afl 

(3) * + y = ^-+^ = J. 

^ ' X y 2 

9. A rectangular coui-t is 10 yards longer than it is broad ; its 
area is 1,131 square yards. What is its length and breadth ? 

10. Define a logarithm: and prove that the logarithm of a 
product of 3 factors is equal to the sum of the logarithms of the 
d factors. 

Given log.i, 2 = '80103, what are the logarithms of 3 — ^, of 
•00002 of 62-6 and of 6 — J ? 






■ I 

ii 
•^1 



{Afternoon. — Trigonometry and Conies,) 

11. The sine of an unknown angle x being given equal to sin. a 
where a is given, investigate a general expression for the angle x. 

Solve the equations : — 

sin. X 4- COS. x zz 1; 
cos. 2 a; = cos.* x, 

12. Show that cos. A + cos. 5=2 cos. — 5 — oos. — _ . 

2 2' 

and investigate a corresponding expression for cos. A — cos. B. 
Show also that 

sin. (A + B) sin. (^ — 5) = sin.^ A — sin.« B ; 
\/l — sin. 2 A = COS. A — sin. A. 

13. Three inaccessible objects, A, B, C, are on a level plain, 
and their distances are known by means of a map. 

The angles A O B, B O C, being observed at some place O, 
show how to find the distances A O, B 0, C 0, by formulae adapted 
to logarithmic calculation. 

14. Given in a triangle two sides and the included angle 
investigate a formula to find the difference of the other two angles 
of the triangle. 



• 



I' 
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In any triangle show that 
i (a* + b^ + c^) = b G COS. A •\' c a cos. ^ -f 6 a cos. C 

16. Find the equation to the straight line which passes 
through the point whose coordinates are a and b, and is parallel 
to A X ^^ B y + C = 0, 

16. Give a diagram showing the position of the circle 

a:4-(-y««-2aj— 2y + l = 0; 
and determine whether the straight line 

is a tangent or not. 

17. Find the locus of a point, P, which moves so that the sum 
of its distances from two fixed points, A and B, is constant 

1870. July Idth. — Examiners, — Prof. H. J. S. Smith, M.A., 
F.K.S., and Prof. Sylvester, M.A., F.R^. 

1. Prove the rule for finding the greatest common measure of 
two numhers. 

Reduce the fraction J ^^^ to its lowest terms. 

2. (a) If 640 acres go to a square mile, what is the length of 
the sides of a square plot of ground which contains 100 acres ? 

(P) Find the square root of the circulating decimal 111 ... . 
In applying the ordinary method of extracting the square root to 
this example, state any law that you notice in the form of the digits 
which express the successive remainders. 

3. Simplify the expressions 

( \ ^ + ^ + b + c c + a , {a + b) (6 -f c) (c -f o) 
^ ^ a — b b — c c — a (a — b) (b — c) (c -— a)' 

4. (a) If A « B when C is invariable, and A a C when B is 
invariable, prove that A ol B C when B and C are both variable. 

(fi) The total increase in the number of patients in a certain 
hospital this year over the number in the year preceding was 2^ per 
cent. ; in the number of out-patients there was an increase of 4 per 
cent. ; but in that of the in-patients a decrease of 11 per cent. Find 
the ratio of the number of out-door to the number of in-door 
patients. 



« 



r 

4 ■ 
I'' 



If 



1 



■t 



'S 






1 






k 

•I 






xlriii LOITDOH UHiyBBOTT OOUBflB. 



5. (a) In former times troops, for the pfurpose of making a 
stand on all sides, used to be drawn up in the form of a solid 
triangle, 1 man in the first rank, 8 men in the second rank, 5 men 
in the third rank, and so on. Prove that a triangular battalion so 
formed would always admit of being transformed into a solid 
square. 

(p) Prove that if the squares of three quantities be in arithmetical 
progression, so also will be the reciprocals of their sums taken, two 
and two together ; and give a numerical illustration. 

A. A committee of 7 members is to be chosen out of a bod? 
cotiiposed of SO Protestants and 15 Catholics, in such a way that 
there shall be 3 of one creed, and 4 of the other, on the committee. 
In how many different ways can such a committee be constituted? 

7. (a) Find the value of a perpetual annuity of JgQ25 per 
*^ annum, at di per cent, rate of interest 

1 1 8. Solve the equations : — 



I a ^ b c * c 

1 _ _ 1^ _ 

/ . xy = U ) 

^^' a^-y«=78lt* 

9. (a) An express train which ought to travel at uniform 
speed, after being an hour in motion, was delayed half-an-bour by 
an accident; after which it proceeded at three-fourths of its original 
rate of speed, and, in consequence, arrived at the end of its journey 
1 hour 50 minutes behind time. Had the accident occurred (and 
the same delay and subsequent retardation taken place) after the 
train had travelled a distance of 00 miles, it would have been 1 hour 
40 minutes behind time. Find the length of the line. 

iP) Supposing the above question were varied in the latter part 
of it by your being informed that " had the accident occurred when 
the train had gone half way, it would have arrived 1 hour -20 
minutes behind time ; " would that information have been incorrect? 
Would it have enabled you to determine the length of the line ? 

10. What is the characteristic of the logarithm of SOOO to the 
base 3? If the mantissee of logarithms of 9450, 9451 to the base 
10 are 9754318, 9754778 respectively, find the complete logarithm 
to the same base of 9450666 by the method of proportional parts. 
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(Afternoon, — Trigonometry and Conies,) 

11. Given the co-ordinates of two points A and B, obtain the 
co-ordinates of the point which divides the straight line ^ B in a 
given ratio. 

One vertex of a parallelogram is at the origin ; the co-ordinates 
of the two vertices adjacent to this vertex are respectively (a?i, yj 
(^» 2/s)* Find the co-ordinates of the remaining vertex. 

13. Find the co-ordinates of the centre, and the radius, of the 
circle, a;« + t/^ + 3 a? — 6 y = 0. Trace this circle, and state in 

what point it cuts the axes. Prove that the ellipse ~ + ^ = 1 

passes through the point whose co-ordinates are (a cos. a, h sin. a) ; 
and find the equation of the line which touches the ellipse at this 
point. 

13. Define the cosine of an angle ; and trace the variations in 
sign and magnitude of the cosine, as the angle increases from 0^ to 
180°. 

14. Show that in any triangle, of which the sides are a, h, c, 
and the angles opposite to them A, B, C, 

sin. A sin. B sin. C 



(«) 



a b c ' 

— JB\ a — 6 C 



m ■»■ (i-7-^) = ri 



h ^^*^- 2 



16. A tower 100 feet high is observed at a station A, which is 
on a level with the base of the tower ; and the angle of elevation of 
the top of the tower is found to be 46°. The observer then proceeds 
from -4 to 5 in a direction at right angles to the line joining A to 
the base of the tower ; and he finds that at the station B (which is 
on the same level as A) the angle of elevation of the top of the 
tower is 30°. What is (approximately) the distance between the 
stations A and B ? 



1871. July 18t^.— Examiners,— Prof. H. J. S. Smith, M.A., F.R.S., 

and Prof. Sylvester, Ll.D., F.R.S. 

1. Find the greatest common divisor of 1,387,000, and 504,604 ; 
and prove that every common divisor of two given numbers divides 
their greatest common divisor. 

E K 



1 
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9. (a) How long will an np train and a down train be in 
passing one another, if each of them be 44 yftrds long, and if etch of 
them trayels at the rate of 80 miles an hour ? 

(fi) A metre being 89*370 inches, state accurately, as far as thne 
places of decimals, what decimal fraction a foot is of a metre ? 

8. The population of a country is at present 83,000,000, and 
increases at the rate of 5 per cent eyeiy year, what will it be at the 
end of 5 years ? 

and divide 1 + 10 x^ + U7 afihy 1 ^ U » + S afl. 
6. If 4 numbers are proportionals, prove that 

(1) Their reciprocals are proportionals ; 

(2) The greatest and least of them are together greater than the 
other two. 

6. How many different arrangements can there be of n letters, 
a,b,e, 'I 

In how many of these arrangements will a and 6 be next to one 
another? In how many of them will a come before 6 (but not 
necessarily immediately before b) ? 

7. Sum the series 1 — i + i — !+•••. ton terms ; and 
show that the sum of any odd number of terms of this series is 
always greater, the sum of any even number of terms always less, 
than the sum to infinity. 

What is the least number of terms of the series which will give 
a sum differing from the sum to infinity by less than -0001 ? 

8. Solve the equations : — 



(«) 



5 X 



X — 1 ^ + 1 ^ 

a? + 1 + »— 1 ■" sfi^l' 



X 



08) 



a + 3 



i + 



a 
= 1 



I \ 



a — 1 

Is there any value of a for which the equations (J3) are not 
resoluble ? 

9. An annuity of JSP per annum is to begin n years hence, and 
is to be payable for ever. Find its present value at r per cent rate 
of interest ; and show that its present value is to its value n years 
hence as (1 + r)"» : 1. 
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10. What is meant bj the base of a system of logarithms ? 

What are the advantages of taking 10 as the base ? 

P 
Prove that if ^ = ^, log. N = log. P — log. Q ; and find as far 

as four places of decimals, the number of which the logarithm to 
base 10 is '5. 



(Afternoon, — Trigonometry and Conies,) 

11. Find the perpendicular distance of the point (, tf from the 
line y ss a X -i- b. 

Determine the locus of a point equi-distant from a point and a 
right line. 

12. Prove analytically that the three lines drawn from the angles 
of a triangle, whether to the middle points of the opposite sides, or 
perpendicular to those sides, meet in a point. 

18. Obtain the equation to the line joining the centres of the 

two circles. 

a?8 + t/« + 2aa? + 2fty + c = 0, 
aj« + t^ — 26a? — 3ay + c = 0; 

and find the relation between a, b, c, when these two circles touch 

each other. 

14. Obtain the equation to a tangent equally inclined to the 
major and minor axis of the ellipse. 

a« ^ 6« "" ^' 
How many such tangents can be drawn, and what is the area of 
the figure which they inclose ? 

15. Explain how, in analysis, an angle is regarded as suscep- 
tible of assuming all degrees of magnitude between positive and 
negative infinity. 

What are the limits to the magnitude of an angle in Euclidean 
Geometry? 

From the general expression for the sine of the sum of two 
angles, deduce the formula for the cosine and tangent of their 
difference. 

16. Two sides and an included angle of a triangle being given, 
show how to solve the triangle. 

What is meant by the " Ambiguous " case in the solution of 
triangles? What parts are given when the case arises? These 



Ui LONDOir mrxYSBam ooubsb. 

parU being given, is the solution necessarily ambigoons ? If not, 
determine the conditions of the ambignous case arising. 

17. Two cliffs stand facing each other on opposite sides of a 
rirer. From the top of one of them, known to bo 200 feet high, the 
angles of depression of the summit and foot of the other are observed 
to be 30^ and 45^ respectively. Find in feet and inches tho height 
of the latter and the breadth of the river. 



1879. July 16f^.— Examiners,— Prof. H. J. S. Smith, LuD., F.R.S., 

and Prof. Stlvestbr, Ll.D., F.R.S. 

1. State and prove tho rule for the division of decimals. 

If the length of the year is 365*242264 days, but is reckoned as 
equal to 365^ days, find in how many centuries the accumulated 
error would amount to 263^7? days. 

2. Find the greatest common measures of 11,310 and 86,478, 
of 86,478 and 448,630, and of 11,310, 86,478, 448,630. 

Find the least common multiple of lOj^, 6 j^, 4 •^. 

6 +\^l \^6 •^\^S\ 



3. Simplify yU7 V6+^3 _ 
V^ 606 V6 — ^3 



rJ' 



1 



\^6 +\^S' 

Express the fraction — "" _ ^, under the form of a fraction 

1 +^2 — •S 

with a rational denominator. 

4. Find the value of 

(a + fc + c) (a + c - 6) (6 + c - a) (a + 6 - c) * 

and divide -—. — 5 by — ? — + — . 

a? H- a it** + a* x — a ofl — a* 

5. If 4 quantities are proportionals, and the second of them is 
a mean proportional between the third and fom*th, prove that the 
third will be a mean proportional between the first and the second. 

6. Find the number of permutations, and also the number of 
combinations, of n things, taken m at a time. 

With 17 consonants and 5 vowels, how many words can be 
formed having 2 different vowels in the middle, and 1 consonant 
(repeated or different) at each end ? 

7. Find the sum of a geometrical progression to n terms. i I 
What is the value of the series i — i+i — A- • •• ^ 

vr0nUum ? 
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8. If an annuity continued for ever is worth 26 years* purchase, 
what annuity (reckoning at the same rate of interest), to continue for 
3 years, can be purchased for £5,000 ? 

A man invests £10,000 in land; he borrows ^ths of the value of 
his new investment ; and so on continually. What would be the 
aggregate amount borrowed if this process were continued indefi* 
nitely ? 

9. Solve the equations : — 

xy X z y z 

The sum of 3 numbers in arithmetical progression is 83, and 
the sum of their squares is 435. Find the common difference. 

10. What is the characteristic of the logarithm of 50 to the 

base\/2 ? If the logarithm of 3 to the base 10 is '477121, what is 

its logarithm to the base ^\/10 ? 
Given log. 648 = 2-81157601, 
log. 864 = 2-93651374, 
find log. 108. 



(Afternoon, — Trigonometry and Conies,) 

11. The co-ordinates of the points P and Q being (a, b) and 
(by a) respectively, and being the origin, find the equations of the 
lines P, QyP Q, and the area of the triangle P Q, 

12. If (xj y) are the co-ordinates of a point P upon an ellipse^ 
of which the equation is ^ + ^ = 1, find at what distances from 

Or 0* 

the origin the axis major is cut by the tangent and by the normal 
at P ; and show that the rectangle contained by these distances is 
equal to the difference between the squares of the semi-axes of the 
ellipse. 

13. Prove the formula 

sin. {A + B) s=s sin. A cos. B + sin. B cos. A, 

drawing the figure for the case in which A and B are each less than 
90°, \>\x\,A + B greater than 90°. 

Find the sine and cosine of 76°. 

14. Given in a plane triangle, a, B, and A, solve the triangle. 

If the sides of a triangle are 9 feet, 7 feet, and 4 feet respectively, 
what are the sines of the angles of the triangles ? 
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1878. Jtdy 93rd. — Examiners,— Prof. H. J. S. Smith, Ll.D., F.R.S., 

and Prof. Stlvesteb, Ll.D., F.RS. 

1. State and prove the rule for fixing the position of the decimal 
point in the quotient obtained by dividing one decimal by another. 

Find the value of 

■Oil X 1881 — '728 X '00728 , 
11377 
and express, as a fraction of nine seconds, '00002578125 of 8|^ days. 

2. Find the vulgar fraction equivalent to '07148285, and the 
circulating decimal equivalent to . 

If n is a whole number, state in what cases the decimal equiva- 
lent to - terminates, and in what cases it circulates, 
n 

Prove also that the decimal equivalent to \/2 can never either 
terminate or circulate. 

8. Extract the square root of 6'33679929, and of 
ai^ + a^ + ia^-^ix+i + l+ 1. 

X X* 

4. Simplify 

(o) (a;-y)»+(y-«)« + («-a;)»-8(»-y)(y-«)(*-«); 

(« ^+ ^ 



x^ + a:^ — 1 ' 



(r) 



2 . 2 



a — 2ft a — b a + 6 a-f2ft' 

5. Solve the equations : — 

(1) 2a?g— 8a?+ 1 _ 2a? — 8 

(2) 2a< — 21a? + 66 =0; 

2ir+ y + z = a ' 

(3) a? + 2i/+ «= 6 . . 

^ + y + ^zss c ^ 

6. The arithmetical mean between two numbers is 1 + a<, and 
the geometrical mean is 1 — a^. What are the numbers ? 
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Three numbers are in geometric progression : the common 
ratio is equal to the first, and also to nine-tenths of the sum of the 
second and third. Find the three numbers. 

7. Prove the formula for the number of combinations of n things 
taken r and r together. 

In how many ways can I select two white balls and three red out 
of an urn containing seven white balls and ten red ? 

8. When is one quantity said to vary as another ? 

If A varies as JB«, B^ as C*, C^ as D«, and D7 as E\ show that 

g X g X g X g does not vary at all. 

9. What annuity, beginning n years hence and lasting for n 
years, is equal in value to an annuity of &A beginning now and 
lasting for n years, interest being reckoned at i? — 1 per cent? 

10. Given log. 2 = -301030, log. 3 = -477121, find the loga- 
rithms of *00626, of ^, and of (-0003)^. Find also approximately 
the value of a; which satisfies the equation 2' = 5. 

(Afternoon, — Trigonometry and Conies.) 

11. Given the two right lines aaj + fcy = c, ay — 6irs=sc, 
determine their mutual inclination and point of intersection. Find 
also the equation to a line bisecting internally or externally the 
angle at which they meet. 

12. Obtain the general equation to a circle referred to rectan- 
gular coordinates. 

The equation of a circle being 

Vl + m« (a?« + y8) — 2 c a? — 2 m c y = 0, 
find its radius. 

13. Define the focm, directrix, axis, and lattis rectum of a para- 
bola ; and obtain its equation referred to its axis and directrix as 
axes of coordinates. Find also the equation to the line joining the 
origin of this system of coordinates with an extremity of the latus 
rectum, and show that it will touch the curve. 

14. Prove the formula 

COS. 3 fl = 4 (cos. 0)^ — 3 cos. 0, 
and apply it to find the values of sin. 18° cos. 36°. 

16. The three sides of a triangle being given, obtain formulce 
for the sines, cosines, and tangents of the semi-angles. Which of 
these formulsB is to be preferred in computing the angles by means 
of logarithms, and why ? 
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